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PREFACE 

The only source of our information on stars i s  t h e i r  radiation. From 
stellar spectra  we judge the  s t ruc ture  of stellar atmospheres, t h e i r  chemical 
composition, and physical processes taking place there. Spectrograms are in- 
te rpre ted  on the  bas i s  of t he  theory of s t e l l a r  spectra,  wherein l i e s  i t s  enorm- 
ous value f o r  astrophysics. 

Unt i l  recent ly  astronomers could observe s te l lar  rad ia t ion  only in a very 
small range of frequencies making up the  v i s i b l e  region of  t h e  spectrum. 
about 20 years ago radio astronomy came i n t o  being which permits inves t iga t ing  
t h e  rad ia t ion  of c e l e s t i a l  bodies in a completely d i f f e ren t  spec t ra l  region. 
Qu i t e  recently,  in connection with t h e  launching of s a t e l l i t e s  and rockets, there  
arose the  theo re t i ca l  p o s s i b i l i t y  of obtaining s te l lar  spectra i n  any frequency 
range. So far, highly usefu l  spectrograms of stars and t h e  sun have been ob- 
tained i n  t h e  so-called rocket u l t r av io l e t .  It i s  obvious t h a t  t h i s  broadening 
of observational data  w i l l  even fu r the r  increase the  significance of t h e  theory 
of s te l lar  spectra. 
theory. 

However, 

A t  the  same time it i s  necessary t o  improve and extend this 

The surface layers  of stars, out of which t h e i r  spectra arise, represent 
strongly ionized gases, i.e., plasma. Plasma s tudies  are a l s o  being carr ied out 
i n  physics laborator ies ,  having increased i n  i n t e n s i t y  of late. Methods used 
by phys ic i s t s  in studying plasmas are i n  many respects  similar t o  methods used 
by as t rophys ic i s t s  i n  studying s te l lar  atmospheres. Therefore, t he  theory of 
s t e l l a r  spectra  i s  of i n t e r e s t  not only t o  as t rophys ic i s t s  but  a l s o  t o  physi- 
c i s t s .  

An excel lent  example of t h e  broad i n t e r e s t  i n  the  theory of stellar /6 
spectra i s  t h e  summer seminary on problems o f  t h i s  theory, organized by the  
Astronomical Council of the  Acadeq of Sciences of t he  USSR and the  Leningrad 
University and held i n  Leningrad i n  June 1964. 
and phys ic i s t s  of t he  Soviet Union par t ic ipated i n  the  sessions. 
wr i t ten  on t h e  bas i s  of t he  l e c t u r e s  given a t  t h a t  time. 

About 150 young as t rophys ic i s t s  
This book was 

The first part of the  book examines atomic processes associated with t h e  
formation of spectra,  with spec ia l  emphasis on calculat ion of t he  energy l eve l s  
of t he  atom and the  probabi l i ty  of t r ans i t i ons  between these levels .  
par t  dea ls  with the  theory of rad ia t ion  t r ans fe r ,  which forms an important as- 
pect of the  theory of s te l lar  spectra. 
s e n t i a l  problems in the  formation of spectra  of d i f f e ren t  types of stars and 
nebulae. The las t  part, devoted t o  u l t r a v i o l e t  spectra  of c e l e s t i a l  bodies, 
mainly gives a review of observational da ta  and t h e i r  qua l i t a t ive  5 t e r p r e t a t i o n  
(since,  a s  ye t ,  no quant i ta t ive  theory of these  spectra has been established).  

The second 

The next two parts discuss  t h e  most es- 

The d ive r s i ty  of t he  problems of t h e  modern theory of stellar spectra  makes 

* Numbers given in t h e  margin ind ica te  pagination in t h e  o r ig ina l  foreign text. 
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it impossible to present them with sufficient completeness in a single mono- 
graph. 
most important of these problems. 

The authors of this book have endeavored to acquaint the reader with the 

Mitorial Board. 
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PART I. PHYSICAL PROCESSES CONNECTED WITH THE 
FORMATION OF SPECTRA 

A se r i e s  of lec tures  by d i f f e ren t  authors, taken from a 
seminary on the  problems of t h e  theory of s t e l l a r  spectra 
i n  the  f i e l d  of radio astronomy including information ob- 
ta inable  by e x t r a t e r r e s t r i a l  spectroscopy, i s  presented. 
The monograph is  divided i n t o  f i v e  parts, dealing with the  
bas ic  physical pr inciples  of atomic processes i n  the  forma- 
t i on  of spectra;  plasma spectroscopy; radiat ion t ransfer ;  
formation of  spectra of various types of stars and nebulae; 
and observational data processing r e l a t ive  t o  the u l t ra -  
v io l e t  spectra of c e l e s t i a l  bodies. Recent theories  on the  
evolution of t he  cosmos, composition of i n t e r s t e l l a r  matter, 
atomic t rans i t ion ,  plasma physics, and mathematics of radia- 
t i v e  t r ans fe r  a re  compared with older  concepts and evaluat.ed. 

PL!LSMA SPECTROSCOPY 

Lz 

Le 
S.E.Frish 

1. Introduction 

Plasma spectroscopy deals  with the study of t he  radiat ion of p l a sm,  i.e.,  
strongly ionized quasi-neutral gases. 
directions:  a )  explanation of t h e  processes occurring i n  plasma, on the  bas i s  of 
an experimental study of t he  spectrum emitted by the  plasma; b )  theore t ica l  
calculation o f  the  plasma spectrum, based on i t s  charac te r i s t ics  obtained by 
non-optical methods. . In  t h i s  lec ture  we will deal  with both direct ions but will 
not spec i f ica l ly  demarcate them. 

Such a study can follow two d i f f e ren t  

Generally speaking, plasma i s  a highly complex object,  inhomogeneous i n  
space, changing in time, and composed of several  components (mixture of gases). 
The physicist  has the advantage over the  astronomer i n  t h a t  he i s  able  t o  create  
the  objects of observation; i n  so  doing he can se l ec t  his conditions such t h a t  
the  object has the  simplest possible form. 
begins with i ts  most elementary aspects. 
case: a spa t i a l ly  homogeneous low-pressure plasma i n  a pure atomic gas. 

The study of plasma, of course, 
Therefore, l e t  us examine t h e  simplest 

The emission and absorption of a spec i f ic  spectrum l i n e  of frequency h i  
has t o  do with atomic quantum t r ans i t i ons  between two s ta t ionary s t a t e s  k and i 
(Fig.1). It i s  known t h a t ,  according t o  a n s t e i n ,  three types of t r ans i t i ons  
must be considered : a ) spontaneous rad ia t ive  t rans i t ions  , b ) induced radiat ive 
t rans i t ions ,  c )  absorptive t rans i t ions .  The nuniber of events of these t rans i -  
t i ons  in u n i t  time per unit volume i s  equal. t o  

1 
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H e r  re the  concentrations of atoms in t h e  k-th and i-th /10 
s ta tes ,  w h i l e  Akl , B k l  , and B ~ ,  are t h e  Einstein coef f ic ien ts  and p(u, ) i s  the  

radiat ion densi ty  a t  frequency y l .  
the  three  Einstein coeff ic ients  there  exists a 
correlation, so t h a t  they can be reduced t o  a 
s ingle  coeff ic ient ;  below we will use the  coef- 
f i c i e n t  & (probabi l i ty  of t rans i t ion) .  

The radiant energy a t  frequency v k 1  i n  

Between 

u n i t  time from unit  volume i s  equal t o  

The second term i n  t h i s  formula corre- 
sponds t o  induced t rans i t ions .  
can be neglected [case of low radiat ion density 

If t h i s  term NU 

Fig. 1 
P ( v k i  11, then 

1vo = N k A k i h V k i .  (2.4 

The quantity W, determines the  primary ("true") brightness of t he  line re- 
ferred t o  un i t  volume of t h e  radiat ing plasma, The ac tua l ly  observed l i n e  b r i l -  
l i ance  d i f f e r s  f rom the  "true" brightness since t h e  p l a s m  has a cer ta in  thick- 
ness 1. and since the  l i g h t  from each volume element of plasma i s  p a r t i a l l y  ab- 
sorbed before it escapes from i ts  l i m i t s  (phenomenon of self-absorption of l i gh t ,  
o r  resorption). Leaving as ide  f o r  t he  present the  phenomenon of resorption, l e t  
us examine the  power of t he  primary radiat ion WO. A s  shown by eq.(2), f o r  de- 
termining w, the  concentration of atoms Nk must be known. The l a t t e r ,  generally 
speaking, can be found from t h e  k ine t i c  equation 

clN, 
dl = c (f) I -  C' (0, 

where C ( t )  is  the  rate of populating of t he  l e v e l  k, while C ' ( t )  i s  the  rate of 

i t s  disintegration. 
obtain 

mk For a s ta t ionary plasma - = 0 and from e q . ( 3 ) ,  we d t  /11 

(4) C (f) -i- C' (t) ;= 0. 

The pr incipal  populating processes i n  plasma are: a )  electron co l l i s ions  of 
t he  first kind, b )  co l l i s ions  of t he  second kind with excited atoms, c )  absorp- 
t i o n  of photons, d )  successive t r ans i t i ons  from higher l eve l s  (spontaneous, in- 
duced, or occurring under the  e f f ec t  of co l l i s ions  of t he  second kind with 
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electrons and atoms), e )  recorhination processes. 

The pr incipal  d i s in tegra t ing  processes are:  a )  spontaneous emission, b ) in- 
duced emission, c >  co l l i s ions  of t h e  second kind with atoms and electrons,  
d )  col l is ions of t he  f irst  kind with electrons l i f t i n g  the  atom t o  higher energy 
s t a t e s  or ionizing it, e )  quenching co l l i s ions  with the  w a l l s  of a vessel  i n  
which the  plasma i s  enclosed. 

We will disregard co l l i s ions  in neut ra l  atoms and ions (except co l l i s ions  
of t h e  second kind) since they play a r o l e  only a t  large r e l a t ive  ve loc i t i e s  of 
the  col l iding par t ic les .  

If the  number of populating processes i s  denoted by ANIk and the  number of 
dis integrat ing processes by &'t,  then the  condition of a s ta t ionary s t a t e  
[eq.(4)] f o r  t he  k-th l e v e l  i s  wr i t ten  a s  

i I 

Sunmation here i s  carried out f o r  a l l  types of processes. 
be supplemented by the  condition of constancy of the  t o t a l  number N of pa r t i c l e s  
per u n i t  volume: 

Condition (4a) must 

where N, and $, respectively,  a r e  the  concentration of excited atoms and ions. 

and (5 )  have an i n f i n i t e  system of equations with an i n f i n i t e  number of un- 
knowns. The parameters entering these equations wil l  be the  t r ans i t i on  proba- 
b i l i t i e s  A,, between l eve l s  and the  e f fec t ive  cross sections for col l i s ion  Q i k  
a s  well  a s  quant i t ies  t h a t  characterize the  s t a t e  of the  plasma: concentration /12 
of electrons Ne and t h e i r  ve loc i ty  d is t r ibu t ion  function. Since such a system 
i s  unsolvable, we must introduce some simplifying assumptions. Furthermore, t o  
solve the  problem, it i s  obvious t h a t  we must h o w  a l l  t r ans i t i on  probabi l i t i es  
and a l l  effect ive cross sections,  
of determining these quant i t ies .  

Since the  number of excited s t a t e s  of atoms i s  i n f i n i t e ,  conditions (4a) 

Let us f irst  discuss the  experimental methods 

2. Experimental. Methods of Determining Transition Probabi l i t ies  
and-Effect-ive Cross Sections 

The bas ic  eqer imenta l  methods of determining the  t r ans i t i on  probabi l i t i es  
are: a )  emission method, b )  l i g h t  absorption method, c )  anomalous dispersion 
method (Rozhdestvenskiyt s "hook" method). 
elucidated i n  the  l i t e r a t u r e  (Ref.1, 2, 3 )  we w i l l  not discuss  them in fur ther  
de ta i l .  Let us point out only t h a t  not one of these methods gives the  t r ans i t i on  
probabi l i ty  A,, per se. 
Nk i s  t h e  concentration of atoms a t  the  upper ( radiat ion)  l eve l  w h i l e  the  methods 
of absorption and anomalous dispersion give NiAkI ,  where Ni i s  the  concentration 
a t  the  lower(absorption)level.  

Since these methods a re  adequately 

The emission method yields  the  quant i ty  N k A k l ,  where 

Thus, i n  a l l  cases we a r e  deal ing with the  
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experimental determination of  t h e  product of t h e  probabi l i ty  4, and the  pr- 
t i c l e  concentration. Hence, we can obtain only t h e  r e l a t ive  values of A,,. 
pos s ib i l i t y  of f inding the  r e l a t ive  value of A,, f o r  groups of l i n e s  with a 
common upper o r  comon lower l e v e l  i s  obvious. 
a combination of both methods, emission and absorption, permits f i nd i sg  a l s o  the  

Actu- 

The 

However, it i s  easy t o  see t h a t  

r e l a t ive  values of A,, and k r  f o r  two l i n e s  having 
in common only an intermediate l e v e l  i (Fig.2). 

K ally, N,A,, i s  determined by the  emission method f o r  
a l i n e  of frequency v i r  while N,A, ,  i s  determined by 
the absorption method f o r  the  l i n e  of  vkl. 

two relations we f ind Akl /A, . From these 
7 q  4 i  

4. Yip 1 Ai, 

N, 7 To f ind t h e  absolute value of t he  t r ans i t i on  
probabi l i ty  A,, we must know the  absolute values /13 

k o r  i. 
normal s t a t e  (i = 0, resonance lines, l i n e s  of t he  

Fig. 2 of the  concentration of atoms i n  one of t he  s t a t e s ,  
For l i n e s  having the  character of the  lower 

pr incipal  series), the  concentration of normal a t o m  No can be found from the  
temperature and pressure (vapor pressure). 
t i o n  probabi l i t i es  f o r  resonance lines of a l k a l i  metals were determined i n  t h i s  
manner by D.S.Rozhdestvenskiy, and l a t e r  by h i s  students and associates,  f o r  
numerous l i n e s  of t he  pr incipal  s e r i e s  of several  elements. However, i n  most 
cases the pressure of t he  saturat ing metal vapors i s  known with insuf f ic ien t  ac- 
curacy, and therefore the  absolute values have an appreciable e r ro r  attached. 
For t h i s  reason, d i f f e ren t  methods of determining No have recent ly  been de- 
veloped. Such methods include: a)  the  atomic beam method in which No i s  deter- 
 ked by weighing the  deposit  formed on a p l a t e  on which t h e  atomic beam im- 
pinges, b )  a method based on a combination of one of t he  aforementioned methods 
of determining the  product N d k o  with a method t h a t  permits measuring some other 
combination of t he  quant i t ies  No and AkO.  
t h a t  by N.P.Penkin, L.N.Shabanova, and Yu.N.Ostrovskiy (Ref.&, 5 )  based on a 
combination of t he  anomalous dispersion and t o t a l  absorption methods. 
underlying pr inciple  of t h i s  method i s  a s  follows: 
" to ta l"  absorption Ax,  which i s  determined from the  absorption of l i g h t  of a 
given frequency v k 1  a t  very la rge  opt ica l  dens i t ies  (of t he  order of several  
thousands), i s  used together with the  value N,A,, obtained by the  anomalous d i s -  
persion method. It fo l lows  f r o m t h e  theory t h a t  

The absolute values of t he  t rans i -  

A s  such a method we should mention 

The 
The value of the  so-called 

Here, Y k i  i s  the  at tenuat ion fac tor  equal t o  1/Tk + 1/~, + yc , where T~ and T, 

a r e  the  natural  l i fe t imes  of leve ls  k and i, and yo i s  the  attenuation fac tor  /Ik. 
caused by co l l i s ions  between atoms; 1 i s  the  thickness of t he  absorbing layer ;  
g, and g, a r e  the  s t a t i s t i c a l  weights of the  leve ls ;  C i s  a constant expressed 
by universal  constants. 
t o t a l  absorption Ax can be used f o r  f inding Yki. 
have 1 / ~ ~  = 0 and 1/Tk = A k Q ;  a t  low densi ty  of the  gas, yc = 0. 

Knowing the  values of NIAkl , t he  measured value of 
For t he  resonance l i nes ,  we 

The absolute value of Ako i s  found in t h e  same manner. The absolute values 
of t he  t r ans i t i on  probabi l i t i es  f o r  t he  resonance l i n e s  of MgI, CaI, SrI, Bar, 

4 
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and of a number of other atoms were measured by t h i s  method. 
of intense dipole t r ans i t i ons  a re  values of t h e  order of 10" sec-'. 

The probabi l i t i es  

For excited s ta tes ,  t h e  concentrations of atoms N,, with respect t o  No and 
i n  t h e  presence of thermodynamic equilibrium, can be  obtained from t h e  BoltzIILznn 
formula : 

where W, is  the  energy of t h e  i- th state with respect t o  the  normal s t a t e ,  k i s  
the  Boltzmnn constant, and T i s  absolute temperature. 
dynamic equilibrium, it i s  qui te  d i f f i c u l t  t o  determine the  concentrations of 
excited atoms. 

I n  the  absence of thermo- 

It follows from the  above statements t h a t  the  accuracies of determining the  
r e l a t ive  and absolute values of t r ans i t i on  probabi l i t i es  d i f f e r  greatly,  with 
the  former i n  most cases being determined much m o r e  accurately than the  latter, 
I n  using the anomalous dispersion method, t he  e r ro r  of r e l a t ive  measurement i s  
usually about 5% and, a t  bes t ,  can be reduced t o  1 - 2%. The emissioli and ab- 
sorption methods give an e r ro r  of t he  order of 1 0  - 15%. The absolute values of 
A,, (with a few exceptions) are measured with l e s s  accuracy. 

Methods f o r  a theore t ica l  calculation of t h e  t rans i t ion  probabi l i t i es  hi 
When applied t o  a one-electron approxi- have been developed recent ly  (Ref.6). 

mation, such calculations a r e  ra ther  re l iab le .  For complex atoms, accurate 
calculations a re  more d i f f i c u l t  t o  make. 

Numerous experimental s tudies  were made t o  determine the  e f fec t ive  cross /15 
sections of atomic exci ta t ion by electron col l is ion.  Usually, these investiga- 
t ions a re  based on the electron beam method. A beam of electrons of determined 
veloci ty  v i s  injected in to  an enclosure f i l l e d  with the  monatomic vapor (gas) 
t o  be studied, a t  such a low pressure t h a t  co l l i s ion  can be considered as being 
of the  s ingle  type. 
d i r ec t  (0 - k )  exci t ing co l l i s ions  w i l l  be equal t o  

I n  t h a t  case, i n  unit time and per un i t  volume the  number of 

AN$) = None ( V I  Qok (V). ( 7 )  

Here, Qek(v) represents t he  e f fec t ive  cross section of d i r e c t  exci ta t ion of t he  
k-th l eve l  by electrons of ve loc i ty  v; n,(v) denotes the  n d e r  of e lectrons 
passing through un i t  beam cross sect ion i n  u n i t  time. 

Assuming t h a t  population of t h e  k-th leve l ,  i n  addition t o  d i r e c t  co l l i -  
sions, takes place as the  r e s u l t  of spontaneous t r ans i t i ons  from higher l eve l s  
(successive t r ans i t i ons )  and t h a t  i ts  d is in tegra t ion  i s  due only t o  spontaneous 
t rans i t ions  t o  lower leve ls ,  we can wri te  t he  steady-state condition i n  t h e  form 
(see Fig.1) 
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Determining Nk from this, we obtain the fo~oWing expression for the radia- 
tion power of a unit volume WO at a frequency v k i :  

The quantity WO is measured directly; No and n,(v) can also be obtained 
from the experimental conditions. 
Qok (v), it is also necessary to h o w  a U  transition probabilities hi , Ak, , A k  
as well as the concentration of atoms Nt in a l l  excited states higher than the 
k-th excited state. 

To simplify eq.(9), let us note that, under the assumptions made, the 

N I  = CINonc ( v ) .  

However, eq.(9) indicates that, to find 

& 
concentration N t  at any t-th level is proportional to NO n, (v). Then, 

Let us introduce the further designation 

After this, eq.(9) becomes 

The quantity 'w is called the effective cross section for direct ex- 
citation of the line. 
is the value of 
several). The function f(v) is called the optical function of line excitation. 
It represents the dependence of the spectral line brightness WO on the velocity 
of the exciting electrons v. 

A comparison of eqs. (9) and (9a) shows that the quantities Qok (v) and 
'Bol;(vJ do not coincide; the latter takes into account not only the direct ex- 
citation of the level by electron colUsion but also its population due to suc- 
cessive transitions. 
'm- on v is depicted by a smooth curve with one, more or less sloping, mwd- 
mum. 
negligible, since the appearance of each new successive transition should have 
produced a discontinuity on the curve or led to the appearance of a secondary 
n". It was subsequently learned that the smooth slope of the curves was 

Einally, we write: '=) = Gnax * f(v), where =..= 
at the "um (at the highest maxi", if there are 

Original experiments led to the result that the dependence 

This led to the conclusion that the role of successive transitions is 
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due to an experimental error: 
homogeneous relative to the velocities. 
optical function of excitation f on themenergy eV of the exciting electrons for 
the green line of mercury (HgI, h 54.61 A )  obtained from measurements with a 

highly monoenergetic electron beam 

The exciting electron beam was insufficiently 
Figure 3 shows the dependence of the 
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(Ref.3). Under-these conditions, 
the presence of several maxima is 
quite distinct on the curve. An 
analysis of the slope ofthis 
curve shows that most maxima are 
due to successive transitions. 

Generally speaking, it is im- 
possible to neglect successive 
transitions. The cross sections 
QOL(V) found on the basis of 

measured Wo, NO, and n,(v) are not 
the effective cross sections for 
level excitation. To find the 
latter. measurements for a l l  lines 

ev eq. (9a) from experimentally 

participating in the cascade must be made. 
tions of the type of eq.(9), whose solution permits finding the effective cross 
sections for level excitation Q o ~  (v). 
individual cases, but only approximately. 
only with effective line excitation cross sections. 
values of the order of 10''' to cm2. 

This wiil yield a system of equa- 

Such determinations have been made in 
For the most part, we are familiar 

These are represented by 

It should be mentioned that, to analyze phenomena occurring in plasma, we 
can limit ourselves mostly to defining the effective cross sections for line 
excitation. 
excitation cross sections, since they automatically account for the role of 
successive transitions. 

These quantities have even some advantage over the effective level 

Along with the cross sections for direct excitation 0 + k we often have to 
know the effective cross section for stepwise or %tepI1 excitation r -, k, & 
Le., excitation from some intermediate level. This cross section cannot be ob- 
tained from experiments with an electron beam since, at the low pressures and 
low densities of the electron beam at which these experiments are carried out, 
the number of step excitations is too small to be noted. 
cross sections for step excitation, as will be shown below, can be found from 
observations of plasma radiation; it is by 2 - 3 orders of magnitude greater 
than the value of the direct excitation cross section. 

The value of the 

A theoretical calculation of the effective excitation cross section is 
quite difficult and so far has not yielded reliable results. 

3. Plasma and its Characteristics 

By plasma we mean an ionized quasi-neutral gas, tee., an ionized gas in 
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which, within each element of volume containing a su f f i c i en t  number of par- 
t i c l e s ,  t he  ove ra l l  e l e c t r i c  charge i s  equal t o  zero. 
only such plasmas i n  which only electrons and s ingly  charged pos i t i ve  ions 
par t ic ipa te  as charged par t ic les .  
t h e  plasma, t h e  concentrations of e lectrons and ions  w i l l  be equal: Ne = N . 
W e  w i l l  a l s o  consider t h a t  t h e  concentration of e lectrons and excited atoms i s  
low i n  comparison with the  concentration of  atoms i n  t h e  normal state:  

Below, we w i l l  examine 

Then, by S r t u e  o f  t h e  quasi-neutrali ty+of 

For t h e  charac te r i s t ic  of t h e  plasma, it i s  necessary t o  know t h e  concen- 
t r a t i o n  of  e lectrons Ne and the  l a w  of  t h e i r  ve loc i ty  d is t r ibu t ion .  Let  us ex- 
press the  l a t t e r  by means of t he  d i s t r ibu t ion  function F(v). Then, t he  number 
of e lectrons dNe whose ve loc i t i e s  a r e  within a given ve loc i ty  range v, v + dv, 
w i l l  be equal t o  dN, = NeF(v)dv. 

I n  t h e  case of thermodynamic equilibrium of t h e  plasma, t h e  function F(v) 
represents a Maxwellian d i s t r ibu t ion  function with a temperature equal t o  t h e  
gas temperature. For t h e  pos i t ive  column of gas discharge, as shown by Langmuir 
i n  the  19x)s, F(v) can a l s o  be expressed, i n  s a t i s f ac to ry  approximation, by 
the  Maxwellian function but with a temperature other  than t h e  gas temperature T. 
This temperature, known as the  electron temperature T e ,  f o r  low-pressure plasmas 
a t  l o w  discharge current densi ty  i s  much higher than t h e  gas temperature: 
9 T ( for  example, a t  T = 300'K t h e  electron temperature may reach tens of 
thousands of degrees). 
current density,  T, approaches T. 
ured by the  method of probe charac te r i s t ics  (Ref.7, 8). 
charge column, t h e  ve loc i t i e s  of t he  migratory motion of t h e  electrons are 
small i n  comparison with t h e  ve loc i t i e s  of t h e i r  random motion and therefore  do 
not play a r o l e  i n  t h e  ion iza t ion  and exc i ta t ion  processes of atoms. 

I n  t h e  discharge zones adjacent t o  the  electrode - f o r  example, i n  a hollow 
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With a rise i n  pressure and an increase i n  the  discharge 
The electron temperature i s  generally meas- 

I n  t h e  pos i t ive  dis- 

cathode - t h e  electron ve loc i ty  d i s t r ibu t ion  d i f f e r s  markedly from kxwel l ian .  
It w a s  recent ly  found t h a t  deviations from t h e  Maxwellian l a w  e x i s t  a l so  i n  the  
posi t ive gas discharge column. Yu.M.Kagan and camrkers  (Ref  .9) developed zn 
experimental method of inves t iga t ing  t h e  ve loc i ty  (energy) d i s t r ibu t ion  of 
electrons.  I n  t h e  pos i t ive  discharge column these  deviat ions occur mainly i n  
t h e  zone of high ve loc i t ies ,  where there  a r e  fewer fast electrons than the re  
should be according t o  t h e  Maxwellian l aw.  These deviations have p rac t i ca l ly  
no effect  on t h e  volt-ampere charac te r i s t ics  of t h e  probe and thus remain un- 
noticed when invest igat ing plasma propert ies  by conventional gas methods. 
ever, these deviat ions a r e  highly e s sen t i a l  i n  analyzing phenomena i n  plasmas. 
In fact ,  f o r  t he  most par t  t he  exc i ta t ion  and ion iza t ion  poten t ia l s  of atoms are 
such t h a t  they f a l l  within an electron ve loc i ty  zone t h a t  i s  appreciably greater  
than tha t  f o r  which t h e  Maxwellian curve has a m a x i " .  In Fig.4 t h e  so l id  
curve 1 gives the  b e l l i a n  d i s t r ibu t ion  function of e lectron energies eV, 
while t he  broken curve corresponds t o  t h e  ac tua l  e lectron d is t r ibu t ion .  
shows t h e  cross sect ion f o r  spec t r a l  l i n e  exc i ta t ion  Q o ~ ,  which i s  a l s o  ex- 
pressed as a function of t h e  electron energy eV. 
t i o n  i s  produced only by electrons of energies where t h e  deviations from t h e  /x, 
Maxwellian l a w  are excessive. 
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How- 

Curve 2 

A s  t h e  diagram shows, excita- 



These deviations from the  Maxwellian d i s t r ibu t ion  of e lectron ve loc i t ies  
explain marry cases of discrepancy between experimentally observed spec t r a l  l i n e  

brightnesses and t h e i r  values calculated 
on the bas i s  of da ta  obtained by the  
probe method. 

The second plasma charac te r i s t ic ,  
namely, the electron concentration Ne, 
i s  a l s o  experimentally determined by 
the  probe method. 

2 

7 discharge current density j, a ra ther  
In t h e  region of low 

-- - 
- - . __ good* proport ional i ty  exists between Ne 

A t  g r ea t e r  current density,  Ne and j. 
increases  more rapidly than j . ev 

JQ 
fig -4 

A t  relatively large Ne (grea te r  
than Id" 
radio waves and from the  broadening of t he  spec t ra l  l i nes .  
t ions,  t he  e lec t ron  temperature can be found from the  brightness d i s t r ibu t ion  
i n  the  continuous emission spectrum. 

this quantity can be measured from the  absorption of short  
Under these  condi- 

4. Elssma Radiation 

The primary brightness of a spectral l ine ,  referred t o  uni t  length of 
radiat ing plasma, i s  expreased by a formula coinciding with eq.(2a): 

I o  == N ,  A k i l ~ ~ k i .  ( 2 4  

The t r u e  rad ia t ion  brightness, as s t a t ed  before, d i f f e r s  from this quantity, 
first because the  plasma has a f inite length t and, second because p a r t i a l  ab- 

sorpt ion of l i g h t  occurs within the  plasma 
i tself .  

Z 

For simplicity,  l e t  us examine a homo- -- 
eneous rad ia t ing  column of length t /21 pyTi7 

b k . 5 )  . Then, t h e  brightness of the  l i n e  
from the e n t i r e  length of t h e  column 
frequency v, w i l l  be equal t o  ( R e f . l j  

Z/ 
I I  

f o r  a I !  

dZ 
Y 

(ul 10 
X" 

fig.5 
[' - ( 1  -e-%') 

where x y  i s  the  absorption coeff ic ient .  The quantity x y t  i s  ca l led  the  op t i ca l  
densi ty  of t he  plasma. 
x v t ,  t he  brightness I' increases  i n  proportion t o  1. and, a t  l a rge  x y l ,  tends t o  
a constant value I & V  (Fig.6). 

Equation (ll) shows tha t ,  a t  small o p t i c a l  dens i t ies  

Thus, at high opt ica l  dens i t i e s  an  increase i n  the  length of  t h e  radiat ing 
column 1 does not lead t o  an increase i n  l i n e  br ightness  I. 

For a l i n e  of f inite width, eq . ( l l )  m u s t  be integrated over t h e  l i n e  pro- 
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file. 
they arrived a t  t h e  following result: 

Ladenburg and Levi performed such calculations f o r  a Doppler prof i le ;  

(12) f' = fJS (xof), 

where S(x01)  is  t h e  Ladenburg function (Ref.3) and xo is t h e  absorption coeffi- 
cient for  t h e  center of t h e  &e. The Ladenburg Arnction has been tabulated. 

The value of 80 can be determined experimentally 
from t h e  integral. l i n e  absorption, which is  deter- 

m 

where AVO is t he  Doppler Width of t he  l ine.  A t  
small n o t ,  t h e  Ladenburg function S(%t) is  equal 
t o  uni ty  and ~ ~ ( 1 2 )  gives the same r e su l t  as 

U L t  

Fig.6 eq.(ll): I' = I o t .  

Let us now examine separately plasma i n  
the-c equilibrium and not in eqalibrium. 

a) Plasma i n  T h e r " u  'c Eauilibrium 

In a thermodynamic-equilibrium plasma, the  velocity d is t r ibu t ion  i s  deter- 
mined by the  Maxwell law with the general temperature T fo r  pa r t i c l e s  of a l l  
so r t s  (atoms, ions, electrons). The same temperature T enters the Boltzmann 
equation yielding the pa r t i c l e  d i s t r ibu t ion  by energy levels,  and the Saha equa- 
t i on  permitting calculation of the  degree of ionization. 

In  the  case of low opt ica l  density (xyt l), resorption plays no notice- 
able role,  and the  line brightness referred t o  Unit l U n o u s  column i s  equal t o  

(l4) g k  -w IO = No - e k IkT&hvAi. 
gi 

The brightness r a t i o  of the  two l i n e s  equals 

A t  high temperatures, when the ro le  of ionization cannot be neglected, 
eq.(l&) must be replaced by 

lo = N~ ( I  - xr) *e-wk IkTAkihVLi ,  
gi 

where the  degree of ionization XJ is  calculated f romthe  Saha equation. A low- 
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densi ty  plasma, rad ia t ing  according t o  t h e  above l a w s ,  i s  cal led a Boltzmann 
radiator .  
t h e  exc i ta t ion  temperature w k ,  and the  t r a n s i t i o n  probabi l i ty  A k i  but  does not 
depend on t h e  e f fec t ive  exc i ta t ion  cross sect ion Qok. 

ture T, the  brightness of t h e  given line a t  first increases  as e 
owing t o  an increase i n  the  degree of ionizat ion XJ [eq.(l&a)], begins t o  slow 
down; f ina l ly ,  passing through a maxi", it starts t o  drop as XJ + 1. 

The l i n e  brightness,  i n  t h i s  case, depends on the  temperature T, & 
- 

With increasing tempera- 

and then, 
-u& T 

One and the  same plasma can be a Boltzmann rad ia tor  with respect t o  some 
lines (smal l  ~ 0 1 )  and, a t  the  same time, be no Boltzmann rad ia tor  with respect 
t o  other  l i n e s  ( large H o t ) .  

A t  high op t i ca l  dens i t ies ,  resorption must be taken i n t o  consideration. 
A s  a r e s u l t  of resorption, t he  l i n e  brightness I increases with increasing 
length of the  luminous column 1 ,  as already s ta ted,  more slowly than i n  p r o p o r  
t i o n  t o  1 .  

A t  very high o p t i c a l  dens i t ies ,  induced emission begins t o  play a signifi- 
cant ro l e  along w i t h  absorption. 
able  by the  spec t ra l  l i n e  as ~ y l  + 03, coinciding with the  brightness of a n  i d e a l  
black body f o r  t h e  same frequency and a t  t h e  same temperature T. 
as i s  known, i s  expressed by Planck's formula which, besides t h e  universal  con- 
s tan ts ,  contains only frequency and temperature. The constants characterizing 
the atom ( t r ans i t i on  probabi l i t i es ,  exc i ta t ion  potent ia ls ,  e t c  ) generally 
cease t o  play a role. 

This leads t o  the  "n brightness achiev- 

The l a t t e r ,  

Such a rad ia tor  i s  known as Planckian radiator .  

b) Nonequilibrium Plasma 

The theory of rad ia t ion  of a nonequilibrium lowdens i ty  plasma was first 
developed by V.A.Fabrikant (Ref.10). 
only process of l e v e l  exc i ta t ion  w a s  d i r e c t  e lectronic  exc i ta t ion  and the  only 
process of d i s in tegra t ion  w a s  spontaneous t rans i t ion .  
i z e  these premises, having included successive t r ans i t i ons  among the  processes 
leading t o  population of t h e  leve ls .  
by a formula analogous t o  eq, (9a), except t h a t  t h e  product n, (v)Qo~(v)  must be 

replaced by 

t rons  flying within the  beam but by electrons in random motion within t h e  volume 
of t he  plasma i t s e l f .  Here, Ne i s  t h e  number of e lectrons per u n i t  volume of 
plasma electron concentration, F(v) i s  t h e i r  veloci ty  d i s t r ibu t ion  function, and 
vk is t h e  ve loc i ty  corresponding t o  t h e  exc i ta t ion  threshold of t h e  k-th leve l .  
Thus, we obtain 

He studied the  simplest case where the  

We W i l l  somewhat general- 

Then, t he  l i n e  brightness - can be expressed 

03 

NeF(v)v&ok(v)dv, s ince exc i ta t ion  i s  accomplished not by elec- /21. 
v k  



A s  indicated above, t h e  cross sect ion &k (v) t akes  i n t o  account the  ro l e  
of successive t r ans i t i ons  . 

Let us assume t h a t  t h e  electron ve loc i t i e s  have an equilibrium dis t r ibu-  - 
t ion ,  so t h a t  F(v) i s  a k w e l l i a n  function. 
t y  v, i n  most cases, i s  expressed by curves such as curve 2 i n  Fig.&. 
proposed a comparatively simple algebraic approximation f o r  an analy t ic  wri t ing 
of t he  dependence Qok on v. 
and, using the  mean value theorem, write 

The dependence Qok on t h e  veloci- ' 

Fabrikant 

However, we Will proceed i n  an even simpler fashion 
- 

I n  most ac tua l  cases, the  electron temperature i s  such t h a t  t h e  "um of 
the  Mamrell function F(v) i s  located a t  ve loc i t i e s  lower than v k .  

t h i s ,  t h e  function F(v) drops rapidly in t he  region where & O k ( v )  f 0, and only 
those electrons whose ve loc i t i e s  a r e  close t o  v k  play a subs tan t ia l  ro l e  i n  t h e  
atomic exci ta t ion.  The "um of the  curve Q o ~  (v) usually l i e s  a t  a veloci ty  
on ly  s l i g h t l y  higher than v k  Hence, it follows t h a t  ( 0 k ) m e  a n  can be replaced 
by Then we have 

Thanks t o  

- 
- 

"$ vk 
(17 

When QOk (v) has a form grea t ly  d i f fe r ing  from t h a t  indicated,  in tegra t ion  
should be performed graphically. /25 

For the  Maxwell function F(v), t h e  i n t e g r a l  on t h e  right-hand s ide of 
eq.(17) i s  selected.  
obtain 

On changing from ve loc i t i e s  v t o  e lectron energies eV, we 

where C i s  a constant, v k  i s  the  exci ta t ion po ten t i a l  of t h e  k-th leve l ,  and V, 
i s  the electron temperature expressed in po ten t i a l  units (on t h e  bas i s  of t h e  

equal i ty  eve = 

can be rewri t ten as 

kT,). After this, the  expression f o r  t h e  l i n e  brightness 

The Flanck constant here i s  included i n  C. Equation (18) ind ica tes  t h a t  
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t h e  l i n e  brightness depends both on the  t r ans i t i on  probabi l i t i es  and on the  ef- 
f ec t ive  cross sect ion Q d k a r x  and t h e  exc i ta t ion  poten t ia l  Vk. 

k-1 
l i ne ,  we have 3 A,, = Ako and eq.(~) takes the  following form: 

r -0 

__. 

For the  resonance 

Hence we see t h a t  t h e  brightness of t he  resonance line does not depend on 

Let us now examine the  case where s tep  exc i ta t ion  ( t r ans i t i on  r + k; see 

the  t r ans i t i on  probabi l i ty  Ako . 
Fig.1) occurs together with d i r e c t  excitation. 
mented by a second term corresponding t o  this s tep  process: 

Then, ~ ~ ( 1 6 )  must be supple- /26 

where v i  i s  t h e  electron ve loc i ty  su f f i c i en t  t o  cause the  t r a n s i t i o n  r -, k. 

Considering tha t  the  same assumptions a re  made as above, we can in tegra te  
and obtain 

r-3 

- 
Here, Q r k m a x  i s  t h e  e f fec t ive  cross sect ion at t h e  "un of s tep  exci ta t ion 
and Vi i s  the  exci ta t ion po ten t i a l  corresponding t o  t h e  t r a n s i t i o n  r -, k. 
l y  we have Nr < NO, but s ince  VL < Vk the  second term i n  parentheses may become 
important. Furthermore, as already noted, the  e f fec t ive  cross sect ion of s tep  
exc i ta t ion  i s  generally grea te r  than the  e f fec t ive  cross sect ion of d i r ec t  
exci ta t ion.  

Usual- 

- 3 2  
Thanks t o  the  presence of t h e  exponential t e r m  e ' V e  in eqs.(l8) and (19), 

t h e  brightness of t he  l i n e s  s t rongly depends on t h e  electron temperature Ve. 
However, it must  be remembered tha t ,  i f  i n  a gas-discharge plasma the  electron 
temperature Ve changes as a r e s u l t  of a var ia t ion  i n  t h e  gas pressure p or i n  
t he  densi ty  of t he  discharge current j, then the  electron concentration Ne w i l l  
simultaneously change. 
charge conditions, generally speaking, has a complex character. 

Therefore, t h e  dependence of l i n e  br ightness  on the  dis- 
I n  the  region 
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of low discharge current densities, the electron temperature rapidly decreases 
with increasing current density. 
temperature remains practically constant on any increase in current strength. /27 
In that case, Io depends only on Ne. In direct excitation, according to 
eq. (18), this dependence is linear: Io = aN, 
and step excitation, eq.(19) must be used where it can be assumed that N, - Ne; 
this leads to a quadratic character of the dependence Io on Ne so that IO = 
= aN, + be. If Ne - j, we obtain such dependences a l s o  for the discharge cur- 
rent density j. Upon a variation in the gas pressure p (at constant j) the 
electron concentration Ne rises but the electron temperature drops. 
lead to the appearance of a maximum on the curve for the dependence of IO on p. 

However, there is a region where the electron 

In the presence of both direct 

This may 

A l l  above calculations were performed for the b e l l  distribution func- 
tion F(v). 
not only in zones adjacent to the electrode but also in the positive column. 
In the positive column, these deviations are such that they lead to a deficiency 
of fast electrons, and thus may have a stronger effect on direct excitation 
than on step excitation. 
the presence of deviations from Maxwellian electron velocity distribution. 

muations (18), (18a), and (19) pertain to the primary brightness IO. 

However, as mentioned before, deviations from the b e l l  law occur 

The relative role of step excitation is enhanced in 

To 
calculate the true brightness of a luminous plasma, allowance must be made for 
the phenomenon of resorption which may play an important role, especially for 
resonance lines. 

5. Comparison of Calculations with Experiment 

To illustrate the extent to which calculated and experimental data agree, 
we will present the results of certain recent studies on neon glow, made at the 
Physics Research Institute of the Leningrad State University. Luminescence was 
excited at low pressures (-10'" mm Hg) in discharge tubes of special configura- 
tion which permitted measuring the magnitude of resorption along with the line 
brightness (Ref.1, 11) . From the magnitude of resorption we obtained the 
quantity NiAki, where Ni is the concentration of atoms at the i-th (lower) 
level; furthermore, the magnitude of resorption and the observed line bright- 
ness I permits calculating its primary brightness Io. From the latter the 
quantity NkAki is obtained, where N k  is the concentration at the k-th (upper) 
level. 

Probes were inserted into the tube, which made it possible to measure both 
electron concentration and electron temperature. 

A diagram of the neon levels is shown in Fig.7. The level 2P6 ' SO is the 
normal level; appreciably higher (approximately by 16.5 ev) lie ,fo:r levzl,s 
pertaining to the electronicl 2f3S c~~-$iguration. 
metastable, and twg others ( Pi and PI) are radiation levels. The two lines 
h 743.8 and 735.9 A lying in the far ultraviolet ofthe spectrum correspond to 
transitions fromthe radiation levels to the normal level. 
2P53sXlevels (by approximately 2 ev) are ten lgvels corrgsponding to the elec- 
tronic configuration 2P53P. The transitions 2p 3pY 2p 3SX lead to emission 

Two of them ( PO and Pz) are 

Above the four 
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of a group of bright neon lines lying in the red-orange region of the spectrum. 
The excitation of these lines was also investigated. 

Evidently, both direct and step excitation of the 2P63?Ylevels is pos- 
The original calculations were made on the assumption of the sible (Fig.7). 

presence of only d5rect excitation, i.e%by means of a forrrmla of the type of 
eq;(l8). 
2p 3PY levels were measured by the electron beam method (Ref.12). 
for individual levels are within 1 X lo-" - 6 X cn?. The concentration 
of normal atoms was determined fromthe gas pressure and temperature in the 
tube, and the electron concentration Ne and electron temperature Te by the 
probe method. 
discharge current strength of 18 to 1% ma, corresponding to discharge current 
densities of 3.7 to 31 m/c$ . 
distribution should be close to bellian, making application of the calcula- 
tion formulas (18) and (19) valid. 

The effective cross sections Q o ~  of direct excitations of a . l l  ten 
Their values 

Measurements were taken for a pressure of 5 X 10" mm Hg and a 

Under these conditions, the electron velocity 

Figure 8 s@ci the primary brightnesses of four neon lines: A 5852, 6256, 
6678, and 6 4 3  A as a function of the discharge current strength. 
of Iki obtained by measurements (observed) and those calculated on the assump- 
tion of the presence of on ly  direct excitation (calculated) are given. 
see, for the weakest current (18 ma) the calculated and measured values of 
brightnesses coincide. 
the numerical data: 

"he values & 
A s  we 

To illustrate how well this works out, we are presenting 

With an increase in  discharge current, there occurs an explicit divergence 
between the calculated and measured line brightnesses: 
higher than the calculated value. 
of step excitation. 

The actual brightness is 
This can be explained only by the presence 

To calculate the portion of step excitation [second term %n eq.(19)1 it is 
necessary to know the concentration of excited atoms in the 2P 3 S X  states. 
These concentrations were determined by the resorption method. The results of 
such measurements are given in Fig.9. 
excitation, but we still need to know the effective croEsections for step 
excitation 2p53S 4 283p. 
can proceed in an inverse manner, calculating the values of Qir from the magni- 
tude of divergence between the curves in Fig.8 and then defining the degree of 
convergence of these values calculated from measurements, for different dis- 
charge current strengths. 
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They can be used for calculating the step 

Since these cross sections Qir axnot known, one 

The next table shows that there is full agreement. 



, The cross sect ions refer t o  t h e  overa l l  process of population from a l l  four 
l eve l s  2p5 3 S X ,  since the  expegiment d&do no; germit an observation of exci ta t ion,  

& 3 0  separately from t h e  l eve l s  2P Po , PI , p2 

L e v e l  

3plS0 
3p' P ,  
3p7P2 

.7p'D, 
. .  

50 nu 

8.4 

8.0 
9.9  

r r  J . .J 

T h i s  ind ica tes  tha t ,  a t  l o w  pressure and r e l a t i v e l y  low densi ty  of 
charge current, t h e  process of exc i ta t ion  of t h e  2$3PY l eve l s  of neon 
s a t i s f a c t o r i l y  described by the  analyzed scheme which accounts f o r  both 

t h e  dis- 
i s  
d i r ec t  

and s t ep  exci ta t ion.  
charge current densi ty  of -3.7 ma/cd 
(electron concentration N -  2 X 

X 18 cm?) t h e  r o l e  of t he  s t ep  prc- 
cess i s  negl igible;  a t  a diszharge 

'current dens i ty  of -30 ma/cm (Ne - - 17 X 18 cm-3) approximately half  
of all exci ta t ion  events occur as a 
r e s u l t  o f t h e  s t ep  process. A t  even 
greater  discharge current dens i t ies ,  
t h e  s t ep  process of exc i ta t ion  be- 
comes t h e  main process. 

2 ~ ~ 3 s ~  l eve l s  ( ~ i g . 9 ) .  We note first 
of a l l  t h a t  t h e r e  i s  no subs tan t ia l  
difference between the  degree of popu- 
l a t i o n  of t h e  metastable and nonmeta- 
s t ab le  leve ls ;  f o r  example, tteo popula- 

ceeds t h e  population of t h e  rad ia t ion  
l e v e l  'Pp by l e s s  than a f ac to r  of 2. 
This i s  due t o  two causes: 
owing t o  resorption, t h e  disintegra- 

A t  a l o w  dis- & 
4. .7pom -3 

9 

d' 
/' 

/ 

4 
Let us now tu rn  t o  t h e  group of 

3 
-4 4 7  

I7 50 7L7U 75U i, ma t i o n  of t h e  metastable l e v e l  PO ex- 

Fig.9 
First, 

t i o n  of t h e  rad ia t ion  l e v e l s  proceeds much more s lowlythan  would be t h e  case 
a t  f r e e  re lease  of rad ia t ion  from t h e  plasma volume (?radiative capture"); 
second, t r ans i t i ons  occur between metastable and nonmetastable l eve l s  Owing t o  
co l l i s ions  of t h e  first and second kind with slow electrons.  In narrow tubes 
a t  l o w  pressures, d i s in tegra t ion  of metastable atoms on t h e  w a l l s  plays a major 
role .  

The widely held opinion tha t ,  i n  a gas-discharge plasma, t he  metastable 
l eve l s  are populated much more heavily than nonmetastable l e v e l s  i s  not va l id  
even a t  low pressures and low current ~ dens i t i e s  . 
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For radiation levels according to L.M.Biberman (Ref.l3), in a cylindrical 
tube of radius R the effective lifetime is correlated with its radiation life- 
time Tk over the following 

where no is the absorption 

If ANok is the number 
unit time per unit volume, 

coefficient at the line centerp 
1 

AkO' 
7* = - 

of excitation events of the k-th resonance 
then the stationary-state condition y ie lds  

Hence, on the basis of eq.(P> we obtain 

If excitation of the resonance level occurs only as 
collision and if the electron velocities are distributed 
Maxwell law, then, according to our above statements, we 

level in 

a result of electron 
in accordance with the 
can write 

.. v. 

We note that step excitation from resonance levels does not affect their 
degree of population. 
event is canceled out by a population event Owing to return radiative transition 
from higher levels. 

The fact is that, in a stationary state, each excitation 

The primary brightness ofthe resonance line Io can be found on the basis 
of the relation IOk = NkAkohVko. 
under consideration of resorption phenomena. 

The actual brightness I& is fourxi from IOk 

For both neon resonance lines, 74.3.8 and 735.9 ti, the effective cross - 
sections Bok are urd". 
of these lines encounters substantial experimental difficulty since they lie in 
the far ultraviolet. 
excitation scheme of the resonance lines was carried out, just as above, by 
comparing the values of the effective cross sections 
discharge current strengths. 

used values determined from he reso ion of lines 1 in the visible orange- 
red portion of the spectrum tsee FigZf.  On the basisv these values of Nk 
18 .I 

Furthermore, measurement of the absolute brightnesses 

Therefore, a check of the applicability of the investigated 

calculated for different 

For the concentrations of neon atoms Nk in the states 3Sle and 3.5'9; we 



and using eq.(22), we calculated the effective cross section Qok for four dis- 
charge current strengths: 18, 50, 90, and 150 ma. The gas pressure in all cases 
was 5 x mm Hg. 

The results of these calculations are given in the next table. 

!.- I 

I I Average 
- - .. . . -. . 

3.2 
2.4 
2 . 7  
2.8 

2.8 _ -  

1.9 
3.1 

2 .2  

- 
A s  we see, the agreement of the values of Qok, on the basis of measurements 

made at different discharge current strengths, is completely satisfactory 
(the discharge parameters, for example the electron concentration, vary in this 
case by a factor of almost 10). 
sure (5 x 
simple excitation scheme of resonance levels is justified. 

,& 
Thus, it can be considered that, at a low pres- 

mm Hg) and at low discharge current density (4  - 30 ma/cm2), this 

6. RQ1.e. of-Ss0ndar.y Processes 

The good agreement between calculated and observed concentrations (or line 
Upon an increase of pressure, 

In most cases, 

Figure 10 shows the experimentally determined and calculated concentra- 

brightnesses) is observed only at low pressures. 
even at low discharge current densities, deviations w5.u  occur: 
the observed concentrations of excited atoms are appreciably less than calcu- 
lated. 
tions of excited neon atoms in the 2p539@ and 'P; states at a dischar e cur- 
rent strength of 90 ma and a pressure variation in the range of 5 X IO-' to 
3.5 X 10-1 nun Hg. 

p = 3.5 X 10-1 mm Hg, the observed concentration at the 'P: level is approxi- 
mately one half of that calculated. 
lated atom concentrations on the 2P63$so and P2 levels, at the same dis- 
charge current strength of 90 ma and in the same pressure range. Here again, 
the observed values are lower than those calculated. The divergences at 
high discharge current strength and at high pressures are even more distinct, 
both in a direct-current discharge (Refell+) and in a high-frequency discharge 
(Ref .15). 

As we see, the experimental and calculated data differ appreciably: At 

Figure ll zhows the observed and calcu- 

& 

What are the reasons for these divergences? First of a l l ,  let us recall 
our previously mentioned deviation fromthe Maxwell law: 
electrons in the plasma than at equilibrium distribution. 
stance alone cannot explain a l l  peculiarities of the experimental data. 

There are fewer fast 
However, this circum- 

At 
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70 . 

Ne, Zp53s, i = Y f l m  

Fig 10 

, Jpz c a l c .  

3 I L, 3xi0-7mnn Hg 
Ne. Zpjlp, i=9ama 



high current densities, the population of the 2f3PY levels occurs almost en- 
tirely as a result of step excitation; the latter proceeds by slow electrons 
for which there should be no noticeable deviation from the Maxwell law (experi- 
mental values are taken in the calculation for the concentration of intermediate 
2p63SX states). Thus, we must acknowledge that there exists some other addi- 
tional processes of level disintegration. 
tion. 
type A'i and their subsequent dissociation. 
in a discharge in a mixture of gases where collisions of the second kind be- 
tween excited and unexcited atoms become significant and where the probability 
of the occurrence and decay of molecule-ion formations is greater (Ref.16). 

One such process may be step ioniza- 
Another possible process might be the formation of molecular ions ofthe 

Even more complex would be processes 

Sununing up, one can say that the simple excitation scheme of plasma lumi- 
nescence due to collisions with electrons, whose velocities have Maxwellian 
distribution, is valid only at very l o w  pressures and at very low discharge CUI- 
rent densities. Subsequently, deviations from Maxwell&n electron velocity dis- 
tribution become effective, and various secondary processes, most of which are 
little studied, begin to play an essential role. 

At still higher pressures and densities of the discharge current, a simpli- 
fication again takes place - the plasma begins to approach equilibrium in which 
the electron temperature tends to coincide with the temperature of the gas it- 
self and the atoms are distributed, with respect to the excited levels, in ac- 
cordance with the Boltzmann law. 
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CALCULATIONS OF ATOMIC ENERGY LEVELS 

A .P .Yut sis and Ya. I .Vizbarayte 

1. Introduction 

Atomic spectra  arise on t r ans i t i ons  from one energy level t o  another. 
These l eve l s  a r e  characterized by an aggregate of states, whose detect ion i s  one 
of t h e  problems i n  studying many-electron at.oms. 

Problems associated with calculat ing many-electron atoms are amenable only 
t o  approximate solution. Therefore, t h e  aggregates of t h e  states characterizing 
the  l eve l s  can be found only i n  first approximation. Refinement of t h e  solut ion 
of t h e  problem leads t o  a superposit ion of s t a t e s  which, i n  turn,  r e s u l t s  i n  a 
loss  of c l ea r  representat ion when systematizing the  levels. 
one of t h e  main problems i s  t o  f ind cha rac t e r i s t i c s  t ha t  w i l l  y ie ld  t h e  bes t  
approximation t o  t h e  t r u e  aggregates of s t a t e s .  
i n  t h e  f i e l d  of quantum atomic theory, t h i s  i s  achieved by se lec t ing  an appropri- 
a t e  method of vector addi t ion of angular momenta, known as mode of coupling. 
One of t he  tasks  of t h i s  paper i s  t o  examine t h e  coupling modes giving the  best  
approximation f o r  phenomena most of ten  encountered i n  atomic spectra.  

I n  v i e w  of t h i s ,  

A t  t h e  present s t a t e  of t h e  a r t  

O f  exceptional importance i n  a study of spectra i s  t h e  theo re t i ca l  deter-  
mination of t h e  t r a n s i t i o n  probabi l i ty  of an atom from one energy l e v e l  t o  
another, which i s  needed f o r  estimating t h e  i n t e n s i t y  of individual  spec t r a l  
l i nes .  
s ince many of these cannot be observed under laboratory conditions. 

This i s  espec ia l ly  important f o r  spectra  studied by as t rophys ic i s t s  

The difference i n  the  energy values f o r  l eve l s  between which t r a n s i t i o n  
takes  place i s  of importance i n  determining the  t r a n s i t i o n  probabi l i ty .  L2.2 
Therefore, a theo re t i ca l  determination of t he  energies of l eve l s  i s  highly es- 
s e n t i a l  i n  atomic theory. The bulk of t h i s  paper i s  devoted t o  t h i s  problem. 

The energy of an atom depends on t h e  s t a t e  of t h e  atom; therefore,  i t s  de- 
termination i s  based primarily on es tab l i sh ing  the  charac te r i s t ic  of t he  atom, 
mentioned above. The s t a t e s  of an atom a r e  described by wave functions, used 
i n  calculat ions f o r  t he  values of physical  quant i t ies  i n  general and of energy 
i n  par t icu lar .  For t h i s  reason, t he  accuracy of finding the  energy i s  deter-  
mined by t h e  accuracy of constructing the  wave functions of t h e  states of t h e  
l eve l s  between which t r a n s i t i o n  occurs, with t h e  l a t t e r  depending - as indicated 
above - on the  s u i t a b i l i t y  of mode of coupling selected.  Thus, a l l  these  as- 
pects  of t h e  problem make up a s ingle  problem t h a t  can be solved by t h e  quantum 
theory of atomic spectra.  

Besides se lec t ing  a spec i f ic  coupling mode, t h e  r ap id i ty  i n  f inding i n  ap- 
propriate  expression f o r  energy g rea t ly  depends on t h e  mathematical apparatus 
used. 
t h e  wave function of  t h e  e n t i r e  many-electron atom i s  constructed from single- 
e lectron wave functions. 

In first approximation, which i s  a r a the r  adequate method of calculation, 
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A t  an e a r l y  s t age  i n  the  development of t h e  quantum atomic theory, t h e  
wave flmction of t h e  e n t i r e  atom was b u i l t  up i n  t h e  form of determinants com- 
posed of one-electron wave functions. T h i s  had a dec is ive  influence on t h e  l a t e r  
mathematical apparatus by means of which calculations were carr ied out t o  t h e  
point where t h e  energy can no longer be expressed by r a d i a l  integrals .  
quent calculation - f o r  example, determination of r a d i a l  one-electron wave 
functions - no longer depends on the apparatus by means of which t h e  expression 
i n  terms of r a d i a l  i n t e g r a l s  i s  obtained. Thus, Hartree's self-consistent f i e l d  
method (Ref.1) and Fock's method (Ref.2) do not depend on t h e  aforementioned 
mathematical apparatus s ince they cons t i t u t e  methods of solving another im- 
portant par t  of t h e  ove ra l l  problem, namely, ca lcu la t ion  of t h e  atom. 

Subse- 

The method of constructing wave functions as l i n e a r  combinations of deter- 
minants stimulated progress i n  the  theory of complex spectra. 
forms t he  bas i s  of t h e  widely known book by Condon and Shortley (Ref.3) pub- 
l ished i n  1935 and of t h e  noteworthy book by Hartree (Ref.,!+) published i n  1957, 
as wel l  as  of numerous other books and journa l  a r t i c l e s .  

T h i s  method ,@ 

A t  t h e  beginning of t he  1940s, a new and more convenient method w a s  de- 
veloped f o r  calculating angular and spin var iab les  i n  t h e  search f o r  expressions 
f o r  physical quan t i t i e s  i n  terms of r a d i a l  i n t eg ra l s .  T h i s  i s  t h e  so-called 
mathematical apparatus of i r reducib le  t e n s o r i a l  operators, t h e  foundation of 
which was  l a i d  by Racah i n  h i s  works published i n  1942, 1943, and 1949 (Ref.5, 
6, 7). This method i s  based on constructing wave functions by d i r e c t  coupling 
of angular momenta according t o  t h e  so-called vector model. 
a l l  systems of quantum pa r t i c l e s .  
presented i n  Fano and Racahts book (Ref.8) and t h e  theory of angular momenta 
iven by others (Ref.9, 10) and i n  many other books [see, f o r  example, Eamonds 'i R e f e l l ) ]  plays an important r o l e  i n  it. Both these problems const i tute  two 

aspects of t h e  same problem - t h e  theory of representations of three-dimensional 
ro t a t ion  groups - since t h i s  theory i s  t h e  s t a r t i n g  point of t h e  indicated 
met hod. 

This method covers 
The theory of i r reducib le  t e n s o r i a l  operators 

Recently, t h i s  new method has become so widespread t h a t  modern textbooks 
on t h e  theory of atomic spectra a re  based on t h e  mathematical apparatus of ir- 
reducible t e n s o r i a l  operators. T h i s  i s  cha rac t e r i s t i c  f o r  Sobelfman's new book 
(Ref.12) which encompasses a wide range of problems of quantum atomic theory, 
and Levinson and Nikitin 's  book (Ref -13) intended spec i f i ca l ly  f o r  astrophysi- 
c i s t s .  The same can be said f o r  books (Ref.14, 15)  published i n  other countries. 

I n  our report ,  a f t e r  a b r i e f  account of t h e  methods of constructing wave 
functions by means of t h e  vector model, we will show t h e  computational procedure 
f o r  deriving energy expressions, under appl ica t ion  of t h e  mathematical apparatus 
of i r reducib le  t e n s o r i a l  operators. The account w i l l  go as f a r  as calculation 
of many-electron atoms containing two unf i l l ed  s h e l l s  of equivalent electrons, 
with as complete a s  possible an information on t h e  computational methods. 

4 

2. Characterist ics of S t a t e s  a.nd-Wave--ctions - .  - - 

Each e lec t ron  of an atom i s  characterized by pr inc ipa l  (n) and by o r b i t a l  
(1)  quantum numbers. The quantum number 1 determines t h e  eigenvalue of t h e  



( in  a system of units where h = 1). 
t he  e lec t ron  has a spin angular momentum fo r  which we have t h e  equation 

In addi t ion t o  t h e  o r b i t a l  angular momentum ! I 
( 2 )  

1 
SZY (smslo) = s (s + 1) ("10) (Is = +. 

I n  v iew of t h e  sameness of s (= +) f o r  a l l  electrons and many of t h e i r  states, 

it is  usual ly  omitted i n  designations of atomic states. 

I n  t h e  wave function q l m t ) ,  t h e  var iables  are usual ly  separated 

Y (h) = q Y (Imr 16, ql), (3) 

where P(nt Ir) i s  Hartreefs  r a d i a l  wave function and Y(tmt 18, '9) i s  a spherical  
function normalized t o  unity. 

The spin function i s  given a very simple form 

I n  zero approximation, t he  states of one electron are characterized by a 
s e t  of quantum numbers ntmlm,; the  number of t h e  s t a t e s  i s  equal t o  (2s + 1) 
(21 + 1) = 2(2t -t 1). 
mate since t h e  in t e rac t ion  between magnetic moments re la ted  with t h e  mechanical 
moments 1 and s causes i t  t o  s p l i t  i n t o  two s e t s  according t o  t h e  coupling of 
moments 

T h i s  s e t  of s t a t e s ,  t rea ted  as a level ,  i s  ra ther  approxi- 

l + s = f ( o r  f + s = j = l  *--). 1 
2 

The wave function i n  the  momenta coupling (5) becomes, according t o  the  vector 
model, as follows: k 

Here, t h e  first mul t ip l ie r  under the  summation s ign i s  the  coeff ic ient  of vector 
addi t ion or  t h e  Clebsch-Gordan coef f ic ien t  which most frequently i s  denoted as 
(tsmlm.1 l s j m ) .  
ones are algebraic  formulas with a numerically given value of one of t he  momenta 

For these, separate  t a b l e s  have been compiled. The most common 

(Ref.3, 9 ) .  

The l eve l s  of a one-electron atom (or atom f o r  which one electron i s  out- 
s ide  the  f i l l e d  she l l s )  are characterized by the  symbol "LJ,  where L = s, P, D, 
F, G, H, ... 0, 1, 2, 3, 4,  5 ... . In  t h i s  case, L = 1 = s, p, d, f, g, 
h, *. . = 0, 1, 2, 3, 4,  5, . . . The l e v e l  2L is  cal led a doublet whose indi-  
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vidual components a r e  characterized by values of j = 1 f 1. 
up a term, i n  t h i s  case a doublet t e r m  with t h e  aforementioned number of pos- 

Both l eve l s  m&e 2 

s i b l e  s t a t e s  2(2t + 1) which break down i n t o  two groups of 2 j  + l ( j  = 1. f T)  1 

states f o r  individual  leve ls .  
takes  only one value 1/2 (j 2 0 )  and t he  t e r m  has only one component. 
doublet i s  cal led undeveloped. 

In t h e  pa r t i cu la r  case i n  which L = S = 0, j 
This 

I n  t h e  case of two electrons,  t h e  set of quantum numbers nlt lnz12 gives a 
so-called configuration ( se t  of one-electron n l )  consis t ing of 4(211 + 1) 
(212 + 1) possible states nll ln2limliml,m~l.m2~. 
tween electrons coupling takes  place between t h e  ind iv idua l  four  (two o r b i t a l  
and two spin) angular momenta, which i s  mathematically represented by vector 
addition. 
quently encountered couplings: 

In  v i e w  of t h e  in t e rac t ion  be- 

The methods of t h i s  addi t ion may d i f f e r .  Let us give the  most fre- 

Ls-coupling: 

JLcoupling: 

Ls 0-coupling : 

The first and fourth cases are t radi t ional-  coupling modes which were used 
almost exclusively up t o  t h e  1940s. 
and Shortley's work (Ref.3). 
first two p a i r s  of momenta a r e  added a t  first. 
conveniently cal led intermediate, add up t o  t h e  t o t a l  momentum. The second and 
t h i r d  types of coupling represent successive addi t ion of t h e  four  momenta. The 
difference between them l i e s  i n  t h e  p a i r  of momenta with which addi t ion begins. 

These, and only these,  were used i n  Condon 
These two types of coupling a r e  paired i n  tha t  t h e  

Then t h e i r  resu l tan ts ,  which a r e  

The Jt-coupling was  proposed by Racah (Ref.16) i n  1942 and the  beginning of 
i t s  use da tes  from t h a t  time. 
Levinson (Ref.l7).. 
and Johansson (Ref.18) from experimental data,  and i s  used f o r  t he  charac te r i s t ic  
of l eve l s  of spec i f i c  spectra.  

The LSo-coupling was  proposed by Gutman and 
Independently of t h i s ,  it w a s  a l so  establ ished by Ekiksson 

The first type of coupling, which i s  of ten  termed EZussen-Sanders coupling, 
i s  the  most important i n  t h e  spectra of as t rophysical  significance.  
place can be given t o  t h e  J1-coupling. 
types, t h e  first one i n  grea te r  de t a i l .  

Second 
Therefore, we w i l l  emmine these  two 

Various coupling modes give d i f fe ren t  d iv is ions  of t h e  configuration 
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[aggregate of the states b ( 2 t 1  + 1) (212 + l ) 1  into individual  groups of states 
representing the  energy levels of a free atom. 
groups of states can be divided by terms ""L, each of which contains (2s + 1) 
( 2 L  + 1) possible states characterized by the  corresponding values of ISMLMS. 
Because the  coupling of  L and S f o m  a resu l tan t  J, the  s t a t e  systems of terms 
are d is t r ibu ted  by components of the term characterized by the  t o t a l  quantum 
number J. The number of a l l  states 
i n  the f i r s t  and second cases i s  obtained i n  the  following manner: 

I n  the case of LS-coupling t h e  

Then the states are characterized by LSJM. 

2 (2L + 1 )  (2s -/- 1) = 2 (2 j+  I )  = 4 (21, -1- 1) ( 2 1 2  + 1). 
LS LSJ 

For example, i n  the  configuration npn'f the following terms are possible: & 

yielding t h e  following d iv is ion  by components of the terms: 

Depending on par i ty ,  1, + l2 configurations are ca l led  even and odd. I n  the  
case of odd configurations the index 0 i s  attached t o  the corresponding symbols 
denoting t h e  terms. 
(1 + 3 = 4), therefore  there  i s  no additional index. 
f o r  example, npn'd, then the  terms would be wr i t ten  as 

The e x q l e  given above represents an even configuration 
If the  configuration were, 

s ince they or ig ina te  from the  odd (1 + 2 = 3 )  configuration. 

A s  we see, a two-electron energy spectrum cons is t s  of s ing le t s  and t r i p l e t s .  
Because the  components of  the  t r i p l e t s  are closely adjacent while s ing le t s  are 
more d is tan t ,  it i s  o f t en  apparent from experimental da ta  whether or not there  
is  an LS-coupling su i tab le  f o r  t he  given configuration. 

I n  the case of J1-coupling, t h e  set  of states of the configuration breaks 
up i n t o  doublets which are denoted J112[Kl l .  The individual  components of these 

doublets are characterized by the  value J = K 1  + - (sa = L), attached t o  the 

designation of the  doublet as an  index: J11, [ K I ~ J .  
t i o n  npn'f we will have doublets 

1 
2 2 

In  the  case of t he  configura- 



On d i d d i n g  these  doublets by components, we have 

The doublet s t ruc tu re  (without dist inguishing s ing le  l eve l s )  i n  the energy 
spectrum ind ica t e s  t he  p o s s i b i l i t y  of J1-coupling . /& 

I n  the  case of LS~-coupling t h e  energy spectrum also consis ts  of doublets 
which are designated LCK21; however, i n  this case a l l  new doublets or ig ina t ing  
from the  same L l i e  c lose ly  together. 

Each addition of two momenta means the summing o f  two wave functions. I n  
t h e  case of t he  first two additions (7)  we have t h e  following relations:  

The third addi t ion  i n  (7) leads t o  a f u r t h e r  s k n g  of wave functions: 

2s+1 T h i s  function describing t h e  states LJ  does not s a t i s f y  the  Paul i  ex- 

T h i s  p r inc ip l e  
clusion p r inc ip l e  - i s  not antisymmetric r e l a t i v e  t o  t h e  interchange of t h e  co- 
ordinates ( o r  one-e lec t rm quantum numbers) of t he  electrons.  
is  s a t i s f i e d  by the function 

Y (nlnZll12LSJMI xl, x2) = AILS [Y (nllln21zLSJM I XI, 4 + 
+ ( - l ) f ,+ l , -Lts l i s , -S  'I! (nzl2n1l1LSJAII I X I ,  4 1 .  

Here, x i  = ri, (51 , and N L S  i s  the  norming f a c t o r  

The antisymmetric nature of eq.(20) i s  obvious from t h e  property of commuta- 
t i o n  of t he  coupling momenta which consis ts  of t he  appearance of a coef f ic ien t  
equal t o  minus one i n  a power equal t o  the  sum of the momenta being coupled 
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minus t h e i r  r e su l t an t  momentum. 

i f  nlfl = nsfz.  I 0. 

I n  this case, we have transposed t h e  coordinates but not t h e  quantum numbers, 
s ince transposit ion of t h e  quantum numbers i s  associated with r a the r  complex 
transformation which can be expressed by 

The function (22 ) ,  j u s t  as functions i n  other couplings, can be obtained 
from eq,( 20) by transformation 

LS (25) 

where, as i n  eq.(&), t he  mul t ip l i e r  on the right-hand s ide  i n  f r o n t  of the wave 
function represents the transformation matrix. 

Let us now examine the  s t a t e s  of a s h e l l  of so-called equivalent electrons,  
which consis ts  of a d e f i n i t e  number of e lectrons with a n  i d e n t i c a l  nl .  In  this 
case, on ly  IS- o r  jj-couplings are possible,  t h e  former being the more frequent 
type, Therefore, l e t  us examine only t he  IS-coupling. 

d i r e c t l y  from eq.(20), from where it follows t h a t  
I n  t h e  case of two equivalent electrons,  t he  wave function i s  obtained 

Hence we have t h e  condition 

L $- s is an even number, (27 )  
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whereas i n  t h e  opposite case the  wave function i s  equal t o  zero, which m e a n s  ex- 
clusion (according t o  the  Paul i  p r inc ip le )  of such terms. 

If t h e  s h e l l  contains three equivalent electrons,  the wave function i s  ex- 
pressed i n  the following manner  ( fo r  t he  tw&electron terms we write  LOSO): 

(28) 
Y (nPaLSJM) = 2 (13LS 1 l2 (Loso) I )  Y (nf ( LOSO) ILSJM). 

L.s, 

The t h i r d  mul t ip l ie r  on the right-hand s ide  i s  termed the  f r ac t iona l  parentage 
coeff ic ient .  
e lectrons be antisymmetric i f  the  function of two electrons is antisymmetric. 
Summation of the momenta L and S t o  J on both s ides  of eq.(28) i s  ident ical ,  so 
t h a t  it is permissible t o  examine only one term from t h e  sum. Then, i n  place 
of eq.(28) we have 

This is  superposed by t he  condition tha t  the  function of the three 

W (n13aLSM~Ms)  = 

The wave function on the  right-hand s ide  i s  the result of t he  f o l l h g  vector 
addition: 

I n  eqs.(28) and (29), the  quantity gives an addi t ional  charac te r i s t ic  of 
( ident ica l )  terms which i n  the  case 1 = 0.1 i s  not obligatory; i n  the case 
of 1 = 2 we use the  sen ior i ty  number introduced by Racah (Ref -6 )  and denoting 
t h e  number of e lectrons a t  which the  corresponding term first appears. 

&& 

A generalization of eq.(29) y i e lds  

The f r ac t iona l  parentage coeff ic ients  f o r  1 = 1, 2 ( the  case 1 = 0 being t r i v i a l )  
are given by Racah (Ref .6) and also i n  other  monographs (Ref -12 - I&) . 

If t h e  s h e l l  is  f i l l e d  [having 2 (21 + 1) electrons], only the  s ingle  term 
'S i s  possible.  
she& present nb d i f f i c u l t i e s  i n  theory, so t h a t  it i s  more important t o  study 
incomplete shel ls .  

is  wr i t ten  as n l l l  nataa . With consideration of the  charac te r i s t ics  of indi- 

T h i s  means  t h a t  the  t o t a l  momenta are equal t o  zero. Such 

If there  are two of these i n  a given atom, the  configuration 

N 1  N 



vidual s h e l l s  N 1  N 2  

Then, i n  eqs.(7) - (10) the  quant i t ies  L1, La, SI, SZ 

m i t e  n l l l  n 9 2  crlLlSlcrzLzS2. The momenta L1, S1, LZ, S Z  can 
be coupled by t he  same types of coupling as i n  the  case of two nonequivalent 
e lectrons ( N 1  = N 2  = 1). 
must be subst i tuted f o r  11, 12, SI, s a  w h i l e  everything else remains valid.  

Antisymmetric wave funct ions of individual  s h e l l s  are derived on the  bas i s  
of eq.(31), and then  are correlated,  i n  the  same manner as f o r  two electrons,  
with subsequent antisymmetrization with respect t o  e lectrons belonging t o  indi-  
vidual  she l l s .  
i s  obtained. 
r a the r  c o q l e x  formulas. 

I n  the  case of LEcoupling a formula more complex than eq.(20) 
As will be shown, properly chosen methods w i l l  avoid the  use of 

3. Derivation of an W r e s s i o n  f o r  Enerm: Cases of 
One- and Two-Electron Confiaurations 

A s  i s  known, an operator i s  associated with a,ny physical  quantity i n  
quantum mechanics. 
tonian which i s  obtained from the energy equation over t h e  coordinates r and & 
the  momenta p by subs t i t u t ing  r + r, p + iV ( V  being t h e  gradient operator).  
The Hamiltonian i s  denoted by H, and i t s  matrix element, i n  abbreviated form, i s  
wr i t t en  as 

(32) 

I n  t h e  case of energy, this operator i s  the  so-called H a m i l -  

( K P  ] H I KP') = s Y* ( K P  1 X) HY (KP' I X) d X .  

Here, K denotes t h e  configuration P represents all other  quantum numbers, and 
X a l l  var iables  ( s p a t i a l  and spin)  of these electrons.  
in tegra t ion  over a l l  s p a t i a l  var iables  and summation over all sp in  variables.  

The i n t e g r a l  symbolizes 

The energy matrix [eq.(32)1 should be diagonal r e l a t ive  t o  KF' f o r  i t s  
diagonal elements t o  represent t he  values and the  quantity with which the  oper- 
a t o r  is  associated.  
elements of eq.(32) f o r  which K f K' (one-configurational approximation) which 
can be done s ince these are small i f  they are not i den t i ca l ly  zero. 

Good approximation i s  obtained by neglecting t h e  matrix 

The e n t i r e  set  of quantum numbers P should be such t h a t  those m a t r i x  ele- 
ments, f o r  which P # P', are small. Since P depends on the  type of coupling, an 
important problem i s  the  se l ec t ion  of a type of coupling f o r  which the  matrix 
(32) i s  diagonal relative t o  P with optimum exactness. 

It should be mentioned t h a t  a method exists f o r  diagonalizing t h e  matrix 
(32), leading t o  a l i n e a r  combination of wave functions with d i f f e ren t  P ('and 
also of K i n  a multiconfigurational approximation); however, this would cancel 
the  s ignif icance of t h e  cha rac t e r i s t i c  of t he  levels by means  of sets of quantum 
numbers, discussed i n  t h e  preceding Section. 
be made t o  s e l e c t  such cha rac t e r i s t i c s  of t he  leve ls ,  and thus such types of 
coupling, t h a t  t h e  matrix (32) wi l l  be as close as possible  t o  diagonal. 

Therefore, an a t t e q t  must always 

The matrices f o r  the  operators of k ine t i c  energy and energy of e l e c t r o s t a t i c  
i n t e rac t ion  with t h e  nuclear charge are diagonal relative t o  P and, furthermore, 
do not depend on P. 
pendent of the  type of coupling or of the  other  charac te r i s t ics .  

Thus, they depend only on the  configuration and are inde- 
These opera- 
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t o r s ,  f o r  the  e n t i r e  configuration, have the  form 

where 2 i s  the  nuclear charge and A i  i s  the  Laplacian operator. 
element i s  expressed by 

Its matrix & 

sk = ( I Z ~ L ~ ~ J ~ ~ .  . . I 11~ I n11,"n21,"r'. . .) = 

= A'I l  ( t ~ l l l )  + NZI ( ~ 1 2 1 2 )  + . . ., (34)  

where the  r a d i a l  i n t e g r a l  

r 
u 

(35) 

can be calculated by radial wave functions. 
i n  a system of units in which f i  = 1, e = 1 (e  being t h e  absolute value of the 
e lec t ron  charge) and which we w i l l  use i n  our e n t i r e  discussion. 

Equations (33) and (35) a re  w i t t e n  

An inportant  por t ion  of t he  Hamiltonian consis ts  of the operator of elec- 
t r o s t a t i c  i n t e rac t ion  between electrons 

i 
'ii  

H e = Z  -. 
j>i 

Its matrix i s  diagonal r e l a t i v e  t o  the  quantum numbers JM and, furthermore, 
does not depend on M. Therefore, P can be conveniently decomposed 

P = Q J M ,  (37) 

t o  y i e ld  the  m a t r i x  elements r e l a t ive  t o  QJ. 
tensive information on the  invest igated configuration, including t h e  type of 
coupling, an addi t iona l  cha rac t e r i s t i c  i n  t h e  presence of recurrent  terms, e t c .  

Since the  operator Q i s  absent i n  t h e  case of one atomic e lec t ron  we w i l l  
begin our discussion with a two-electron configuration, which ensures accuracy 
of the  so lu t ion  t o  the  problem. Let us examine i n  more d e t a i l  the  case of IS- 
coupling f o r  which Q =  IS and f o r  which the  matrix i s  independent of J at a 
given IS, 

The operator Q gives r a the r  ex- 

W e  will use the  well-known expansion 

where C: is  the  same spher ica l  funct ion as i n  eq.(3), except t h a t  it i s  not 

normed t o  uni ty  but  t o  [,*I*. The subscr ip t  denotes t h e  number of the  

& 

coordinate and 

32 



means the  sca l a r  product of these two spherical  functions which have propert ies  
of i r reducib le  tensors.  

I n  place of H i n  eq.(32) l e t  us use eq.(38) and i n  place of t h e  wave func- 
t ion ,  eq.(20) without JM ( in  t h e  absence of JM we m u s t  expand i n  functions of 
M L M ~  i n  place of JM, by means of Clebsch-Gordan coeff ic ients ,  and then use one 
term of the  series). 
y i e ld  (MIMs i s  omitted s ince t h e  niatrix element does not depend thereon) 

The use of eq.(39) from an earlier pager (Ref.9) W i l l  

(tt,n,l,l,LS I 1 I nln,l,l,LS) = 

( - l ) ~ l t r ~ t ~ ( ~ ~ ~ ~ C ~ ~ ~ ~ ~ )  (~211Ckll~s) X 
k 

Here, 

are the so-called 6j-coeff ic ients .  
parameters abe, acf,  dbf, dce should cons t i tu te  t r i a d s  - the  sums should be 
in tegers  and one of t he  parameters cannot be grea te r  than t h e  sum of the other  
two. 
represented i n  any manner and two columns can be inverted [compare eq.(l6.4) 
from (Ref.9)j. 
taken from tab les  given elsewhere (Ref .19 o r  20). 
f i c i e n t s  were given by us e a r l i e r  (Ref .lo). 
pressions,  f o r  some numerically assigned parameters, are contained i n  other  
e a r l i e r  pagers (Ref.10, ll, 12). 

a t o r  C k .  

We m u s t  remember t h a t  t h e  four  s e t s  of three 

Furthermore, it i s  known from symmetry proper t ies  t h a t  the columns can be 

The values of these coef f ic ien ts  f o r  a l l  given parameters a re  
Shortened tab les  of 6j-coef- 

The corresponding algebraic ex- ,& 

The quant i t ies  ( lIICkll  l1 ) a re  cal led reduced matrix elements of the oper- 
For these, it should be noted t h a t  

Numerical values were given e a r l i e r  (Ref .22). Some algebraic formulas, 
with one of the  three parameters Lkl' numerically assigned, a re  given i n  the 
accompaq6ng tab le .  
numerically assigned parameters. 

These readi ly  y i e ld  the  corresponding values f o r  a l l  th ree  

Fk and & are  S l a t e r  r a d i a l  in tegra ls :  

(43) 
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i 

- 
k 
- 
0 

1 

2 

2 

3 

3 

4 

4 

ALGEBRAIC FORMULAS FOR ( 1 'llCk ( 1  I )  WITH ONE OF TKE 
PARAMETERS (k OR 1') GIVEN NUMERICALLY 

1 1  1 5 . 7 ( 1 + 1 ) ( 1 + 2 ) ( 1 + 3 ) ( 1 + 4 )  : I 5.7 (I -1- I) (I + 2) ( I  + 3 )  (I -c 4) - ' I 3-4 1 -2- [ 2 (21 + 3)  (fr+ 5) (21 + 7) ] 1 1  i I 1 [ r m m - l  +5)(2l + 7 ) ( m ) ] '  



"I These can be calculated by r ad ia l  wave functions. 
as 

Then eq.(4O) can be wr i t t en  

k 

Similar expressions, f o r  other  types of coupling, can be obtained d i r ec t ly  o r  
from the  %coupling over su i tab le  transformation. I n  these cases, ak and bk 
can depend a l so  on J. 

Many numerical values of the  coef f ic ien ts  ak and b k  f o r  %coupling and 
f o r  Jt-coupling are given i n  other  repor t s  (Ref .3 ,  22, 23). 
f o r  ak and bk , a t  to = 1 and at indeterminate t are  given i n  ( R e f  .a), and at  
10 = 2 i n  (Ref.25) f o r  IS, Jt ,  and LSo types of coupling. 

Algebraic formulas 

The use of t he  p r  e r t y  of 6j-coeff ic ients  (Sect.6.6) from (Ref.9) and 
from (Ref .9) show tha t  t he  operator a l s o  the  equal i ty  

s m e d  with respect t o  k, gives eq.(40) when one term of the wave function 
[eq.(20)] with a normalizing f ac to r  equal t o  unity i s  used. 
= u s 

I n  eq.(46), vrl = 
r 1  with the  following determinations of ur and sl: 

( q u r l l l ' )  = B (1 ,  1 ' )  (I'  :0,1, . . ., 21), (47) 

(48) 

A s  we see, the  operator (46) permits obtaining the  correct  result without anti-  
symmetrization of t h e  wave functions; i n  other  words, the requirement of the 
Paul i  exclusion pr inc ip le  i s  taken i n t o  account by suitable modification of the 
operator. 

I n  t h e  case of two equivalent electrons,  the in t eg ra l  Gk changes t o  Fk and 
the  6j-coeff ic ients  and reduced matrix elements of the operator Ck i n  both terms 
on the  right-hand s ide  of eq.(4O) become ident ica l ,  yielding 
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provided condition (27) i s  s a t i s f i e d .  
zero. 

Otherwise t h e  matrix element i s  equal t o  

The next s ign i f i can t  por t ion  of energy i s  magnetic o r  sp in  in te rac t ion .  
Calculation of this energy component with a t o t a l  operator  is ra the r  complex. 
I n  the  case of two electrons,  t he  matrix elements of t he  t o t a l  operator f o r  the  
configurations notont at 1, = 0, 1, 2, ( 1  being indeterminate) were given previ- 
ously ( R e f  2 6 ;  spin-spin in t e rac t ion )  and ( R e f  .27; spin-orbit  in te rac t ion) .  

t i o n  operator (spin-spin in t e rac t ion  i s  general ly  in s ign i f i can t )  having t h e  form 
A good approximation i s  represented by t he  s implif ied spi-orbit  interac-  

where 5 i s  a funct ion of r given by the  expression 

(5.1) 1 1  1 d V  
2 c3 r dr 

i n  atomic units (ve loc i ty  of l i g h t  c = 137). 
i n t e g r a l  

E ( r )  = - - - - (V - p o t e n t i a l  function) 

T h i s  funct ion leads  t o  the  r a d i a l  

The operator (M),  as any sca l a r  operator,  is  diagonal relative t o  JM and 
does not  depend on M. 
terms. 
( R e f  .9), we f ind  

However, it does depend on J, which e f f e c t s  spli t t ing of 
I n  t h e  case of one atomic electron, i n  accordance with ecp(33.8) from 

(tzlsj I Hso I d s j )  = 

(53) 

Here we use the  expression 

(11111111)= [ l ( f +  1) (21+ 1)1"*, (54) 

and a l s o  eq.(&) f o r  t h e  sp in  angular momentum. 
can be expressed by the  formula 

The 6j-coeff ic ient  i n  eq.(53) 

A s  an example, l e t  us write t h e  expression f o r  t he  energy of a 2Pelec t ron:  
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T h i s  shows t h a t  doublet s p l i t t i n g  ( o r  f i n e  s t ruc ture)  i s  

8(2p+8(2p2)  3 1 = --G(2p2P). 3 2 (57) 

From experimental doublet s p l i t t i n g  we can d i r ec t ly  f ind  the  in t eg ra l  S(2P). 
Having t he  latter, we can determine t h e  i n t e g r a l  I(2P) from t h e  ion iza t ion  
energy by means of eq.( 56) . 
and eqs.(33.8) - (33.10) from (Ref.9). 

& 

In  t h e  case of a two-electron configuration, we use t h e  wave funct ion (20) 
T h i s  y ie lds  

If  one is  in t e re s t ed  i n  diagonal matrix elements - and this i s  the  case whenever 
the IS-couplin i s  su i t ab le  - t he  6j,-coefficients enter ing eq.(58) can be calcu- 
l a t ed  from eq.f55). 

As an example, l e t  us write t h e  expressions for the  energy of configuration 
nsn'p. 
m a t r i x  elements relative t o  IS, we obtain 

According t o  eqs.(34), (4O), and (58), l imi t ing  ourselves t o  t h e  diagonal 

The coeff ic ient  of C(ns) i s  equal t o  zero since, i n  t he  6j-coefficients,  the  
t r i a d  conditions are not s a t i s f i ed .  
term. 

The same i s  t r u e  of c(n'p)  f o r  t h e  singlet 

From eq.( 59) we irmnediately f i n d  tha t  

8 (nsn'p "2) - 8 (nsn'p "Pl) = 25 (n'p 3P) .  
8 (rtsn'p 3 P I )  - a (rtsn'p " 0 )  = 5 (n'p "1, 

5 (n'p 3P) = 7j- 5 (n'p). i 

Here, eq.(60), j u s t  as eq.(57), eqresses the  well-known Iande rule. 

On calculat ing t h e  nondiagonal m a t r i x  element l inking a t r i p l e t  t o  a 
singlet, a 6j-coeff ic ient  will appear i n  eq.(59), one parameter of which i s  

37 



equal t o  zero. For such a 6j-coefficient,  we have the  formula 

{; 9 ;} -- (-1)a+brc6 (a, c) 6 (6, d) I(2a + 1) (26 + I ) p ,  

which w i l l  a l s o  be used later on. 
propert ies ,  can be placed anywhere. 

In this case t h e  zero, according t o  symmetry 

4 Case of One Shell-of Eauiyalent- Ele=ct-r-on-s 

The expression f o r  the  k ine t i c  and e l e c t r o s t a t i c  energies r e l a t i v e  t o  the 
It remains t o  examine the  e l e c t r o s t a t i c  interac-  nucleus i s  given by eq.(34). 

t i o n  between electrons and the  spi l l -orbi ta l  in te rac t ion .  
mathematical apparatus su i ted  t o  Ls-coupling which i s  applicable f o r  equivalent 
e lectrons.  

We W i l l  discuss the 

Let us introduce the operators 

where uf is determined from eq.(47), and s: from eq.(48). 

According t o  eq.(23) (Ref.6) f o r  one s h e l l  of 1-electrons we have 

where Xk" can be Uk(k' = 0), Ti"' (k' = 1) o r  any other  operator composed of one- 
e lec t ron  operators.  

According t o  eq.(33.10) (Ref.9) we obtain L!s 
(LoSofsLS IJ U k  Ij LoS0lsL'S') = ( - I ) L o + f + L + R  6 ( S ,  S') x 

x I(2L + I )  (2L' + 1) (2s  + l ) l"~~L.';  ?} I 
(65) 

The reduced matrix elements of the operators Uk and Vkl f o r  s h e l l s  of p-  

Theze make UP a corqplfte set of tab les  f o r  
f o r  the d-shel l  are 

The 

and d-electrons are completely determined. 
given elsewhere (Ref.6, 12 - a). 
p-electrons. 
given i n  (Ref .28) . 

Tables f o r  U2, V", and V"l a re  

The remaining cases of U , U4, f'" and v' 
Some misprints are contained i n  all of these tab les .  
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corresponding corrections were given by Rudzikas (Ref .29). 

they contain the  f ac to r  ( 2 s  + 1)4", meaning t h a t  t h e  e n t i r e  quantity 
As regards Uk, Rudzikas' t ab l e s  (Ref.28) d i f f e r  from the others  i n  tha t  

is  tabulated there,  whereas other  authors (Ref.6, 12 - Vt.) give values of t h e  
reduced matrix element on the  right-hand s ide  of eq.(67) although the  same 
designations are used as on the  left-hand s ide  of this equality. 
is  not tabulated since i t s  expression is  very simple, namely: 

Generally, U1 

Other simple cases include: 

The fo l laJ ing  expression i s  highly useful: Lzp 

provided tha t  both ranks kk' are not simultaneously equal t o  zero (v, v' are  
sen ior i ty  numbers contained i n  cy, cy', and i n  the case of  p -  and d-electrons cy, 
cy' = v, v'). In t h e  opposite case, f o r  the  matrix elements we have 

On examining t h e  e l e c t r o s t a t i c  i n t e rac t ion  of one s h e l l  of equivalent elec- 
trons we can prove on the basis  of t he  expansion (38) t h a t  the coeff ic ient  of 
the  radial i n t e g r a l  Fk(nl ,  n l )  i s  a matrix element of the operator 

We use the  r e l a t ion  
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I I I I I I I  I 1  I I  

where the  equal s ign  with the  a s t e r i s k  ind ica tes  t h a t  the  equal i ty  holds when 
t h e  matrix elements of both s ides  are taken. Then, eq.(73) can be represented as 

N 

Here, U," i s  determined by eq.(62), with t h e  index ind ica t ing  t h e  number of elec- 
t rons  i n  the  she l l ,  and 

N 

i=l 

Its matrix element i s  

(f"aLS I Ukko  I L.Va'L'S') = AJ8 (aLS, s'L'S') (21 + I)-': (77) 

For t he  coef f ic ien t  f k  of the  r a d i a l  i n t e g r a l  Fk we f ind  t h e  following ex- 
pression (Ref .30) : 

. /60 

.X ( - - I ) ~ - ~ "  (I"aLS 1; uk 1 I ~ ' ~ " L ~ J s )  (I"'afrLrJS 11 w k  11 L"'a'LS)- (78) 
a'L" 

- X' (21 4- 1)-16 (a, at)} . 

must be omitted i n  eq.(78). 
T h i s  formula i s  su i t ab le  f o r  t ab le s  oIf Uk (Ref.28). 
(Ref .6, 12 - a) t h e  f a c t o r  (2s  + 1)- 
this formula, the expression f o r  the  energy of e l e c t r o s t a t i c  i n t e rac t ion  between 
electrons of one spec i f i c  s h e l l  i s  conveniently determined. For this we need 
on ly  t he  above-indicated t ab le s  f o r  reduced matrix elements of the operator U k .  
In the  pa r t i cu la r  case when k = 0, t h e  first indicated tab le ,  together with 
eq.(69), w i l l  y i e ld  

When using the  t ab le s  from 
By means of 

(79) 
N Y N ( N - I )  

f o  (1 aLS, I' a'LS) = -~ 6 (z, a'). 
2 

If t h e  s h e l l  i s  f i l l e d  ( N  = 4.1 + 2), then  f o r  f k ( k  > 0)  we obtain the 
formula (Ref  .31) 

s ince  the matrix 
equal t o  zero i n  
values of f k  f o r  

elements of the operator Uk (k # 0) f o r  a f i l l e d  s h e l l  are 
accordance with eq.(71). 
the f i l l e d  she l l .  

Use of t h e  t ab le  d i r ec t ly  gives the  

If t h e  s h e l l  i s  almost f i l l e d  ( f i l l e d  more than half ,  which means t h a t  N > 
> 21 + l), t he  use of eq.(71) leads t o  t h e  following re la t ion :  
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"'I 
Consideration of eq.( 78) fu r the r  y i e lds  

Hence, eq.(80) a l so  fol lows d i r ec t ly .  

W e  see from eq.(82) t h a t  there  i s  never any need t o  perform calculat ions 
f o r  quasi-fi l led s h e l l s  s ince the  necessary expressions are obtained from cor- 
responding results f o r  p a r t i a l l y  f i l l e d  she l l s .  

To calculate  the energy of the  spin-orbit i n t e rac t ion  of t h e  s h e l l  of 
equivalent electrons,  we note t h a t  according t o  eqs.(47) and (54) 

1 - 
I*& [I (I + 1) (21 + 1)l  IC'. 

Then, the operator (50) i s  represented by 

where V1lo i s  an operator (63) f ixed  i n  the  sca l a r  product. 
from an e a r l i e r  paper (Ref.9) y i e lds  

The use of eq.(33.8) 

LSJ 
= (- I ) L ' + S + J  { S'L'I } [ I  (I + 1)(21 + I)] + x 

The reduced matrix element on t h e  right-hand s ide  of this equal i ty  i s  tabulated 
i n  the  aforementioned tab les .  
elements ( L  = L', S = S'), t h e  6j-coeff ic ient  on the  right-hand s ide  i s  talc+ 
la t ed  by eq.(55). 

( R e f  .6) we obtain 

When we are in te res ted  i n  t h e  diagonal m a t r i x  

As an example, l e t  us take d3 %J. According t o  eq.(55) and Table X I 1  



Hence, 

9 5 (d  ' P )  = % 5 (d). 

If t h e  s h e l l  i s  almost f i l l e d ,  then eq.(71) w i l l  y i e ld  

T h i s  shows t h a t  mul t ip le t s  of quasi-fi l led s h e l l s  are reversed i n  c o q a r i s o n  
with t h e  corresponding mul t ip le t s  of p a r t i a l l y  f i l l e d  she l l s ;  i n  the case of a 
ha l f - f i l l ed  s h e l l  t he  simplified operator does not give term s p l i t t i n g  as long 
as we l i m i t  ourselves t o  diagonal matrix elements (v  = v') s ince nondiagonal 
elements cannot be equal t o  zero. 
eq.(85) and Table X I  (Ref .6) y i e ld  ( v  = 1, v' = 3 )  

For example, f o r  t h e  Pa configuration, 

The matrix elements i n  the case of half-f i l led s h e l l s  are responsible f o r  
term s p l i t t i n g  which, however, usually i s  s m a l l .  Nevertheless, it i s  of such 
an order t h a t  it cannot be neglected. 

5. case of Two Incomle te  Shel ls  

Let  us discuss  the  configuration t r11g2.  Inside the  she l l s ,  IS-coupling i s  
su i tab le .  
quantum numbers Ll ,  SI, Lz, S O ,  as indicated i n  Section 2, can be correlated by 
any type of c o q l i n g .  Let us examine the  case of IS-coupliri,  s ince t h e  energy 
equation f o r  any o ther  type of coupling can be obtained from this by proper 
transformation. 

For this reason, QlLlSlQaL& will be i n  the  charac te r i s t ic .  The 

The e l e c t r o s t a t i c  i n t e rac t ion  ins ide  the  s h e l l s  i s  expressed by t h e  inte-  
I n  this case t h e i r  coef f ic ien ts  are diagonal g ra l s  Fk ( n i  tl , nl  t i  ) ( i  = 1, 2). 

r e l a t i v e  t o  L ~ S ~ L Z S Z  and, furthermore, the  coef f ic ien t  of Fk ( n l l l ,  n l t l  ) i s  
diagonal with respect t o  a2Q4 and vice versa. Anything e l s e  i s  done as de- 
scr ibed i n  the  preceding Section. 

/63 

The e l e c t r o s t a t i c  i n t e rac t ion  between t h e  s h e l l s  i s  determined by the  
operator 

.VI N I + N I  

(90)  1 1  2 (c:.ci", r", r k + l  

k i - l j = . V , + l  > 

T h i s  matrix element, i n  antisymmetrization of t he  wave function r e l a t i v e  t o  the  
electrons i n  d i f f e ren t  she l l s ,  i s  decomposed i n t o  d i r e c t  and exchange p a r t s .  
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The d i r ec t  p a r t  is  expressed by the  in t eg ra l s  Fk ( n l h  , n212). 
i s  the matrix element of the operator 

Its coef f ic ien t  

(4 II Ch II 11) (12 I1 Ck II 1 2 )  (Uh. U!b,). (91) 

Here, we also need take i n t o  account what tab les  are used f o r  Uk. 
of the tab les  given i n  ( R e f  .6, 12 - a), the  f ac to r  (2S1 + 1)( 2% + 1) i n  the 
minus one-half degree must be disregarded. 

I n  the case 

I n  the  case of k = 0, eq.(69) yields  

lo (pi?, a1L1sla2L2s2, U;LISXL;S;, LS)  == 
= N ~ N ~ ~  ( a 1 ~ ~ s l a 2 ~ , s 2 ,  a ; ~ ; ~ i 4 ~ S ~ ; ) .  (93) 

t' -U 
1 1  

'll,i?-N, .v. 
f k  (11 I, -) = - (- 1) 

provided t h a t  k . >  0. 
of the degree of f i l l i n g  of the she l l s .  

In the  opposite case, eq.(93) must be used regardless /64 

I f  both she l l s  a r e  almost f i l l e d ,  then 

The quantum numbers are omitted i n  eqs.(94) and (95) s ince they are the  same and 
arranged ident ica l ly  on both s ides  of these equal i t ies .  
t ha t  fk(k > 0)  i s  equal t o  zero provided t h a t  one of the  s h e l l s  i s  completely 
f i l l e d  since,  on the right-hand s ide,  one of the  she l l s  w i l l  be erripty, and di- 
r e c t  i n t e rac t ion  ( c l a s s i c a l  type) with it i s  unthinkable. 

Here, i t  is obvious 

To f ind  the expression f o r  the  e l e c t r o s t a t i c  energy of the exchange type 
(nonclassical) ,  we use  the  operator (46) w h i l e  a l l  other  operations remain as i n  
the  case of d i r ec t  in te rac t ion .  A s  mentioned i n  Section 2, this does away with 
antisymn-etrization of t he  wave function i n  an e x p l i c i t  form. Thus, the coeffi- 
c ien t  gk of the  r a d i a l  i n t eg ra l  6 (n l  t I  , 1-121,) w i l l  be the  matrix element of 
t he  operator .- 

4.3 

. . .. . 



Here, r changes from 0 t o  the l e a s t  of t he  values of 211 , 212. 
coeff ic ient  gk, the  following expression [cf.  eqJ4.12) i n  (Ref.30)I i s  valid:  

Then, f o r  the  

, , # , , #  

gk ( P l 2 ,  alLlSIa,L?S,, a,L1S1aaL2S2, LS) = - (II jlC+ 11 1 2 ) 2  x 

L'+L2+LtS;+S,i-S LlL2L S,S,S 
+2(--1) {L;L;f I {s,s;1} 

If t he  f i r s t  of the  s h e l l s  i s  almost f i l l e d ,  eq.(71) will y ie ld  
1' --tj 

2 

1 1  . -  
C1-U 

gk ( p - l " 1 p )  ~ (-1) 7 g, ( 1 ; p )  4- (.- 1) x 
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The last  term arises from the  summand at r = 0 s ince  eq.(71) i s  then no longer 
val id  and eq.(72) must be used [ the  case of r = 0 i n  eq.(93) should be included 
i n  the sum]. 

If both s h e l l s  are almost f i l l e d ,  the  following r e l a t i o n  i s  valid: 



This equality shows tha t  the  in te rac t ion  of an unf i l led  s h e l l  with a f i l l e d  
s h e l l  does not depend on the  s t a t e  (d i rec t  in te rac t ion  generally being equal t o  
zero) of the  unfil led s h e l l  a t  a given value of the number of electrons and 
of the  one-electron o r b i t a l  quantum number. 
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If both she l l s  a re  f i l l e d ,  then 

The value of t h e  last coefficient i s  obtained with the help of a table. 

HsO = Hi: + H g  and the  corresponding matrix element 
For the energy equation of the spin-orbit in te rac t ion  [eq.(50)1, we have 

(l?lp alLlSla2L2S2LSJ I Hso I ff'f,". a;L;S;aiL&lL'S'J) = 
LSJ 

= (-l)L's+J{ S'L' 1 } [ (2L+ 1)(2L'+ 1)(2S+ 1)(2s'+ l),fX 

1 

8 (a,L2S2, a;L& [ll(fl+ 1)(2f1+ 1)l X L,+L,+L'+S,+S,+S' x (-- 1) 

When one o r  both she l l s  are almost f i l l e d ,  eq.(71) i s  applied t o  the reduced 
m a t r i x  elements Vl1, while everything else remains unchanged. If the  s h e l l  i s  
completely f i l l e d ,  Vl1 will be equal t o  zero and the  corresponding term can be 
dropped 

Inmany spectra, two unf i l led  she l l s ,  one of which containing only one 
electron, are encountered. 
since, f o r  N2 = 1 (crzcyz' omitted and L2 = 12, S2 = s), we have 

I n  t h a t  case the  above formulas a re  simplified 
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Here, t he  number of f i l l e d  s h e l l s  has no s igf i f icance s ince t h e  k ine t ic  ener 
and t h e  e l ec t ros t a t i c  energy r e l a t ive  t o  the  nucleus are expressed by eq.(34.? 
the  d i r e c t  e l ec t ros t a t i c  and spin-orbit in te rac t ions  of any unf i l led  w i t h  
any f i l l e d  s h e l l  are equal t o  zero, and the  exchange e l ec t ros t a t i c  in te rac t ion  
i s  determined by e q . ( l O O ) .  This i s  a l s o  independent of t h e  number of unfi l led 
s h e l l s  . 
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The above mathematical apparatus i s  eas i ly  generalized f o r  the  case of any 
number of unf i l led  she l l s .  
coupling order of LiSi( i  = 1, 2, ...). 
t ions  are given elsewhere ( R e f  40 )  . 

It i s  only necessary t o  take i n t o  account t h e  
Computational methods f o r  such configura- 

. 

It should be pointed out t h a t  the  above statements pe r t a in  t o  a method of 
calculat ion t h a t  might be cal led an approximation of the  model of one-electron 
states (Ref.32). This is  an approximation i n  which the  wave function of the 
e n t i r e  atom is constructed by means of one-electron wave functions, w i t h  a l l  
e lectrons of the  s h e l l  of equivalent e lectrons being described by the  same 
rad ia l  wave function. This approximation i s  ra ther  good; however, i n  some re- 
spects fu r the r  refinement i s  necessary. A b r i e f  descr ipt ion of methods of re- 
f ining i s  given elsewhere (Ref .33). 

symmetry propert ies  of specular r e f l ec t ion  (Ref . 2 l )  
Annotation t o  Dace 34. To obtain formulas, a t  1'  = 1 - k' and k = I - k" 

- 
must be used; here, 1 = - 1  - 1. In this formulation, f o r  each negative f ac to r  
under the  square root an imaginary un i t  must be entered before the  root, check- 
ing whether Z t  i s  i n  the  numerator o r  i n  the  denominator and leaving t h e i r  abso- 
l u t e  values under the  radical .  
conventional manner. 

Then, the  imaginary un i t s  a r e  canceled i n  the  
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THEORY OF ATOMIC TRANSITIONS 

G.F.Drukarev 
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1. 

Elementary processes of in te rac t ion  of atoms, free electrons,  and rad ia t ion  
play a fundamental ro l e  i n  the formation of the  s t a t e  of stellar matter, nebulae, 
e tc .  and determine t h e  character of the  spectrum emitted by stellar atmospheres. 
Therefore, information on the  p robab i l i t i e s  of the various processes i s  needed 
f o r  constructing a theory of stars and f o r  in te rpre t ing  observed spectra.  

It i s  necessarg t o  d i f f e ren t i a t e  between problems where it suf f ices  t o  know 
the order of magnitude of the probabi l i ty  of a given process and problems where 
information requiring calculat ion of a high degree of accuracy i s  needed. 

Numerous calculat ions of various degrees of accuracy performed up t o  now 
have revealed the  following, quite important circumstance. An estimate calcula- 
t i o n  differs from an exact complex ca lcu la t ion  by much more than by just t h e  
f a c t  t h a t  one smooth curve ( le t  us say the dependence of the  e f fec t ive  sca t te r -  
ing cross sect ion of an electron on i t s  energy) i s  replaced by another smooth 
curve of an iden t i ca l  type. 
crease i n  the accuracy of a calculat ion causes sharp maxima o r  minima t o  appear 
on the  curves tha t  depict  the  dependence of t he  probabi l i ty  of the given pro- 
cess on various parameters (energy of co l l id ing  pa r t i c l e s ,  radiat ion frequency, 
etc.) .  In  a rough estimate calculation, these features do not appear and the 
curves are smoothed. 

The main difference l i e s  i n  t h e  f a c t  that any in- 

T h i s  must be taken i n t o  account i n  defining the  wanted degree of accuracy 
of data  on the  probabi l i ty  of various processes i n  a given astrophysical prob- 
l e m .  

Briefly, we wi l l  discuss the means avai lable  t o  the  modern theo re t i ca l  
phys ic i s t  f o r  t h e  ca lcu la t ion  of t r a n s i t i o n  p robab i l i t i e s .  

For estimate calculations,  simple approximation formulas giving the  correct 
order of magnitude a r e  i n  existence. They a r e  not universal  and are  val id  only 
i n  a ce r t a in  spec i f ic  range of values of various parameters entering i n t o  them. 
Highly accurate calculat ions generally require  solving a s e t  of complex integro- 
d i f f e r e n t i a l  equations, performed on high-speed e lec t ronic  computers. There a re  
a l so  general  re la t ions  which t i e  i n  the p robab i l i t i e s  of various processes. The 
best known re l a t ion  i s  the  so-called sum ru l e  of o s c i l l a t o r  strengths which re- 
lates the in t ens i ty  of rad ia t ion  i n  a l l  possible  t r ans i t i ons  i n  a given atom 
from one spec i f ic  in i t ia l  s t a t e .  
l a t i o n  which covers the  e f fec t ive  cross sec t ion  f o r  e l a s t i c  sca t te r ing  and a l l  
possible  processes of exc i ta t ion  upon c o l l i s i o n  of an e lec t ron  of spec i f ic  
energy with an atom. 

Another example i s  the  so-called un i t a r i t y  re- 



Let us a l s o  mention dispersion re la t ions  which incorporate in t eg ra l s  of ef- 
fec t ive  energy cross sect ions (unlike the value of the cross sect ion a t  a spe- 
c i f i c  energy as i n  the un i t a r i t y  re la t ion) .  

The value of such general  re la t ions  l i e s  spec i f ica l ly  i n  the f a c t  tha t  they 
permit checking the  agreement of the magnitude of probabi l i t i es  of various 
calculated processes with the  approximation. 

2,. 

Let us examine the  expressions t h a t  define the  meaning of t h e  concept of 
t r ans i t i on  probabi l i ty  . 

L e t  us asswne tha t  i n  a ce r t a in  volume R there  a r e  p a r t i c l e s  o f  two kinds 
(1) and (2) (actual ly ,  these can be complex systems). 
t i o n  of p a r t i c l e s  they pass from some in i t i a l  s t a t e  i t o  a f i n a l  s t a t e  f .  

By vi r tue  of the  interac- 

The number of t r ans i t i ons  i n  un i t  t i m e  pe r  un i t  volume i s  proportional t o  
the p a r t i c l e  concentrations nl  and n2 and can be represented as /7_1 

. 
The quantity w denotes the  t r a n s i t i o n  probabi l i ty ,  having the  dimension 

N cm3sec-' and being equal t o  -. 
the  number of t r ans i t i ons  not t o  uni t  concentration but t o  un i t  density of the 
flux, connected with the  concentration by the r e l a t ion  

A t  times, i t  i s  more convenient t o  r e fe r  n 1n2 

j = nu 

(where v i s  the p a r t i c l e  veloci ty) .  

The corresponding quantity i s  known as the e f fec t ive  cross sect ion 0 .  If, 
f o r  example, we a re  dealing with a flux of p a r t i c l e s  (I), then 

A s  we see, the e f fec t ive  cross sect ion has the dimension of area (cm'), 
which j u s t i f i e s  the name. 

I n  t h e  in t e rac t ion  of l i g h t  with t h e  system, the ro le  of n i s  played by the  
number of photons. Here, i t  must be considered tha t ,  during the  rad ia t ion  of 
photons, t he  t r ans i t i on  probabi l i ty  i s  not proportional t o  n but t o  n + 1. 

h 

3 .  

Let us formulate the  problem of calculat ing the  t r a n s i t i o n  probabi l i ty  i n  
quantum mechanics. 
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Let  t he  systems (1) and (2) be characterized by t h e  energy operators HI 
In t h e  absence of interact ion,  the  systems are i n  s t a t i o r y y  states and Ha. 

$ i ( l )  and cpi(2) with t h e  energies E i  and c i  respect ively such that" 

HIqi = Eiqit 
H,cpi = eicp,. 

It is s t i l l  necessary t o  determine t h e  normalization of the  wave functions.  
Let  us set  

where 
not contained i n  the  f i n a l  expressions, so  t h a t  we can l e t  fl tend t o  m.) 

is the  normalization volume which we consider t o  be unity.  (hl i s  

Le t  us now assume tha t ,  a t  a ce r t a in  i n s t a n t  of time (usual ly  t = -a), t he  
in t e rac t ion  V(1, 2) i s  incorporated. Then the  i n i t i a l  s ta te  s tops being sta- 
tionary, and t r ans i t i ons  from 'pi, $1 t o  some other  states become possible .  Le t  
us i s o l a t e  some p a i r  of f inal  states $ f ,  cpf and examine the  t r a n s i t i o n  qiyi -, 
-, h c p f  

In  the  process& of i n t e r e s t  here, t he  final s ta te  of t he  c o q o s i t e  system 
(1) + (2) belongs t o  a group of c losely spaced energy levels (which merge i n t o  
a continuous spectrum i n  the l imi t ing  case of an  i n f in i t e  normalization volume). 
Therefore, we are in te res ted  not so much i n  the  t r a n s i t i o n  probabi l i ty  t o  one of 
these l eve l s  as i n  the  t r a n s i t i o n  probabi l i ty  t o  a small energy i n t e r v a l  AI3 
close t o  some value of E. I n  addition, t h e  f i n a l  state may depend on some other  
variables besides energy ( f o r  example, t h e  ve loc i ty  d i r ec t ion  of p a r t i c l e s  
sca t te red  after col l i s ion) .  Denoting these  var iables  by r, l e t  us dea l  with the  
d i f f e ren t i a l  t r a n s i t i o n  probabi l i ty  in the  i n t e r v a l  dr .  

For t he  d i f f e r e n t i a l  t r ans i t i on  probabi l i ty  with a time-independent in te r -  
ac t ion  V, t h e  expression 

i s  derived i n  quantum mechanics. 

Here '4+ i s  the  eigenfunction of t h e  operator H = H1 + H2 + V corresponding 
t o  the  eigenvalue of t h e  energy 

E = Ei + ~i = E f  + Ef (6) 

and tending t o  $icpi as V -, 0, w h i l e  p i s  the  number of states pe r  un i t  energy 
i n t e r v a l  c lose t o  E. Furthermore, Y+ should exhibi t  a de f in i t e  asymptotic 

+$ For brevi ty  we Will designate (XI, yl ,  21) E (l), (x2, y2, z2) E (2) w h i l e  
x, y, z are variables on which depend $ and cp. 
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behavior with distance between the  systems (1) and (2) (denoted by the  symbol +IO 
Below, we w i l l  discuss this behavior i n  grea te r  de t a i l .  

4.. L22 
If the  in t e rac t ion  V can be considered weak ( f o r  example, i n  the case of 

in te rac t ion  of m a t t e r  with l i g h t  where the  weakness V i s  re la ted  with a smal l  

value of t he  dimensionless parameter % - -, which determines the  sca l e  of 

electromagnetic e f fec ts ) ,  then we can simplify the  expression for dw by sub- 
s t i t u t i n g  *+ by t h e  quantity $ 1 ' ~ ~ .  Then, 

1 
137 

2 

dw = $ I s g ; ~ p ; V $ ~ ~ p ~  d q  dz, l2 p d r .  ( 7 )  

Let us introduce the  notation 

Then, 

T h i s  expression coincides with t h e  t r a n s i t i o n  probabi l i ty  of t he  system i n  
the  first approximation of t h e  theory of perturbations,  under the  e f f ec t  of an 
external  force f i e l d  U. 

In  the  case of i n t e rac t ion  of charged p a r t i c l e s  with l i gh t ,  the  r o l e  of 'pi 
i s  played by functions describing t h e  state of t h e  electromagnetic f i e l d .  

The per turbat ion U has the  form 

(absorption of quanta) (11) 

Here, w is the  frequency of the f i e ld ,  e i s  the  polar izat ion vector, and 6 
i s  the momentum operator act ing on the  wave funct ion of a p a r t i c l e  of charge e 
and m a s s  m. 

During absorption or emission of quanta, t h e  energy of t h e  f i e l d  corre- 
spondingly decreases or increases  by the magnitude f r o ,  i.e., 

Ef - E j  2 &I). (12) 

According t o  eq.(6), this leads t o  the  condition - 



Thus, the t r a n s i t i o n  probabi l i ty  under the  e f f ec t  of the f i e l d  i s  deter- 
mhed by the m a t r i x  element 

The functions $* and $f describe the  state of t he  atom. 

If Jri and $f p e r t a i n  t o  a d i sc re t e  atomic spectrum, the  corresponding 
t r a n s i t i o n  wi l l  be emission o r  absorption of monochromatic quanta ( spec t ra l  
l i n e ) .  . If qf per t a ins  t o  a continuous spectrum and Jli t o  a d iscre te  spectrum, 
the  process is  photoionization ( o r  photodissociation i n  t h e  case where the  
in i t ia l  state is  a negative ion).  
formation of a negative ion) .  
a continuous spectrum, then bremsstrahlung o r  absorption occurs .(sometimes this 
process i s  cal led free-free t r a n s i t i o n  which i s  r a the r  unfortunate s ince the  
e lec t ron  undergoing t r a n s i t i o n  i s  not free but i s  i n  t h e  atomic f i e l d ) .  

The opposite process i s  recombination ( o r  t h e  
F'inaw, i f  both functions $f and $1 per t a in  t o  

A review of the  current  state of the  theory of these  t rans i t ions  and a 
summary of calculat ions are given elsewhere (Ref.1,  2). 

5. 

Let us  examine the  c o l l i s i o n  of an e lec t ron  with an  atom (Ref .3).  
case, it i s  conventional t o  characterize the  process by the  e f fec t ive  cross 
sec t ion  do. 
= s i n  9 dedcp, i n t o  which t h e  electron falls after col l is ion.  

In  this 

Thy quantity d r  here i s  an element of t he  so l id  angle dH = 

The quantity p i s  equal t o  
4 

(2n)W ' p=-  

where k f  i s  associated with the  momentum of the  e lec t ron  af ter  co l l i s ion  over 
t h e  r e l a t ion  

(16) 
kf==--. pi 

R 

Furthermore, the  wave function 'pf describing a free electron i s  equal 
(with consideration of normalization) t o  

T a k i n g  these  r e l a t ions  i n t o  account, we have f o r  the d i f f e ren t i a l  cross 
sect ion 

where 
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The t o t a l  cross  sec t ion  i s  

The function $f, j u s t  as above, i s  the  atomic wave function. 

If it coincides with t h e  i n i t i a l  atomic funct ion q1, t he  co l l i s ion  i s  of 
Otherwise i n e l a s t i c  s ca t t e r ing  occws,  as a re- the  elastic sca t t e r ing  type. 

sult of which t h e  atom passes t o  an excited state ( t h e  case where one atomic 
e lec t ron  i s  ra i sed  t o  an excited l e v e l  i s  usually examined). 

The function Q+ i n  t h i s  case describes the s t a t e  of the  e lec t ron  + atom 
system pertaining t o  a continuous spectrum. 
formation on the  i n i t i a l  s ta te  of t he  atom (which can be both the  ground state 
and the  excited s ta te) .  

I n  an impl i c i t  form \k+ contains in- 

The operator V i s  the Coulomb in te rac t ion  energy of t he  electron bombarding 
t h e  nucleus and atomic electrons:  

If t h e  atomic function J r f  r e f e r s  t o  a continuous spectrum, the process i n  
question i s  of t he  ion iza t ion  type. 
what d i f fe ren t  form, namely, 

In  this case, t he  expression d r  has a some- 

where the  quantity TI i s  the  momentum of the e lec t ron  emitted during ion iza t ion  
and dxq i s  the  corresponding s o l i d  angle. a 

I n  studying t h e  c o l l i s i o n  of an electron with an i o n  instead of with a 
neut ra l  atom, the function $ 1 ~  must be represented by the  wave function of the 
continuous spectrum of a Coulomb f i e l d  
t o  an uncompensated charge must be subtracted from V. 

and the  Coulomb po ten t i a l  corresponding 

The e f f ec t ive  cross sec t ions  f o r  various processes are connected by a 
ce r t a in  re la t ion ,  known as the  un i t a r i t y  r e l a t ion  

where q i i c 0 )  i s  t h e  amplitude of forward e l a s t i c  sca t te r ing .  The cross sect ions 
f o r  all t r ans i t i ons ,  resolved by the l a w  of conservation of energy, en ter  oi i . 

f 

53 



6 .  

The equation for t he  function Y+ has the  form 

rl? (- S A  +Ha + v) Y+ = EY+, 

where H, i s  the  atomic energy operator. 

The energy E i s  equal t o  
Pk? 
Lm E =&+ Ei. ( 2 3 )  

h” k“ 
2m 

Here, 2 is  the energy of t he  bombarding e lec t ron  and Ei t h e  energy of t he  

atom i n  the i n i t i a l  state. 

Let us expand $+ i n  a system of atomic functions (w5th consideration of 
symmetry propert ies)  : 

(where ^A i s  the  symmetrization operator).  

For example, f o r  the  simplest case of the  co l l i s ion  of an e l e c t r o n w i t h  a 
hydrogen atom 

n (25) 
‘I’+=Z r l l n ( l ) ~ , ‘ ( 2 ) f ~ ) r r ( 2 ) ~ n ( 1 ) 1 ,  

where the  signs 1 1 - 1 1  and ! l t . l l  i n  t he  brackets correspond t o  t h e  t r i p l e t  and 
s ingle t  states of the  system. 

fi 

Owing t o  the  r e l a t i o n  between the  magnitude of t o t a l  sp in  of the system and 
the  symnetry proper t ies  of the  wave function, t he  amplitude qif (and thus a l s o  
the cross sect ion)  depends on the  spin. 
per ta ins  t o  a mixture of a l l  possible  mutual or ien ta t ions  of sp in  of both atom 
and electron, s o  t h a t  i t  represents an averaged quantity. 

The ac tua l ly  observed cross sec t ion  

Thus, f o r  the  hydrogen atom 

We a l so  note t h a t  successive consideration of t he  symmetry proper t ies  of 
the  wave function i s  necessary t o  calculate,  f o r  example, such processes as 
t rans i t ions  between s ing le t  and t r i p l e t  states of  the  helium atom and systems 
similar t o  it. 

The aggregate of t he  coef f ic ien ts  (FI, Fa, ...) represents t he  wave func- 
( W e  note t h a t  unlike t h e  case under t i o n  of t he  e lec t ron  i n  the  atomic f i e l d .  

consideration, i n  d i sc re t e  states of t h e  “atom + electron’! system a good approxi- 



mation f o r  Q i s  the  expression 

V' = A"$rzFn, 

s o  t h a t  t h e  wave funct ion of the  e lec t ron  reduces t o  one term.) 

For F, we obtain t h e  set of equations 

where 

The quant i t ies  V,, and t h e  kernel  of t h e  exchange operator W,, represent 
i n t e g r a l s  containing atomic functions and the  in t e rac t ion  energy V. 

I n  par t icu lar ,  f o r  t h e  hydrogen atom, we have 

To determine F, i n  single-valued form, i t  m u s t  be given the asymptotic 
form. 
G+, enter ing t h e  expression f o r  the  t r a n s i t i o n  probabi l i ty ,  must possess. 

The asymptotic form of F, i s  determined by proper t ies  which the funct ion 

Namely, 

ik,zr ikn' F,, (t) -e 6ni 4in 7 

i k , r  
The term e tini ensures the property of the  function %+ t ha t ,  as V - 0, also 
Q+ $ i V i  

eik n r  
A s  regards the  divergent wave , the  presence of t h i s  expression - 

(but  not of the  convergent waves e - i k n r  o r  t h e i r  l i n e a r  combination) i s  pre- 
r 

c i se ly  the  aforementioned asymptotic behavior which the function'!k+ must possess.  
i k  , r  

When kt > 0 the  divergent wave e describes e lectrons f ly ing  off af ter  

The condition k: > 0 means t h a t  - '"k: + E l  > E., i.e., co l l i s ion  with a n  atom. 

exc i ta t ion  of the  l e v e l  E, i s  energe t ica l ly  possible.  
enough energy for exc i t a t ion  of t h e  l e v e l  E,. 

and thus 

a 
If k: < 0, there  i s  not 

In  this case, k, w i l l  be imaginary 
i k  .r 

w i l l  decrease exponentially as r - -. e 
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The amplitude qi, of the divergent wave agrees exact ly  with the  quantity 
qin determined by eq.(19). 

Thus, i f  we have an exact solut ion of t he  system f o r  F,, the  amplitude g i n  
can be found from the  asyaptot ic  behavior and there  i s  no need f o r  calculat ing 
qin by means of eq.(19). However, i n  p rac t i ce  it i s  possible  t o  obtain only a 
more or less successful  approximate solut ion.  
wave sa&' ' O 
subs t i tu t ing  t h e  Sppropriate approximate expression f o r  ?t+. 
between these quant i t ies  can serve as a c r i t e r i o n  f o r  the  qual i ty  of t h e  /79 
adopted approximation (and a l s o  as a check on the  accuracy i n  numerical calcula- 
t ions) .  

The amplitude of the diverging 
i n  this case will not be equal t o  qin determined from eq.(19) upon 

The discrepancy 

The i n t e g r a l  expression f o r  amplitude [eq.(19)] a l s o  forms the base f o r  
invest igat ing t h e  ove ra l l  s t ruc tu re  and ana ly t ic  proper t ies  of the amplitude qrf . 
7 .  

Various approximations used i n  studying the system of equations f o r  F, can 
be c l a s s i f i ed  according t o  which f ac to r s  character iz ing t h e  co l l i s ion  process 
a r e  taken i n t o  account and which a re  re jected.  

Let  us f irst  examine s l o w  electrons whose energy i s  in su f f i c i en t  f o r  ex- 
Under these conditions, only one term i s  l e f t  i n  the asyap- c i t i ng  the  atom. 

t o t i c  behavior f o r  F, 

F i d e  iki r I Tqii7. kkir 

The remaining F, decrease exponentially as r -+ a. The roughest approxima- 
t i o n  i s  tha t  i n  which a l l  W i n  and a l l  noncliagonal V i ,  are neglected. I n  t h i s  
approximation, the atom ac t s  on the  e lec t ron  as some force  center having an in-  
var iant  r i g i d  s t ruc ture .  

Consideration of t he  nondiagonal Vi, corre,sponds t o  consideration of 
po lar iza t ion  of an atom by a bombarding electron.  
atom and electron,  t he  influence of t h i s  po lar iza t ion  reduces t o  the  appearance 

of an addi t ional  i n t e rac t ion  of the  type of a charge-induced dipole U -  4. 
A t  l a rge  dis tances  between 

1 
r 

Consideration of the  terms W i n  corresponds t o  consideration of the iden t i ty  
of electrons,  thanks t o  which the  so-called exchange sca t t e r ing  i n  which the 
bombarding electron changes p lace  with t h e  atomic e lec t ron  i s  indis t inguishable  
from d i r e c t  s ca t t e r ing  and they both should be regarded as a s ingle  process. 

Within the  framework of the  approximation disregarding polar izat ion,  one 
can sometimes r e so r t  t o  a fu r the r  s implif icat ion,  solving t h e  equation f o r  F, by 

t h e  method of successive approxknations and s e t t i n g  Fi = e 
hand s ide  i n  f irst  approximation. 

i k  i r  
on t h e  right-  
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The corresponding solut ions are known as Eorn approximation ( i f  W, , = 0 )  /80 
and as Born-Gppenheimer approximation i f  exchange i s  taken i n t o  account. 

If t h e  energy of t h e  bombarding e l ec t ron  i s  su f f i c i en t  f o r  exc i ta t ion ,  l e t  
us say up t o  the  k-th excited l eve l ,  then i f  we disregard po la r i za t ion  the  prob- 
l e m  reduces t o  a set  of k equations. 
t i o n s  corresponds t o  t h e  r e l a t i o n  between cross sect ions of d i f f e ren t  processes 
Ceq. ( 21) 1. 

In  eq.(21), t h e  subscr ipt  f o r  t h e  i n i t i a l  s ta te  i may refer not  only t o  t h e  
i n i t i a l  ground state of t he  atom but a l s o  t o  excited states, which corresponds 
t o  co l l i s ion  of an electron with an exci ted atom ( the  c ross  sect ions oif  i n  this 
case describe so-called co l l i s ions  of t he  second kind). 

The need f o r  examining a set of k equa- 

T h i s  y i e lds  a series of  r e l a t ions  f o r  d i f f e r e n t  i and, i n  order t h a t  they 
be exactly s a t i s f i e d ,  we must have an exact so lu t ion  of t h e  set of equations. 

If t r a n s i t i o n s  from the  ground s ta te  t o  a given excited s t a t e  play t h e  
p r inc ipa l  r o l e  and all o the r  t r a n s i t i o n s  are unessential ,  we can leave only two 
equations i n  the  system f o r  F,. 
strong-coupling approximation of t h e  two given states.  

The corresponding approfimation i s  cal led a 

The approximation i n  which the  e f f e c t  of a l l  i n e l a s t i c  processes on e l a s t i c  
s ca t t e r ing  i s  disregarded i s  c d l e d  t h e  d i s to r t ed  wave method. 
equations f o r  F, takes  t h e  form 

The system of 

Finally,  the  Eorn and Zorn-Oppenheimer approximations 
Eoth these aDDroxhations are based on the  assumt ion  t h a t  

are t h e  roughest. 
t h e  in t e rac t ion  of 

L A  

an electron with an atom can be considered weak. A t  high energies, t h i s  i s  t rue  
beyond question. 

i k i r  
I n  t h e  Born method, we assume Q+ = \$ie and thus /81 

In  t h e  Born-Cppenheimer method, exchange processes are taken i n t o  account: 

The extension of these approximations t o  t h e  region of energies c lose  co 
c r i t i c a l  introduces a noticeable e r r o r  but, i n  t he  case of t h e  Born approxima- 
t ion,  t he  order  of magnitude i s  retained. I n  t h e  Born-Oppenheimer method, con- 
versely, a d i r e c t  extension of t h e  approximation t o  the  nea r -c r i t i ca l  region l ed  
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t o  e r rors  by a f ac to r  of 20 - 30. 
neglecting ce r t a in  terms which, a t  high energies, are small with respect t o  the  
pr inc ipa l  term (and the  
an in te rpola t ion  formula w i l l  be obtained t h a t  y i e lds  an in t e l l i gen t  approximate 
solut ion near the  threshold. 

However, it was shown (Ref.4) t ha t ,  when 

retent ion of which would mean an increase i n  accuracy), 

8. 

To solve equations i n  pract ice ,  t he  angular var iables  must be separated. 
For this, F, i s  decomposed i n t o  p a r t i a l  waves: 

(31) 
F n ( t ) = x  I/4n(21+ 1 ) i  1 7 W )  Y[, (e, cp). 

1 

This decomposition corresponds t o  breaking up a beam of bombarding par- 
t i c l e s ,  i n  the c lass ic& theory of scat ter ing,  i n t o  an aggregate of individual 
t r a j ec to r i e s  characterized by spec i f ic  impact parameters p .  
angular momentum i n  the  c l a s s i ca l  pa t t e rn  i s  mvp and i n  the  quantum pat tern,  Lh. 
Equating both these expressions i n  accordance with the  correspondence pr inciple ,  
it will be found tha t  the impact parameter 

Actually, the  

corresponds t o  the  quantum number 1 .  

For f , t ,  we obtain a system of the  form 

43 

The asymptotic behavior of f,L has the  form 

/82 

(33) 

The amplitude of qin i s  expressed i n  terms of p a r t i a l  amplitudes as the 
series 

qin  = 2 qin[ i  In y I imi  (e,Ti) y p n  (o,,rp,,). (35) 

Equation (21) f o r  p a r t i a l  amplitudes takes the  form ( i n  the simplest case 
when the  i n i t i a l  state of t he  atom i s  the s-state): 



9. 

E la s t i c  ~~ scatte-ring ~ o f  electrons.  If sca t te r ing  occurs below the exc i ta t ion  
threshold, then I m  q1 - klq11" = 0 ( the  subscr ipt  n i s  omitted here). 

quently, q1 can be represented as q l  = - ( e  

Conse- 
a i  61 - 1) so t h a t  1 

21k 

Furthermore, a t  su f f i c i en t ly  low ve loc i t ies ,  we can l i m i t  ourselves t o  the  
s-wave alone ( 1  = 0), s ince  when 1 = 1 

( 3 8 )  
li p--=A,  

m v 

and i f  h 2 a0 (ao being t h e  Bohr radius),  the  corresponding impact parameter 
wi l l  be p rac t i ca l ly  outs ide t h e  limits of ac t ion  of t h e  atomic f i e l d  so t h a t  
t he  p a r t i c l e s  i n  a s t a t e  with 1 # 0, f o r  a l l  p r a c t i c a l  purposes, a r e  not scat-  
tered.  

/83 

A t  a su f f i c i en t ly  low energy, when h 9 %, the  approximate r e l a t ion  

holds (va l id  when po la r i za t ion  i s  disregarded; i f  po lar iza t ion  i s  taken i n t o  ac- 
count t h e  formula f o r  k co t  6 i s  somewhat more complex). 

The quantity a i s  ca l led  the  sca t te r ing  length.  It determines the magni- 
tude of the  cross sec t ion  as k - 0: 

(T (0) = 4x2. (40 )  

The quantity ro denotes the  e f fec t ive  radius of t he  force  f i e l d .  

The sca t te r ing  length depends on the i n t e n s i t y  of t he  force f i e l d  and on 
t h e  s ign  of  t he  po ten t i a l  energy. In te rac t ion  of 
an e lec t ron  with an atom represents a t t r a c t i o n  s o  
t h a t  t he  p o t e n t i a l  energy i n  this case is negative 
and is  depicted by a p o t e n t i a l  w e l l .  
of the  w e l l  i s  greater ,  the  higher t he  atomic 

length on the  w e l l  depth i s  p lo t t ed  i n  Fig.1. 
The quantity a becomes infinite when a bound 
state appears i n  the w e l l .  
t h e  r igh t  of i t )  t h e  followzLr-g r e l a t i o n  i s  valid:  

(The depth 

number.) The dependence of the  sca t t e r ing  

Near t h e  point  A ( t o  

Fig.1 1 a- 

VT' 
59 



where W i s  t h e  depth of t h e  leve l .  

Near t h e  poin t  B t h e  quantity a i s  small and the  cross  sect ion will be ab- 
nomnally small. T h i s  i s  the  so-called Ramsauer e f f ec t .  

Le t  us examine the  wave function a t  /84. 
low energies.  
follows t h a t  t h e  asymptotic behavior of f has 
the form 

From eq.(34), at  1 = 0, i t  

Fig .2 

lengths a. 

f - ,is sin (kr + 6 )  ( r  -> w). 

From this i t  follows tha t  t h e  function Q = 

= e-isf w i l l  be real. 
dependence %( r) f o r  d i f f e ren t  sca t te r ing  

Figure 2 shows the 

Since the  same wave function en ters  the  expression f o r  the cross sect ion 
of f ree-free t r ans i t i ons ,  one should expect a cor re la t ion  t o  ex i s t  between the 
phenomena of e l a s t i c  s ca t t e r ing  and the  behavior of t he  cross sect ion f o r  free- 
free t r ans i t i ons  a t  low energy. 

10. 

Let us now study the  energy dependence of the  e l a s t i c  sca t te r ing  cross 
section. 

The behavior of the  cross sect ion a t  low energies i s  shown i n  Figs.3 and 4 ,  
with Fig.3 corresponding t o  the  normal shape of t h e  cross  sect ion and Fig.4 
showing t h e  shape of t he  cross sect ion in presence of the  Ramsauer e f f ec t .  

Fig .3 f ig  0 4 .  

With an increase i n  energy of t he  e lec t ron  col l iding.with the  atom and i t s  
approach t o  the  atomic exc i ta t ion  threshold there  sometimes i s  a sharp resonance 
change of t h e  sca t t e r ing  cross  sect ion (Fig .5). /85 

Resonance near t h e  threshold occurs when a bound state of the e lec t ron  is  
possible  i n  the  f i e l d  of the  excited atom. 



11. 

&-xitagon of an atom by e lec t ron  co l l i s ion .  In calculat ing the  exc i ta t ion  
cross section, the vo1m.e of cTquta t iona1  work increases s teeply.  It becomes 
necessary t o  take i n t o  account a la rge  nunber of p a r t i a l  waves, and considera- 

t ions  of the optimal 1 used i n  e l a s t i c  scat-  
t e r ing  a re  inapplicable here. The s t ruc ture  
of  t he  system of equations a l s o  becomes quite 
complex. 
tha t ,  u n t i l  now, su f f i c i en t ly  accurate numeri- 
c a l  calculat ions,  with consideration of a l l  

This i s  the reason for the  f a c t  

G 

L. 

Fig. 5 

- 1  
I basic  fac tors ,  have been performed only f o r  

a f e w  cases. 7h resho 1 d 

Most calculations are carr ied out with 
neglection of various fac tors .  

Generally, approximate calculat ions y i e ld  an exc i ta t ion  function tha t  i s  
overestimated i n  comparison with the t rue  function, and the ' 'fine structure' '  i s  
absent i n  it. 

The general shape of the exc i ta t ion  functions i s  shown i n  Fig.6. 

The pos i t ion  of the m a x i m u m  of the exc i ta t ion  functions and i t s  height de- 
pend both on the quantum charac te r i s t ics  (energy, moment) of the i n i t i a l  s ta te  
and on the  charac te r i s t ics  of the f i n a l  s t a t e .  

Fig .6 f ig  .7 

We note tha t ,  i n  the  Born approximation with the use of some addi t ional  
s implif icat ions,  the exc i ta t ion  cross sec t ion  of op t ica l ly  resolved t rans i t ions  
can be expressed ( R e f  .3) by the  o s c i l l a t o r  s t rength  of the corresponding t ransi-  
t i o n  [ in t eg ra l  of t he  type of  eq.(L!+.)l. 

Resonance (of t he  type shown i n  Fig.5) near t he  exc i ta t ion  threshold of /86 
t h e  next l e v e l  may also l i e  on the  curve f o r  the energy dependence of the exci- 
t a t i o n  cross sect ion of a given leve l .  
sect ion of the 2 3 S  helium l.evel were recent ly  discovered. 

Two resonances i n  t h e  exc i ta t ion  cross 

The exc i ta t ion  cross sec t ion  of ions,  unlike t h a t  of atoms, remains f i n i t e  
The typ ica l  slope of the  energy dependence i s  shown i n  a t  the threshold. 

Fig .7. 
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In exc i ta t ion  of multiply charged ions, a r a the r  good approximation is  the 
so-called Coulomb-Born approximation which s t ruc tu ra l ly  resembles the Born ap- 
proximation but d i f f e r s  from it by the  replacement of the wave functions of 
f r e e  motion [eq.(17)1 by wave functions of a continuous Coulomb f i e l d  spectrum. 

I n  the  Coulomb-Born qproximation the exc i ta t ion  cross sect ion of op t ica l ly  
resolved t r ans i t i ons  can a l s o  be expressed by the  o s c i l l a t o r  s t rength of the  
corresponding t r ans i t i on .  However, i n  addi t ion t o  the  o s c i l l a t o r  strengths,  un- 
l i k e  the  case of a neut ra l  atom, a universal  function as tabulated elsewhere 
(RefJ), f igures  i n  the  approximation formula f o r  t he  cross section. 

The grea tes t  number of calculat ions of the exc i ta t ion  cross sect ion f o r  
various t rans i t ions  has been performed f o r  the s i q l e s t  systems: H, He, He+. 

(87 

Calculations a l s o  a re  i n  existence f o r  the  exc i ta t ion  of complex atoms 
such as Na .  

A review and de ta i led  discussion of the  results of the  calculat ions are 
given i n  other  repor t s  (Ref .1, 

12. 

Let  us now discuss simple 
of t h e  e f fec t ive  cross sec t ion  
tude. 

The theore t ica l  p r inc ip l e  
problem of the exc i ta t ion  of a 

3, 6, 7).  

approximation formulas , yielding the  magnitude 
with an accuracy t o  within one order of magni- 

f o r  obtaining such formulas l i e s  i n  replacing the  
given atomic s t a t e  by a similar but much simpler 

problem of the probabi l i ty  of an electron t ransfer r ing  a given quantity of - 
energy t o  an atom. The calculat ion of energy t r ans fe r  can be grea t ly  simplified 
by conceiving the  co l l i s ion  between the  knock-on and the atomic electrons as 
t h e i r  being of t h e  f r e e  type and by then approximately allowing f o r  the f i e l d  of 
the  nucleus and the  remaining atomic electrons.  

A development of this concept, i n  d i f f e ren t  var iants ,  i s  contained i n  a 
number of works (Ref.8, 9, 10, 11). 

Let us give one of the  simplest formulas of the  cross sect ion f o r  excita- 
t i o n  t o  the  l e v e l  n (Ref .8) 

Here U,, U,+l a re  the  exc i ta t ion  energies of the n-th and ( n  + 1)-th l eve l s  re- 
spectively,  E i s  the  energy of t h e  knock-on electron,  and N t he  number of elec- 
t rons i n  the she l l .  

In summation, it should be mentioned t h a t  there  i s  a gap between the  re- 



quirements of as t rophysicis ts  and the  t rend of most extensive progress i n  spe- 
c i f i c  calculations f o r  electron-atom col l i s ions .  A c lose collaboration between 
astrophysicis ts  and s p e c i a l i s t s  i n  atomic co l l i s ions  would help t o  narrow this 
gap 
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PART 11. THEORY OF RADIATIVE TRANSFER 

CERTAIN NONLINEAR PROBUNS OF THE THEORY OF 
RADIATIVE TRANSF%R 

/8q 

V.A.Ambartsumyan 

1. 

A r e l a t ive ly  la rge  por t ion  of t he  c l a s s i c a l  problems of the theory of 
rad ia t ive  t r ans fe r  i s  set  up and solved i n  l i n e a r  approximation. 
lems the possible  influence of the  t ransferred rad ia t ion  on the o p t i c a l  proper- 
t i e s  of t h e  medium i s  disregarded. 
diffuse transmission and r e f l ec t ion  of l i g h t  by a plane layer  of a given op t i ca l  
thickness 7 .  

medium consisting, say, of plane-parallel  layers general ly  depends on the  densi- 
t y  of rad ia t ion  a t  i t s  various depths. 
i n t ens i ty  of t he  l i g h t  incident  on the  layer .  Only under cer ta in  conditions 
m a y  this dependence become unessent ia l  and be neglected. 
ing with a plane layer, with a f i n i t e  number of atoms p e r  square centimeter, and 
i f  we examine the  problem of the  diffusion of resonance rad ia t ion  i n  this layer,  
this neglect i s  permissible i f  the rad ia t ion  densi ty  i s  everywhere s m a l l ,  so  
t h a t  t he  percentage of excited atoms i s  a l s o  small. 
op t i ca l  thickness can be considered as given. 
t i e s  one cannot disregard the  e f f ec t  of rad ia t ion  on the  op t i ca l  p roper t ies  of 
the  medium, for example, on the volume absorption coef f ic ien t .  

In these prob- 

For exarrqsle, l e t  us treat  the  problem of 

We are  f u l l y  aware t h a t  the  o p t i c a l  thickness of any prescribed 

Therefore, it must a l so  depend on the 

Thus, i f  we are deal- 

Under such conditions, the 
However, at high rad ia t ion  densi- 

I n  essence, this s t a t e  of a f f a i r s  has always been acknowledged i n  theoret i -  

This specif i -  
Considera- 

c a l  astrophysics and attempts have always been made, i n  solving ce r t a in  c lassi -  
c a l  problems, t o  allow f o r  the e f fec t  of rad ia t ion  on the  medium. 
ca l ly  i s  t rue  f o r  the problem of the t r ans fe r  of ionizing radiat ion.  
t i o n  of i t s  e f f ec t  on the  medium i s  a cha rac t e r i s t i c  feature  of the c l a s s i ca l  

allowance f o r  nonlinear e f f ec t s  made many theore t ic ians  be skept ica l  of attempts 
t o  apply the ex is t ing  theor ies  of absorption l i n e s  t o  spec t ra l  l i n e s  t h a t  corre- 
spond t o  t r ans i t i ons  between excited states ( l i n e s  of subordinate series). 
any case, the area of nonlinear problems remains very l i t t l e  explored. 

theory of the  H I1 regions. On the  other  hand, t he  r a the r  inconsis tent  & 

I n  

T h i s  natural ly  led t o  attempts t o  t r e a t  nonlinear problems by more system- 
a t i c  s tudies .  A fu r the r  incentive w a s  created by the increased i n t e r e s t  i n  ex- 
periments i n  which the luninous f l u x  dens i t ies  are high. 

In such a systematic study of the problem, it i s  preferable  t o  analyze 
re la t ive ly  simple schemes tha t  permit a c l ea re r  concept as t o  various character- 
i s t i c  nonlinear e f f ec t s  and a b e t t e r  analysis  of complex cases a r i s ing  i n  con- 
nection with experimental processes. Here, t h e  phase re la t ions  w i l l  play a 
r e l a t i v e l y  minor ro l e .  In  par t icu lar ,  this i s  the case f o r  the  exanples dis- 
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i I 
cussed below. 

I n  the  study of nonlinear problems ra ther  a wide range of d i f f e ren t  phe- 
nomena i s  involved and, t o  obtain de f in i t e  resu l t s ,  it i s  preferable  t o  place 
emphasis on spec i f ic  processes and phenomena of a given type. 

Let  us s t a r t  with the  physical e f f e c t s  of c la r i fy ing  or opacifying t h e  
Strange as i t  may medium, due t o  r ed i s t r ibu t ion  of atoms by energy leve ls .  

seem, a t  a spec i f ic  arrangement of t he  energy l eve l s  of a given atom even small 
incident  s ta t ionary  fluxes may lead t o  appreciable l ightening or dimming, as 
w i l l  be shown f o r  a spec i f ic  example. 

Conversely, we will emphasize the  nonlinear dependence of a d i f fuse ly  re- 

We w i l l  give a typ ica l  example f o r  which i t  i s  highly 
f l ec t ed  or diffusely transmitted f lux on the magnitude of t he  s ta t ionary  flux 
incident  on the medium. 
important t o  e l i c i t  this dependence. 

2.  La2 
The e f f ec t s  associated with red is t r ibu t ion  of atoms by states are sub- 

s t a n t i a l  a t  high rad ia t ion  dens i t ies ,  even i n  the simplest problem of the trans- 
f e r  of monochromatic rad ia t ion  through a medium of f i n i t e  thickness where this 
medium consis ts  of atoms having only two e n e r a  l eve l s  and where a f i e l d  of 
quanta i s  involved whose frequency corresponds t o  the  t r a n s i t i o n  between these 
s t a t e s .  

It i s  known tha t ,  i n  t h e  l i n e a r  theory f o r  pure sca t te r ing ,  the diffuse 
transmission coeff ic ient  through a medium with a f i n i t e  op t i ca l  density 7 i n  the 
one-dimensional problem (or, more accurately,  i n  a one-dimensional approxima- 
t ion)  has the following solution: 

where H and F a re  the  i n t e n s i t i e s  of the  transmitted and incident  fluxes.  

If the  calculat ion takes i n t o  account the radiation-induced decrease of the  
volume sca t te r ing  coef f ic ien t  produced by t r ans i t i on  of some atoms from the 
first state t o  the second ( l ightening) ,  then we obtain 

where 70 already represents the l imi t ing  value of the op t i ca l  thickness of the 
medium corresponding t o  the case where all atoms a r e  i n  the lower state, and 
where t h e  constant 



depends on the weights g 2  and gl of the  state as w e l l  as on the f ac to r  

A comparison of eqs.(l)  and (2)  shows t h a t  t h e  following cases are pos- 
s ib l e ,  depending upon the value of the  incident  f l u x  F: 

a)  crF Q 1. 

b)  14 cuF 
c )  crF B 1 + 70/2, where we approximately have: H = F, i.e.,  almost com- 

I n  this case l ightening i s  v i r t u a l l y  absent and we can 

T0/2, where there  i s  appreciable l ightening; 

/94- 
use the  c l a s s i c a l  formula (1); 

p l e t e  l ightening of t h e  medium. 

Thus, everything depends 

The der ivat ion of eq.(2) 

on the value 

( 3 )  

i s  based on the following simple considerations : 
It i s  obvious t h a t  eq.(l)- i s  the  correct  so lu t ion  of t he  problem f o r  a given 
real op t i ca l  depth T (i.e., t h a t  which Will hold a t  a given value of the flux F) 
not equal t o  TO. The e n t i r e  matter reduces t o  t h e  f a c t  t ha t ,  i n  the new formu- 
l a t i o n  of the  problem (nonlinear),  7 is  a quantity t h a t  should be derived from 
given values of F and 70. 
can use the  conventional l i n e a r  theory f o r  each 7 t o  calculate  the  radiat ion 
f i e l d  and hence the  exc i ta t ion  of atoms n2/nl as a function of the op t i ca l  
depth x (this function W i l l  a l so  depend on F and on t h e  t o t a l  op t i ca l  thickness 
T as parameters) 

However, leaving 7 undetermined f o r  the moment, we 

no 
n1 

= p (x). 

If k i s  the  atomic absorption coeff ic ient ,  we can write the equal i ty  

where ds  is  an  element of l i n e a r  depth. 
respect t o  t h e  e n t i r e  l i n e a r  thickness of the layer, we obtain 

Multiplying by ds  and integrat ing with 

The right-hand s ide  of this equation W i l l  thus be defined as some de f in i t e  
function 7 .  
since p(x)  depended on these quant i t ies  as parameters (depending a l so  on x). 
On subs t i tu t ing  the  expression of 7 r e l a t ive  t o  To and F i n t o  eq.( l ) ,  one eas i ly  
obtains eq.(2). 
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On invert ing this function, we f ind  7 as a function of To and F, 



This simple method of so l r ing  t h e  nonlinear problem, which here requires 
no spec ia l  skill, w i l l  be ca l led  by the somewhat awkward name Itmethod of self- 
consistent op t i ca l  depth". 
useful  a l so  i n  ce r t a in  more complex cases, which t o  some extent j u s t i f i e s  the  
introduction of a spec ia l  name. 

A s  shown i n  the following example, t he  method i s  

3 .  

A s  i s  known, the  l i t t l e - s tud ied  problems of the  theory of radiat ion trans- 
fer i n  a sca t te r ing  and absorbing m e d i u m  contain a group of problems per ta ining 
t o  a type of multiple sca t te r ing  i n  which a red is t r ibu t ion  of energy between the 
frequencies of d i f fe ren t  l i n e s  occurs. 
at d i f fe ren t  l i n e  frequencies mutually in t e rac t .  Here, t he  already schematic 
presentat ion of a medium consis t ing of atoms with three energy l eve l s  produces 
considerable d i f f i c u l t i e s  i n  t h e  general  case. O f  course, the  problem can be 
solved by making ce r t a in  assumptions as t o  the  smallness of some parameters 
entering the  equation. For example, 32 years ago it became possible  t o  develop 
the  method of Itseparation of fields11 f o r  solving the  problem of rad ia t ive  equi- 
l ibrium i n  hydrogen planetary nebulae. 
a systematic development of methods f o r  solving nonlinear problems. 

I n  these problems, the radiat ion f i e l d s  

However, a study of  other  cases requires 

Let us f i r s t  discuss  the  pa r t i cu la r  case where the  t r a n s i t i o n  1 -  2 i s  
forbidden and the state 2 i s  metastable. Here we can assume the radiat ion 
f i e l d  t o  be s ta t ionary  and a l s o  postulate  t h a t  co l l i s ions  are of no consequence. 

I n  this case, owing t o  the  absence of cycl ic  t r ans i t i ons  1- 2 + 3 - 1 and 
vice versa, as many quanta v1 (corresponding t o  the t r a n s i t i o n  1 -+ 3) are 
emitted i n  each volume as are absorbed. 
(corresponding t o  the  t r a n s i t i o n  2 - 3).  
reduces t o  pure scat ter ing,  at  each of the frequencies separately.  

The same i s  t r u e  f o r  the  frequency v2 
Therefore, the problem essent ia l ly  

The d i s t r ibu t ion  of atoms by l eve l s  i s  determined by the  steady-state fi 
equations which i n  t h i s  case take on the  simple form: 

where 

Let us assume t h a t  we are dealing with low in t ens i t i e s :  

where 
- P i  
P i = < .  
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Now l e t  us make the problem more specif ic .  
fluxes F1 and F2, at frequencies vi and v2, impinge on one s ide  of a medium of 
f ini te  thickness. 
by examining the  one-dimensional approximation. 

Iet us assume tha t  radiat ion 

We a r e  seeking the  diffusely transmitted fluxes Hi and H2, 

Lzt us use t h e  same method of self-consistent op t i ca l  depths. 

The given parameter i s  the number of atoms pe r  square centimeter. Denoting 
by 7: and T i  the  r e a l  op t i ca l  thickness a t  the  corresponding frequencies, we can 
obtain the quantity 

1 1 
4 kt - r: + --Ti = N, 

where kl  and kz a re  the  corresponding atomic absorption coeff ic ients .  

However, the  quant i t ies  T: and 7; are  not known individually and must be 
determined from the problem as a function of t h e  parameters F1, Fa, and N. 

Since, a t  each frequency, there  i s  pure scat ter ing,  we can determine the 
radiat ion in t ens i ty  a t  each frequency as  a function of the corresponding m 
opt ica l  depth xi and of the parameters Fi and 7; and f ind  t h e  re la t ions  that 
characterize atomic excitation: 

where, we repeat, p l  and p2 should depend a lso  on the  parameters Fi , T: and Fa, 
T: , respectively. 

From eq.(9) we have 

ndJ1 (Xl) = nzpz w 9  

o r  
4 klnlpl (x1) ds = k2pz (XZ)  ds, 

where kl and kz are the  corresponding atomic absorption coeff ic ients .  

Integrating eq . ( l l )  with respect t o  the  en t i r e  thickness of the layer,  we 
obtain 

The left-hand s ide of this equality i s  some de f in i t e  function of Ty and F1 and 
the  right-hand side, of  *; and Fz. 

From the two equations (12) and (8) we can f ind T: and Tg as a function of 
N, F1, and Fz from which the values of the  fluxes Hi are  obtained over t he  
formula 
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A s  t h i s  calculat ion shows, f o r  t he  flux H1, f o r  example, we obtain the  
expression 

Here, t h ree  d i f f e ren t  cases are of i n t e re s t  : 

a) F1 < Fa; then, 

I n  other  words, i f  t he  f l u x  Fa i s  l a rge r  than the  flux F1 i n  order of magnitude, 
then t h e  flux H1 i s  obtained - j u s t  as i n  the  l i n e a r  problem - on the a s s q -  
t i o n  tha t  a l l  atoms are i n  the  state 1. 

b) Fa < F1 < FaklN; then, 

c >  Fi % FakiN; i n  this case we have complete l ightening of t he  medium at  a 
frequency VI and 

H = F,. 

Thus, i n  our scheme the  e f f e c t . o f  l ightening of t h e  medium occurs a t  one of 
t he  frequencies, without t h e  necessity of a very intense rad ia t ion  f lux.  It i s  
required only t h a t  t h e  rad ia t ion  f l u  a t  the  other  frequency be many times less 
than the  rad ia t ion  flux a t  the  frequency a t  which we achieve l ightening. 

Thus, we have a t  our disposa l  a simple method of regulating the  trans- 
parency of a given m e d i u m  a t  each of two frequencies. 

Under t h e  above physical  assumptions the  other  problem, i .e. ,  t h a t  of dif-  
fuse  r e f l ec t ion  from a layer  of inf ini te ly  la rge  thickness, has a trivial solu- 
t ion: 
because of t he  f a c t  t ha t ,  as already mentioned, pure sca t te r ing  occurs a t  each 
f re  quency . 

A t  both frequencies the  re f lec ted  fluxes a re  equal t o  the  incident f luxes 

The s i tua t ion  becomes markedly more complex i f  we assume transmissions of 
2 + 1. If we pos tu la te  t ha t  these  t r ans i t i ons  occur without radiat ion,  i .e . ,  
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t h a t  t h e  energy i s  transmitted t o  t h e  mediun, and we can disregard reverse 
t r ans i t i ons  of 1 * 2, it w i l l  be found tha t  t h e  corresponding problem on d i f fuse  
r e f l ec t ion  is  readily solved, except t h a t  t h i s  can no longer be done by the  
method of self-consistent op t i ca l  depths but by the  use of the  invariance 
pr inc ip le .  
pant  of t h e  Erevan Seminar on the  theory of rad ia t ion  t ransfer .  
not give this so lu t ion  here. 

Such a solut ion was  found by one of my graduate students, a pa r t i c i -  
W e  w i l l  

The question arises, however, how t o  apply the  invariance pr inc ip le  t o  no* 
l i n e a r  problems. 
neglect t he  influence of rad ia t ion  on the  o p t i c a l  p roper t ies  of the medium, on 
the  values of t he  op t i ca l  charac te r i s t ics  a t  each p o b t  of the  medium.  
more, t he  operation of adding, l e t  us say, some elementary layer t o  an already 
ex is t ing  layer ,  performed when solving t h e  problems on the  bas i s  of t he  invari-  
ance pr inciple ,  proceeds on the  assumption t h a t  t h e  medium and the  layer  being 
added have everywhere the  same op t i ca l  cha rac t e r i s t i c s  ( f o r  example, a value of 
h which i s  the  r a t i o  of t he  sca t te r ing  coef f ic ien t  t o  the  ext inct ion coeffi- 
c i en t ) .  

The cause of t he  nonl inear i ty . i s  t he  f a c t  t h a t  we no longer 

Further- 

However, a more de ta i led  study of t he  problem shows tha t  t he  invariance 
pr inc ip le  can be used when t h e  dependence of t he  op t i ca l  charac te r i s t ics  on the  
rad ia t ion  f i e l d  i s  the  same f o r  a l l  po in ts  of t he  medium. 

A s  a typ ica l  example, l e t  us discuss the appl icat ion of t he  invariance 
pr inc ip le  t o  t h e  problem of d i f fuse  transmission and r e f l ec t ion  of l i g h t  through 

Here we wi l l  again a medium of f i n i t e  thickness. 
r e t a i n  the  one-dimensional approximation s o  as 
not t o  dea l  with angles of incidence and d i f fuse  - ref lect ion,  and a l so  assume t h a t  pure sca t te r ing  
takes place.  

/I-q)F 

3- -* 
F H= vf 

Let us r e c a l l  how this problem i s  solved i n  
the l i n e a r  theory. The op t i ca l  thickness of t he  
layer  70 i s  given. It i s  assumed t h a t  the flux 
F i s  incident  on one s ide  of the  layer  (Fig.1); 
we must f i nd  t h e  f l u x  H t h a t  escapes from the  
opposite side.  I n  View of the l i n e a r i t y  of t he  
problem it was assumed t h a t  t he  f l u x  H i s  propor- 

t i o n a l t o  F so  t h a t  it remains only t o  f ind  the  "coeff ic ient  of d i f fuse  trans- 
mission" q entering i n t o  the  formula H = qF. 
sca t te r ing  medium, the  d i f fuse ly  ref lected f lux which, according t o  the  l a w  
of conservation of energy, should be equal t o  (1 - q)F i s  thus a l so  determined. 
The unknown coef f ic ien t  q should depend on 70 and the  problem consis ts  i n  find- 
ing  t h e  function q(T0  ) - 

Fig .1 

If we are dealing with a purely 
/100 

A r a the r  elegant method of finding the  function q(70) consis ts  i n  obtaining 
the  funct ional  equation by examining the  p a t t e r n  of summation of two layers  of 
op t i ca l  thicknesses 7; and 7 2 ,  which together m a k e  up one layer of op t i ca l  
thickness 71 + 7 2  (Fig.2). 



A s  shown i n  
boundary between 
above-pos tu la ted  
t ions  

with 

F’ig.2, we can examine the  f luxes 11 and I 2  obtained a t  t h e  
t h e  two layers  and proceeding i n  opposite direct ions.  
p roper t ies  of the  sca t te r ing  media we eas i ly  derive the equa- 

From t h e  

I n  analyzing these  equations as a system of four  homogeneous equations 
f o y  unknowns H, F, 11, and 12,  it can be s t ipu la ted  t h a t  i t s  determinant 

be equal t o  zero (condition of 
so lvabi l i ty ) .  From here, we im- 
mediately obtain the funct ional  

~ 12 
equation f o r  q(7) 

__c H q ( r 1 + ~ 1 )  q(rd ‘m-” (15) 
__c - 1 1 1 _-___ E- F 

4 

r, 6 

Fig.2 

which i s  s a t i s f i e d  by the  s o h -  /101 
t i on  

+ 

(16) 1 
4 (4 = l+ar * 

The following complications and d i f f i c u l t i e s  arise i n  the nonlinear case 
of t he  same problem. 

H = q(To)F; instead, it must be assumed tha t  H is  some function of  F and of some 
F i r s t  of all, i n  the diagram i n  Fig.1 i t  i s  no longer possible  t o  set 

parameter characterizing the  thickness of the  
layer .  For such a parameter, it i s  convenient 
t o  take the  op t i ca l  thickness a t  t he  l i m i t  when 
the  i n t e n s i t i e s  of a l l  radiat ions are equal t o  
zero. Le t  us designate t h i s  ’1limiting” op t i ca l  

f-- ___c thickness by 0,. We should then have H = $(F, 
4 4 a,). However, t h i s  i s  not a l l .  In  attempting 

t o  use the  method of addi t ion of layers  we en- 
counter the f a c t  t h a t  two fluxes, F and 12 ,  
en te r  one of t he  investigated layers. A s  a con- 
sequence of the nonlinearity of the phenomenon, 
t h e  f l u x  entering from the opposite s ide  changes 
the  op t i ca l  propert ies  of the medium and thus 

6 -- F ‘ ,  4- 

-+ 
a, 

Fig.3 

a lso t h a t  port ion of the flux F which i s  subject t o  d i f fuse  transmission. 
Therefore, we are forced t o  introduce a more general case and t o  study t h e  re- 
s u l t  of the penetrat ion of two fluxes,  Fl and F2, i n t o  the  medium. The pa t t e rn  
shown i n  Fig.3 i s  su i tab le  f o r  analysis .  The quantity H1  should depend on Fl, 
Fa, and 00.  Wkewise, HZ should depend on these quant i t ies .  W e  obviously have 
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and then proceed t o  f inding this function. 

I n  studying t h e  addition scheme of two layers  shown i n  Fig..!+, we f ind  be- 
tween the  s i x  quant i t ies  H1, Hz, H3, F1, F2, and F3, along with eqs.(l7) and 
(18), another four  dependences : /102 

The next s tep i s  t o  reduce the  problem t o  one func t iona l  equation. 

Comparing eqs .( 20) and (22), we have 

CP (F3,  F i ;  0 1  -1- 02) 1 'p (F3 ,  H z ;  02). 

Subst i tut ing i n t o  the  right-hand s ide  of t h i s  equal i ty  Hz from eq.(l8) 
w i l l  y i e ld  

CP (F3 ,  F1; 0 1  -t 02) ~p ( F 3 , q  ( F z ,  F1; 01); 02). (23) 

On the  other  hand, subs t i tu t ing  eq.(l8) i n t o  eq.(l9), we f i nd  

Fz = CP ((P (pz, F1, GI), F3; az). (24) 
Let the  solut ion of this equation, r e l a t i v e  t o  Fa, be 

The function u i s  wholly d e t e d n e d  by assigning cp. On the  bas is  of this, 
we can prove tha t  by subs t i tu t ing  eq.(25) i n t o  eq.(23) we obtain the equation 

both s ides  of which are expressed by cp. 
the  function u from eqs.(&) and (25), i s  some ra the r  unique funct ional  equation 
for the  function cp. 

Thus eq.(26), along with dete"ing /lo3 

Since it i s  quite d i f f i c u l t  t o  solve d i r ec t ly  the  derived funct ional  equa- 
t ion,  we reduced it first t o  a d i f f e r e n t i a l  equation, f o r  which we assumed tha t  
0 2  i s  a small quantity. Then, i n  place of eq.(19) we can write 
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where a(H2, F3) i s  some function characterizing t h e  medium. 
of eq.(20) we have 

Likewise, instead 

( 28) H ,  = H ,  + a  (F, ,  H a )  u2. 

Eliminating now from t h e  system of equations (17), (181, (21), (22), (27), and 
(28) the  quant i t ies  H1, Ha, Ha, and Fa and, i n  so  doing, discarding a l l  terms 
of powers higher than 02, we obtain the following equation: 

A nonlinear d i f f e r e n t i a l  equation f o r  cp i s  obtained. 
will use 

For s implif icat ion we 

H ,  = 'p ( F 3 ,  F,; ( T ~ )  = Z; F, - =  X ;  F ,  -z y; (T, 7 IJ. 

Then, 
az az 
as -- . : d; a ( 2 ,  y) -+ a (y, 2) .  

As 0 -03, our problem changes t o  one of finding the  in t ens i ty  of the  flux 
z, d i f fuse ly  re f lec ted  from an i n -  
f i n i t e  layer  when the  f lux  y i s  
incident upon i t .  Equation ( 3 0 )  - 6 -c --7 F, <- 3 then reduces t o  a more s iqole  form: 

az --a (2 ,  y) + a (y, Z)--.O, (31) _HJ* dY 
nz - -+ 4 ---- 

. _  I where z no longer depends on 
X =  F1. 6, 

Fig .4. 
If w e  assume tha t  isotropy 

occurs during an elementary event 
of sca t te r ing ,  then ~ ( z ,  y)  should have the  following form: LE4 

a (2, y) = - yk ( 2  + y) + g (2 + y). 

For the  i n i t i a l  condition z = 0, a t  y = 0, t he  solut ion of t h i s  equation 

(32) 

has  the simple form 

y z  = G (y + z), (33) 

where G(5) i s  a function equal t o  

A s  a typ ica l  example, l e t  us analyze the  pa r t i cu la r  case when 
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This means tha t ,  of the energy absorbed i n  an elementary event, t he  portion 

a2 
a1 + E- a -- 

i s  scattered, i.e., upon an increase i n  the in t ens i ty  of l i g h t  the port ion 
being scat tered decreases. Then, 

and the  solut ion has the  form 

pz= -a21n[1+ h 
4 

This solut ion indicates  t ha t ,  as y + a, the  albedo z/y approaches zero. By 
contrast ,  i f  y a, we will have the  usual formula f o r  the l i n e a r  case 

We Will not insist on other examples. O u r  purpose merely was t o  show tha t  
t h e  invariance pr inc ip le  can be used successfully when solving at l e a s t  ce r t a in  
problems of the nonlinear theory of radiat ive t ransfer .  
t i o n  of t he  invariance pr inciple  t o  more complex problem than the simple scheme 
analyzed here will be of p rac t i ca l  value. 

O f  course, the applica- 
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RADIATIVE DIFFUSION IN GASES 

V.V.Sobolev 

/105 

As i s  known, the  theory of stellar spectra  i s  one of the  most important 
p a r t s  of theore t ica l  astrophysics. 
stars i s  obtained from the  rad ia t ion  of t h e i r  spectra.  

T h i s  i s  because most of our information on 

The theory of s te l lar  spec t ra  i s  int imately connected with the  problem of 
rad ia t ive  d i f fus ion  i n  gases. W e  encounter this problem when studying other  
astrophysical objects  : i n t e r s t e l l a r  medium, planetary nebulae, s h e l l s  of new 
stars, planetary atmospheres, e t c .  The solut ion of  this problem i s  important 
also f o r  a number of areas i n  physics (gas-discharge opt ics ,  plasma physics). 

The theory of rad ia t ive  d i f fus ion  i n  gases has progressed far. Both astro- 
phys ic i s t s  and phys ic i s t s  have par t ic ipa ted  i n  developing methods of t h i s  theory. 
It should a l so  be recal led t h a t  some methods w e r e  elaborated from s tudies  on 
the  diffusion of p a r t i c l e s  ( i n  pa r t i cu la r ,  neutrons). 

I n  this l ec tu re  we will study the theory of rad ia t ive  diffusion a t  spec t ra l  
l i n e  frequencies. 
t he  ast rophysicis t .  

W e  will Limit ourselves t o  problems of grea tes t  i n t e r e s t  f o r  

1. Elementary S~cat te r ing  Event 

Before discussing t h e  theory of d i f fus ion  (or, i n  other  words, multiple 
sca t te r ing)  of rad ia t ion  i n  gas, we must examine processes of rad ia t ive  scat-  
t e r ing  i n  an element of volume. 

Le t  ov and E V  be the  absorption and emission coef f ic ien ts  a t  a frequency V, 

within a given l i n e .  
absorbed over a pa th  ds, while t he  quantity cvdvdVdcodt i s  the quantity of 
energy emitted by a volume dV i n  the  time d t  within the  so l id  angle dw i n  the 
frequency range from v t o  v + dv. 

The quantity ovds i s  the  por t ion  of t he  radiant energy 
/106 

The dependence of the absorption coef f ic ien t  CTV on the frequency is  due t o  
many fac tors .  
atoms ( o r  damping of radiat ion)  and t h e  Doppler e f f ec t  due t o  thermal ag i t a t ion  
of t he  atoms. A s  i s  known, when these f ac to r s  a c t  simultaneously, the absorp- 
t i o n  coef f ic ien t  W i l l  be equal t o  

The p r inc ipa l  ones include the  spread of the  energy l e v e l s  of 

where 
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Here, AvE and Av, are t h e  na tura l  and Doppler l i n e  widths, ko i s  the  atomic ab- 
sorpt ion coef f ic ien t  a t  t h e  center  of t he  l i ne  f o r  a = 0, and n i s  the  number 
of absorbing atoms i n  1 cm". When co l l i s ions  are taken i n t o  account, t he  ab- 
sorpt ion coef f ic ien t  i s  given by the  same formula (1) but  with a different value 
of a. 
( ions and free electrons)  near a,n atom, i s  taken i n t o  account, t he  expression 
f o r  BY becomes more complex. It should be mentioned t h a t  the  theory of influ- 
ence of the  Stark e f f ec t  on the  form of the funct ion BV i s  highly developed a t  
present.  

When t h e  Stark e f fec t ,  produced by the  presence of charged p a r t i c l e s  

The emission i s  composed of two p a r t s .  The first p a r t  represents the 
coef f ic ien t  of t r u e  emission which stems from the  d i r e c t  act ion of gas rad ia t ion  
sources ( f o r  example, co l l i s ions  o r  recombinations). 
r e s u l t  of absorption of energy i n  a l i n e  incident  from a l l  s ides  on the  given 
volume and subsequent re-emission of the  energy i n  t h e  same l i n e .  
we Will c a l l  llradiative sca t te r ing  i n  a spec t r a l  line1I. 
emission of a quantum i n  the  l i n e  after absorption w i l l  be designated by A. 
h = 1, we are dealing with pure rad ia t ive  sca t te r ing .  

The second p a r t  i s  the  

T h i s  process 
The probabi l i ty  of re- 

If 

Original ly  it had been assumed i n  the  theory of spec t r a l  l i n e  rad ia t ive  
d i f fus ion  tha t ,  during an elementary sca t te r ing  event, the rad ia t ion  frequency 
remained constant (i.e., s ca t t e r ing  was  considered t o  be coherent). 
case, the  emission coef f ic ien t  i s  equal t o  

I n  this /107 

where coy is  the  t r u e  emission coeff ic ient ,  IV i s  the  i n t e n s i t y  of rad ia t ion  in- 
cident on the given volume, and in tegra t ion  i s  car r ied  out  over a l l  direct ions.  

The theory of t h e  formation of absorption l i n e s  i n  stellar spectra  was 
based f o r  a long t h e  on the  assumption of coherent sca t te r ing  of radiation, 
i.e.,  on eq.(3). However, i n  1929 Eddington ( R e f . 1 )  showed t h a t  this assunrption 
might be erroneous. Further invest igat ions establ ished tha t ,  during an elemen- 
tary sca t te r ing  event, ac tua l ly  a r ed i s t r ibu t ion  of rad ia t ion  by frequencies 
takes place, i.e., t he  rad ia t ive  sca t te r ing  i s  incoherent. I n  this case, 
eq.(3) i s  replaced by 

where p(V, V ' )  i s  the  p robab iE ty  tha t ,  after absorption of a photon with fre- 
quency v' ,  a photon with frequency v i s  emitted. 

The form of the function p(V, V ' )  i s  determined by a number of fac tors .  
The spread of t he  energy l eve l s  of the  atom leads t o  incoherence of rad ia t ive  
sca t te r ing .  
Spi tzer  and Wooley (Ref .2, 3). 

The question of t h e  function p(V, v ' )  f o r  t h i s  case was  examined by 

Incoherence of sca t te r ing  i n  an element of volume i s  a l s o  due t o  the 
thermal ag i ta t ion  of atoms. 
c i e s  due t o  t h e  indicated f a c t o r  was discovered f o r  the  resonance l i n e  by 

The l a w  of r ed i s t r ibu t ion  of rad ia t ion  by frequen- 
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i 
s 

Henyey and V.G.Levich (Ref .&, 5) .  
d i rec t ions  of the  incident  and scat tered radiat ions.  
formula with respect t o  the  angle we obtain the  following relat ion:  

Their formula includes the  angle between the  
By in tegra t ing  this 

where /108 

while OII represents eq.( l ) .  
found by other  methods (Ref.6, 7) .  

Equation (5 )  f o r  t he  function p(v, v ' )  was a l s o  

S t i l l  another reason f o r  t he  frequency red is t r ibu t ion  of rad ia t ion  i s  the  
presence of extraneous p a r t i c l e s  near t he  atom. These p a r t i c l e s  cause a dis- 
placement of t he  energy l eve l s  of t he  atom, where the  extent of such a s h i f t  
may vary grea t ly  during the  s t ay  of the  atom i n  an excited s t a t e .  Therefore, 
a f t e r  absorption of a photon with frequency v '  t h e  atom will emit a photon with 
a d i f fe ren t  frequency V .  It i s  obvious tha t  t he  perturbing p a r t i c l e  entrains  
t h e  difference of energies of these photons. It can be assumed tha t ,  i n  this 
case, the  probabi l i ty  of emitting a photon of frequency v does not depend upon 
the  frequency v '  of the absorbed photon. T h i s  process we will c a l l  complete 
frequency red is t r ibu t ion  of rad ia t ion  or f u l l y  incoherent sca t te r ing .  It i s  
easy t o  demonstrate t h a t  i n  the  case of completely incoherent sca t te r ing  t h e  
function p(V, v ' )  (which does not r e a l l y  depend on v')  has the  form 

The question of the  influence of extraneous p a r t i c l e s  on the form of the  func- 
t i o n  p(V, v ' )  has been studied b r i e f l y  by Spi tzer  (Ref.8). 

If the  density of t he  gas i s  su f f i c i en t ly  high, complete frequency redis- 
t r i bu t ion  of rad ia t ion  can be assumed i n  studies on the  r ad ia t ive  d i f fus ion  i n  
gases, i .e.,  we can use eq.( 7 ) .  
s te l la r  atmospheres. 
the function p(v,  v ' )  . 
studying d i f fus ion  of L,-radiation i n  nebulae and the  i n t e r s t e l l a r  medium. 
problem as t o  the  extent t o  which replacement of eq.(5) by the  vas t ly  simpler 
formula (7)  i s  permissible was invest igated by Thomas and by Jefferies and White 
(Ref.9, 10). 
f o r  t he  cen t r a l  port ions of the  l i n e )  i s  roughly feas ib le .  

T h i s  assumption apparently holds i n  the case of 
If the  densi ty  of t h e  gas i s  low, eq.(5) must be used f o r  

The 
I n  pa r t i cu la r ,  this i s  the necessary procedure when 

It follows from t h e i r  r e s u l t s  t ha t  such a subs t i tu t ion  (a t  l e a s t  

Recently, Hummer ( R e f . 1 1 )  derived a r a the r  general  expression f o r  the 
function p(v ,  v ') ,  from which t h e  previously found formulas follow as a particu- 
l a r  case. 
j e c t  matter. 

/loq 

Hummer's a r t i c l e  a l so  contains a de ta i led  bibliography on this sub- 

77 



I Ill1 I1 I 1  Ill1 I I1 

2. Emation f o c k d i a t i v e  Transfer 

To solve the  problem of radiat ive d i f fus ion  i n  gases, we should use the  
equation f o r  rad ia t ive  t r ans fe r  which describes the  rate of change of rad ia t ion  
i n t e n s i t y  along t he  ray. The rad ia t ive  t r ans fe r  equation has t h e  form 

dIV - = - o v I v +  e,. ds 

I n  t h e  case of coherent sca t te r ing  of l i g h t  eq.(3) must be subst i tuted i n t o  
eq.(8) t o  replace E V .  T h i s  y i e lds  

In t h e  case of completely incoherent s ca t t e r ing  of l i gh t ,  eq.(8), with t h e  
a i d  of eqs.(4) and (7), i s  replaced by 

W e  see tha t  eq.(9) determines the radiant  i n t e n s i t y  f o r  each frequency 
separately,  whereas the  radiant  i n t e n s i t i e s  f o r  a l l  frequencies within the  l i n e  
en ter  eq.( 10) together.  
t h e  so lu t ion  than eq.(9). As explained earlier, d i f fus ion  of rad ia t ion  i n  the  
spec t r a l  l i n e  should be described by eq.(lO), which we w i l l  discuss later i n  
t h e  text. 

Therefore, eq.( 10) i s  appreciably more laborious f o r  

Generally speaking, t h e  quant i t ies  UV, E:, and h enter ing eq.( 10) can be 
a rb i t r a ry  functions of t he  coordinates of a point.  
sumed i n  astrophysics tha t  the medium consis ts  of plane-parallel  layers i n  which 
all these quant i t ies  depend only on one coordinate, namely, t he  depth of t h e  /110 
layer. 
mospheres. 

However, it i s  usually as- 

This assumption i s  permissible spec i f i ca l ly  with respect t o  s te l lar  at- 
I n  this case, ecp(l0) takes the  form 

Here, t h e  radiant  i n t ens i ty  IY depends on the  dis tance from the center  of t he  
star and on t h e  angle 8 between the  d i r ec t ion  of rad ia t ion  and the  normal t o  t h e  
atmospheric layers. 

I n  each volume element of the s te l lar  atmosphere, absorption and emission 

The corre- 

With consid- 

occur i n  the continuous spectrum ( i n  pa r t i cu la r  at the  frequencies of a given 
l i n e )  i n  addi t ion t o  absorption and emission i n  the  spec t r a l  l ine .  
sponding absorption and emission coef f ic ien ts  we will designate by H and E (with- 
i n  the  l i n e  they can be considered independent of the  frequency). 
e ra t ion  of absorption and emission i n  the  continuous spectrum the  equation of 
rad ia t ive  t ransfer ,  i n  place of eq . ( l l ) ,  w i l l  read 



Let us represent t h e  emission coef f ic ien ts  c’: and 8 i n  the  form 

E: = (T, Bo, e =; xB, 

and introduce t h e  notation 

Usually, by B,. we mean the  Planckian radiant  i n t ens i ty  since, i n  stellar atmos- 
pheres, l oca l  thermodynamic equilibrium with respect t o  t h e  continuous spectrum 
i s  assumed t o  exist. This does not hold for the  quantity Bo. 

Subst i tut ion of eqs.(l3) and (a) i n t o  eq.(12) y ie lds  

(15) dIV 
COS 6 - = - (5,  + X )  I v  + avB + xB.. dr 

In eq.(15), not only the  radiant  i n t ens i ty  IV  but a l so  the  quantity B i s  /1l1 
unknown since i t  i s  e 
have two equations, (3) and (15), f o r  determining two unknown functions Iv 

ressed by eq.(&) i n  terms of the quantity Iv. Thus, we 

and Be 

Let us represent t h e  absorption coeff ic ient  i n  the spec t r a l  l i n e  as 

(Tv = 0 ,p  (x )  , (16) 

where x i s  a dimensionless frequency determined by the first equation of the 
system (2).  
the  atmosphere f o r  t he  cen t r a l  l i n e  frequency: 

Let us a l s o  introduce the  op t i ca l  depth of the  given pos i t ion  i n  

z = T a , d r .  r (17) 

It is  obvious t h a t  t h e  rad ian t  i n t ens i ty  IV Will now be a function of 7 ,  9, 
and x and the  quantity B a funct ion of 7. 
rewri t ten as 

Therefore, eqs.(&) and (15) can be 

B (z) = + A Sa ( x )  d.u I (z, 6, x )  sin 6d6 + B” (‘5). (18) 

(19) 

5 
c o s 6  “ ( T 7 -  = [ u ( ~ ) + P ] I ( T , ~ , x ) - u ( x ) B ( z ) - P B . ( z ) .  dr 

I n  eq.(l8) (as everywhere hereaf te r )  in tegra t ion  with respect t o  x is  car r ied  
out within the  limits from -m t o  +a, and the  quantity A i s  determined by the  
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r e l a t ion  

I n  eq.(19) we mean by B t h e  r a t i o  of t he  absorption coeff ic ient  i n  a continuous 
spectrum t o  t h e  absorption coef f ic ien t  at t h e  l i n e  center, i.e., 

Equations (18) and (19) must be supplemented by appropriate boundary condi- 
t ions.  However, these conditions are based on the  f a c t  t h a t  there  is  no /1l2 
rad ia t ion  incident on the atmosphere from without,. 
i t s  e f f e c t  can be taken i n t o  account i n  the function Bo(7 ) .  

If there  is such radiation, 

From eqs.(l8) and (19) we can obtain one equation f o r  determining t h e  func- 
For this we must solve eq.(l9) r e l a t i v e  t o  I(T, 8, x) and subs t i t u t e  t i o n  B(7) .  

t he  found expression i n t o  eq.(l8). Having done this, we obtain 

B (z) = h A 5 a (x) dx j [ a  (x) B (z') + PB, @')I x 
0 

where 

and ?r0 i s  t h e  op t i ca l  thickness of the atmosphere a t  the  l i n e  center. I n  the 
case of s t e l l a r  atmospheres To = a; however, i n  the i n t e r e s t  of genera l i ty  we 
wrote eq.(22) f o r  an a r b i t r a r y  T o .  

I n  t h e  absence of absorption and emission i n  the continuous spectrum, %.e., 
when B = 0, eq.(22) takes the  form 

Thus, the problem of diffusion of r ad ia t ion  i n  the  spec t r a l  l i n e  reduces t o  
solving a system of equations (18) and (19) determining t h e  functions I(T, 9, x) 
and B(T),  o r  t o  solving t h e  i n t e g r a l  equation (22) f o r  t h e  function B(T) .  It i s  
obvious t h a t  
t y  I ( T ,  8, xj i s  e a s i l y  found from eq.(19). 

a f t e r  deriving the  function B(7)  from eq.(22), t h e  radiant intensi-  

The problem of d i f fus ion  of rad ia t ion  i n  the spec t r a l  l i n e  was  studied by 
astrophysicis ts  as long ago as t h e  1930s. Originally, the radiat ive t ransfer  
equation was wri t t en  with an a rb i t r a ry  function p(w, w ' )  and expressions were 
sought f o r  this. function [see, f o r  exaqle Wooleyts a r t i c l e  (Ref .5) 1. 
Houtgast ( R e f  -12) made the  assumption of completely incoherent scat ter ing and 
wrote t h e  equation of radiat ive t r a n s f e r  i n  the form of eq.(l2). 
t ion,  with the  purpose of determining t h e  p r o f i l e s  of t h e  absorption l i n e s  i n  
stellar spectra, has been solved a t  numerous occasions. 

Then 

This equa- /113 
The problem was solved 
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by a p p r o h a t e  methods i n  the  invest igat ions by Suemoto, Labs, Savedoff, Miya- 
mot0 ( R e f  .13 - 16) and others.  
(Ref.l7), by Busbridge, by Ueno (Ref .18 ,  19), and by others.  

The problem of d i f fus ion  of resonance rad ia t ion  ( spec i f ica l ly ,  rad ia t ion  
i n  the  l i n e  La) i s  of great  i n t e r e s t  f o r  the  physics of gaseous nebulae. 
f irst  this problem w a s  solved without consideration of t he  frequency change of 
t he  diffusing photon. 
case of a nebula expanding 'with a veloci ty  gradient on the  assumption of com- 
p l e t e  rad ia t ion  frequency r ed i s t r ibu t ion  [first with a rectangular contour of 
the absorption coef f ic ien t  and then with an a rb i t r a ry  form of the function D(x)j. 
The i n t e g r a l  equation describing d i f fus ion  of &-radiation i n  a f ixed nebula 
with complete rad ia t ion  frequency r ed i s t r ibu t ion  and with a Dappler contour of 
t he  absorption coeff ic ient  w a s  first obtained by Zanstra ( R e f  .a). T h i s  equa- 

t ion,  coinciding with eq.(&) f o r  D ( X )  = e-" , was solved numerically by Koel- 
bloed (Ref.22). 
7, 23), the problem of d i f fus ion  of resonance rad ia t ion  was  solved f o r  cases of 
complete and t r u e  rad ia t ion  frequency redis t r ibut ion,  i.e., when the  function 
p(v, v ' )  i s  given by eqs.(7) and ( 5 ) ,  respectively.  It turned out t h a t  similar 
results are obtained i n  both these cases. Field (Ref .&) studied the  process 
of resonance rad ia t ion  d i f fus ion  as a function of time. 

Exact solut ions of the  problem w e r e  given by me 

A t  

I n  the  works of the  author (Ref.20) i t  was solved f o r  the 

2 

I n  the  papers by Unno, by the author, and by Osterbrock (Ref.6, 

I n  the  physics l i t e r a t u r e ,  an in t eg ra l  equation of resonance rad ia t ion  dif-  
fusion with complete frequency red is t r ibu t ion  w a s  f irst  derived by L.M.Biberman 
and Holstein (Ref .25, 26). 
authors . Later, similar equations were studied by many 

3. bproximate Solution 

The aforementioned d i f fus ion  equations a r e  usually solved e i t h e r  numerical- 
l y  or approximately. 
does not y i e ld  a high accuracy but has t h e  advantage of elucidating the  essence 

Let us now examine one of the approximate methods which 

of the  matter (Ref.20, 27). /1vc 
Let us denote by To t he  op t i ca l  thickness of the invest igated plane layer  

f o r  the  l i n e  center. The o p t i c a l  thickness of the  layer  f o r  the  dimensionless 
frequency x will be equal t o  TO.I(X). 
por t ions of the l i ne ,  sa t i s fy ing  the  inequal i ty  T ~ C Y ( X )  < 1, w i l l  be cal led the  
l i n e  Wings. It i s  obvious t h a t  a photon, a r i s ing  i n  the  Wing of the  l i ne ,  most 
l i k e l y  will not undergo absorption i n  the l aye r  and escape. On the  other  hand, 
a photon i n  the  cent ra l  por t ion  of t he  l i ne ,  sa t i s fy ing  the  inequal i ty  T0cy(x)  9 
> 1, most l i k e l y  i s  absorbed i n  the l aye r  ( i f ,  of course, i t  does not a r i s e  near 
t h e  l aye r  boundary). 
quency, the  photons i n  the l i n e  wings almost immediately w i l l  escape from the 
layer, whereas the photons i n  the cen t r a l  port ions of t he  l i n e  escape from the 
layer  only af ter  a long process of diffusion,  moving ever c loser  t o  the l aye r  
boundary. 
red is t r ibu t ion .  
the l i n e  wings which encounter no obstruct ion of t h e i r  escape from the layer ,  
from any depth. 

We will assume t h a t  T~ 9 1. The outer 

If rad ia t ive  d i f fus ion  occurs without a change i n  f re-  

The matter i s  qui te  d i f f e ren t  f o r  rad ia t ive  d i f fus ion  with frequency 
I n  t h i s  case, a f t e r  each sca t t e r ing  event photons are formed i n  

Therefore, an appreciable por t ion  of the photons formed at an 
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a r b i t r a r y  s i t e  will be able  t o  escape after d i f fus ion  through a comparatively 
s m a l l  volume. 
formed i n  some volume is  equal t o  the  number of photons escaping from this 
volume beyond the  layer (and also, of course, t o  t h e  number of photons experi- 
encing t r u e  absorption). 

Consequently, we can roughly state t h a t  t h e  number of photons 

These considerations readi ly  y i e ld  an approximate so lu t ion  of the  i n t e g r a l  
diffusion equation. 
eq.(&) after having rewri t ten it as 

For s implici ty  we Will pose B = 0, i.e., we w i l l  examine 

+a 

B (f) = S K (I  - r' I) B (r') df' + Bo (z), (25) 
0 

where we denote 

a2 (x) Ei [a (x) z] dx. (26) 

In eq.(25), we w i l l  remove from under the  i n t e g r a l  t h e  value of the  /115 
function B ( 7 ' )  equal t o  B ( 7 ) .  Then we appro&tely obtain 

However , 
43 

2 5 K ( t ) d t  = A. 
0 

Therefore, from eq.(27) we have 

Bo 
1 - a + L (r) + L(To---+)- ' B(T) = 

where 
? 

L ( T )  = \K( t )d t  = ~ ~ a ( x ) E i z [ a ( x ) z l d ~ ,  
5 

and 

The quantity L(7)  + L(T0 - 7) represents t h e  por t ion  of photons escaping 
from the layer  from a depth 7, w h i l e  t h e  quantity 1 - A i s  the  port ion of 
photons undergoing t r u e  absorption. 
earlier statements, means t h a t  t he  number of photons formed i n  the depth i s  
equal t o  the  number of photons t h a t  had escaped from t h e  l aye r  from this depth 
and perished during diffusion.  
function B0(7) changes a t  a moderate rate. 

Therefore, e+(  29), i n  conformity with our 

Of course, eq.(29) can be used only when the 

It i s  obvious tha t  the r a t i o  -$&f characterizes t h e  average number of 

sca t te r ings  experienced by a photon formed a t  the  op t i ca l  depth 7. 
from eq.(29) t h a t  this number i s  approximately equal t o  
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( 3 2 )  

Equation (32)  i s  eas i ly  understood a l so  on the  basis  of the  physical meaning of 
the  quant i t ies  entering it. 

A s  an example, l e t  us examine the  case where the  absorption coeff ic ient  /116 
2 

has a Doppler p ro f i l e ,  i .e.,  a (x )  = e-" . Here, 

and 

L ( T )  = - A 5 e - x '  Eiz (tee-.') dx. 

A t  7 9 1, we have the  following asymptotic formulas 

and 

(33)  

(34)  

It should be emp..asizel here t h a t  the previous assumption of rad ia t ive  
diffusion i n  the spec t r a l  l i n e  without change i n  frequency leads t o  la rge  e r ro r s  
i n  the determination of various physical  quant i t ies .  We will give some examples: 

1. L e t  pure rad ia t ive  sca t te r ing  (i.e., A = 1) occur i n  a layer of la rge  
op t i ca l  thickness. 
during diffusion f o r  an average number of scat ter ings,  we have 

I n  t h i s  case, assuming constancy of the radiat ion frequency 

However, eqs.(32) and ( 3 6 )  y ie ld  

2. If it i s  assumed t h a t  rad ia t ive  d i f fus ion  occurs without a change i n  
frequency, then - at A = 1 - the  e n t i r e  energy of any frequency generated ins ide  
t h e  layer should escape a t  t h e  same frequency. Therefore, at  an a rb i t r a ry  opti-  
c a l  thickness of the l aye r  t h e  p r o f i l e  of t he  emission l i n e  should be similar t o  
the  p r o f i l e  of the t r u e  emission c0efficien.t ( i f  we examine rad ia t ion  fluxes 
escaping from the layer with a symmetric arrangement of the  sources). 

rad ia t ion  Will escape from the  layer mainly i n  t h e  wings of t he  l i ne .  
fore,  i n  r e a l i t y  the  emission l i n e  w i l l  have a charac te r i s t ic  saddle-point pro- 
f i l e .  

However, 

There- 
a t  rad ia t ion  frequency r ed i s t r ibu t ion  and a t  To B 1, as explained above, /117 

Here the  l i n e  width w i l l  be g rea t e r  t h e  grea te r  T O .  
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3. For t he  physics of planetary nebulae i t  
force of t he  l i g h t  pressure caused by rad ia t ion  
ing  on a un i t  volume i s  equal t o  

i s  of i n t e r e s t  t o  determine the  
i n  the  l i n e  La. T h i s  force act-  

F = - $  ’ C o,H,dv, 

where H Y  i s  the  radiant  f l u x  and c i s  the  veloci ty  of l i g h t .  
force F on t h e  boundary of t h e  nebula. 
t he  radiant  f lux HV has a m a x i ”  a t  t he  l i n e  center  and the  force F proves t o  
be r a the r  la rge .  However, if we take sca t te r ing  t o  be incoherent, t he  flux H Y  
a t  T~ 9 1 w i l l  have a m i n i m u m  a t  t he  l i n e  center  and the force  F Will be smaller. 
According t o  calculat ions by Zanstra (Ref.=), as soon as 70 = lo4, the  force of 
the  l i g h t  pressure i n  the l a t t e r  case w i l l  be approdmately 300 times less than 
i n  the  f irst  case. 

kt us examine the  
On t h e  assumption of coherent scat ter ing,  

We see t h a t  the  assumption of coherent sca t te r ing ,  i n  s tud ies  on rad ia t ive  
d i f fus ion  i n  the spec t r a l  l ine ,  i s  impermissible even as a first approximation. 

4. Exact Solution 

Conteqorary methods of the  theory of rad ia t ive  t r ans fe r  can be applied t o  
t h e  so lu t ion  of equations of rad ia t ive  d i f fus ion  i n  the  spec t r a l  l i n e  
(Ref.28 - 31). 
mentioned papers ( R e f  .17 - 19>,  i n  which t h e  i n t e n s i t y  of rad ia t ion  escaping 
from the  atmosphere w a s  determined. 
veloped t h a t  permit a much grea te r  progress i n  the  solut ion of these equations. 
I n  par t icu lar ,  these  methods furnish exact solut ions f o r  a semi-infinite medium 
and asymptotic solut ions f o r  a medium of grea t  o p t i c a l  thickness.  

I n  pa r t ,  this has already been done i n  a number of the  afore- 

Recently, however, methods have been de- 

We have already examined the  i n t e g r a l  equation (25) whose kernel  i s  deter- 
T h i s  equation i s  a pa r t i cu la r  case of equations with kernels mined by eq.( 26). 

depending on the  modulus of the  difference of t he  two arguments. 
equations are of ten encountered i n  the theory of rad ia t ive  d i f fus ion  and i n  
other  areas of mathematical physics. 
studied i n  much d e t a i l  (Ref .32 - 34). 

Such 

For this reason, they have recent ly  been 

Le t  us examine the  following i n t e g r a l  equation with an a rb i t r a ry  kernel de- 
pending on t h e  modulus of t he  difference of t h e  two arguments and with an arbi- 
trary free term: 

co 

B (a) = 1 K ( I  a - z’ I) B (a’) dz’ + Bo (z). 
0 

(39) 

I n  t h e  theory of 
source ~ ( 7 )  i n  a 

rad ia t ive  diffusion this equation determines the function of a 
semi-infinite medium, w i t h t h e  kernel  K ( 7 )  depending on the 

mechanism of rad ia t ive  scat ter ing,  and the  free term BO(T)  characterizing the  
loca t ion  and power of the  energy sources. 

Let r(7, 7‘ )  be the  resolvent of eq.(39). Then, t h e  solut5on of this 
equation f o r  any function B O ( T )  i s  represented as 

8L. 
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From t h e  known equation f o r  t he  resolvent 

we obtain a l so  the  f o l l d n g  equation: 

ar ar 
- - + =; (t) 0 (t')., 
as (42) 

where we denote r(0, 7 )  = @ ( T ) .  From eq.(42) we f i n d  ( f o r  7' > 7): 
7 

r (t, T') = Q, (t' - r) + S a (u)  (u + Z' - t) du. (43) 
0 

Thus, the resolvent r(7, 'r') depending on t h e  two variables i s  expressed 
i n  terms of the function 4('r),  which depends on ly  on one variable.  
mine the  function Q(7) we can use t h e  equation 

To deter- /119 

00 

0 (t) = K (I t - a-' 1) Q, (t') dz' + K (t), (44) 
0 

which follows from eq.(41). 
f o r  determining t h e  resolvent r('r, 'r') and then eq.(4O) f o r  defining t h e  func- 
t i o n  B ( T )  for any energy sources. 

After finding the  function $(7), eq.(43) i s  used 

I n  addi t ion t o  eq.(&), another equation can be obtained f o r  determining 
t h e  function (n('r). 
g r a l  equation (39) i s  a superposit ion of exponents, i.e., 

In this case, we W i l l  consider t h a t  t he  kernel of t h e  inte-  

b 

K (z) = A (y) FYdy. 
a 

L e t  us then introduce the  awdliary equation 

B (t, y) = 

00 

K([ t-t' I)B (t', y)da-' + P M .  
0 

(45) 

If K ( 7 )  i s  represented by eq.(45) then a comparison of eqs.(&) and (46) W i l l  
y i e ld  

b 

@(T) =$A(y)B(a-,!.44- (47) 
a 

Equation (46)  i s  a p a r t i c u l a r  case of eq.(39) f o r  Bo(7) = e-". Therefore, 
on the  bas i s  of eq.(40) we have 
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m 

B (z, Y) = e-+y + r (z, z f )  e-r'Ydz'. 
0 

From this, incidental ly ,  it follows t h a t  

Using eqs.(42) and (49), we obtain from eq.(48) 

aB (" 
dr = -9B (z, y) + B (0, y) CD (z), 

or ,  after in tegra t ion  

Subst i tut ing eq.( 51) i n t o  eq.(47) gives 
T 

Q, (z) = M (z) + 5 M (r - z') 0 (z') dz', 
0 

b 
where 

M (z) = A (Y) B (0, Y) e-rydy. 
a 

Equation (52) i s  the  sought equation f o r  t he  funct ion @(T) .  Applying t h e  
Laplace transform t o  this, we obtain 

Thus, t h e  function +(I-) can be found from eq.(54) by inversion of the 
However, t o  do this we must know the function B(0, y) .  

To obtain t h e  equation determining t h e  function B(0, y) we subs t i tu te  

Laplace transform. 

eq.(47) i n t o  eq.(49). T h i s  gives 
b CD 

(55)  B (0, y) = 1 + 1 A ( z )  dz s B (z, z )  e-+Ydz. 
a 0 

However, eq.(5O), with consideration of eq.(49), furnishes  
m 

Thus, t o  determine t h e  function B(0, y) we obtain the following nonlinear 
i n t e g r a l  equation: 
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From eq.(57) we can a l so  obtain the  l i n e a r  i n t e g r a l  determining B(0, y):  /121 

Equation (57) i s  easily solved by numerical methods, and eq.(58) Will y ie ld  
t h e  function B(0, y) i n  an  e x p l i c i t  form. 

It should be emphasized t h a t  t he  function B(0, y )  not only plays an aux- 
i l i a r y  r o l e  i n  determining t h e  funct ion 4 ( T )  but i s  a l s o  of great i n t e r e s t  i n  
itself s ince the  i n t e n s i t i e s  of rad ia t ion  escaping from the m e d i u m  are expressed 
i n  terms of it. 
i n t o  the  theory of rad ia t ive  t r ans fe r  by V.A.Ambartsumyan (Ref.28) f o r  t he  case 
of rad ia t ive  d i f fus ion  without change i n  frequency. 
by H(CL)I was studied i n  d e t a i l  by Chandrasekhar (Ref .a). 

The function B(0, y) [denoted by cp(7)1 was first introduced 

T h i s  function [designated 

Later t he  function B(0, y)  was  also introduced i n t o  the  theory of rad ia t ive  
diffusion with frequency r ed i s t r ibu t ion  (Ref .17). 
was used f o r  determining t h e  p r o f i l e  of t he  absorption l i n e  i n  the stellar 
sp ec t rum. 

I n  par t icu lar ,  this function 

Ekpl ic i t  expressions f o r  t he  function B(0, y)  were derived f o r  various 
pa r t i cu la r  cases (Ref .29 ,  30, 35). 
(Ref  .a), V.V.Ivanov (Ref .35) obtained 

By generalizing Cram’s result given earlier 

OD 

where 

The funct ion 4 ( T ) ,  as already s ta ted,  is  found from eq.(54) by inversion 

A t  first t h e  function @ ( T )  w a s  determined f o r  
of t he  k p l a c e  transform. 
with consideration of eq.(58). 
t h e  case of rad ia t ive  diffusion without change i n  frequency (Ref.36). 
i n t e g r a l  equation i n  question [eq.(39)] with a kernel of the  form of eq.(45), /122 
t he  function Q ( 7 )  i s  given by the  formula 

T h i s  can be done by the  method of contour in tegra t ion  

For t he  

H e r e ,  it i s  considered t h a t  t h e  funct ion T(y)  has no poles  i n  the  complex plane. 
In the  opposite case, appropriate residues m u s t  be added t o  eq.(61). 
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Equation (61) was derived by D.I.Nagirner (Ref  .37). 
obtained similar expressions f o r  solving eq.(39) i n  ce r t a in  pa r t i cu la r  cases. 

t e g r a l  equation must first be represented by eq.(45), i.e., t he  quantity A(y) 
must be defined. 
quency, we have 

Earlier Busbridge (Ref  .31) 

I n  applying this theory t o  spec i f ic  problems, the kernel  of t he  given in- 

In  t h e  case of rad ia t ive  d i f fus ion  without change i n  fre- 

(62) dY e-TY - . :p Y 
h 
2 K (z) = -- Ei < == - 

h 
2Y 

t i o n  (39 P i s  given by e q . ( 3 3  which can be rewri t ten as: 

Consequently, here A(y) = -, a = 1, b = m. 

I n  the  case of rad ia t ive  d i f fus ion  with frequency red is t r ibu t ion  and a 
r o f i l e  of t he  abso t i o n  coeff ic ient ,  t h e  kernel of t he  in t eg ra l  equa- 

Changing here t h e  order of integrat ion,  we reduce K(T) t o  the  form of eq.(45), 
where 

I n  l i k e  manner we f i n d  A(y) f o r  other  p r o f i l e s  of t he  absorption coeff ic ient .  

Subst i tut ion of the  quantity A(y) i n t o  eqs.(59) and (61) y ie lds  t h e  /123 
basic  functions B(0, y )  and (n(7) f o r  this problem. 

In  p r a c t i c a l  application, it i s  of i n t e r e s t  t h a t  f o r  ce r t a in  rad ia t ion  
sources i n  the m e d i u m  the  funct ion B(7)  i s  quite simply expressed by the  func- 
t i o n  (P(7). Let  us assume, f o r  example, t h a t  

Bo (z) = e-". (65) 

Then, on the  basis  of eq.(51) we have 

B (z, m) = B (0, m) e-m (T-T')cD (z') dr' 

where B( 0, m) i s  expressed i n  terms of by eqo(49) 

A t  uniform d i s t r ibu t ion  of rad ia t ion  sources i n  the medium we obtain from 
eq. (66 1 
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B (z, 0 )  = B ( 0 ,  0) 1 + 0 (2') d d  [ S  I 
The quantity B(0,  0 )  i s  readi ly  determined from eqs.(57) and (58) ,  which y i e ld  

Taking a l so  eq.(28) i n t o  consideration, eq.(67) i s  replaced by 

A s  already s ta ted ,  the  in t ens i ty  of rad ia t ion  emitted by the medium can 
often be expressed d i r ec t ly  by the function E(0, y) .  
when the function B o ( T )  i s  given by eq.(65). 

This i s  done, f o r  example, 

From the  rad ia t ive  t ransfer  equation follows tha t  the  in t ens i ty  of radia- 
t i o n  escaping from the medium a t  an angle 8 t o  t he  normal with the  dimensionless 
frequency x i s  equal t o  /L24. 

A comparison o f  eqs.(70) and (56) y ie lds  

I n  the case of a uniform d i s t r ibu t ion  of energy sources i n  the m e d i u m  (%.e., f o r  
m = 0) eq.(71) gives 

On t h i s  note, we will end our account of the  theory of rad ia t ive  d i f fus ion  
i n  a semi-infinite medium. 
generalized t o  a plane l aye r  of f i n i t e  o p t i c a l  thickness (Ref.32). 
rad ia t ive  diffusion i s  described by the  i n t e g r a l  equation (25). The resolvent 
of t h i s  equation r ( T ,  T', To), as i n  the case of To = a, i s  expressed i n  terms 
of t he  function Q ( T ,  T o )  = r(0, T, To ) .  Posing BO(T) = e-" i n  eq.(25), we ob- 
t a i n  the aimiliary equation f o r  B(T, y, To). The in tens i t ies  of t he  rad ia t ion  
escaping from a plane layer  are expressed by t h e  functions B(0, y, 70) and B(T0,  
y, T ~ ) .  To determine the functions B(0 ,  y, To), B(TO, y, T O ) ,  and @(,I-, To)  we 
derive equations similar t o  those i n  the  case of TO = a. However, i n  difference 
t o  this case the  indicated equations cannot be solved exp l i c i t l y  but must be 

We merely wish t o  mention t h a t  this theoqy i s  eas i ly  
I n  this case, 
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solved numerically. 

Recently, t h e  theory of rad ia t ive  diffusion i n  a spec t r a l  l i n e  was grea t ly  
advanced i n  invest igat ions by V.V.Ivanov (Ref .35, 38). 
studies ,  radiative d i f fus ion  i n  a semi-infinite medium was investigated.  In  
this paper are determined ( i n  par t icu lar ,  i n  t h e  form of tables and graphs) t h e  
funct ion B(0, y)  and t h e  p ro f i l e s  of the  emission l i nes .  In  t h e  second study, 
V.V.Ivanov invest igated rad ia t ive  d i f fus ion  i n  a plane layer of f inite op t i ca l  
thickness. 
t o t i c  fomulas  f o r  t he  functions B(0, y, 70) and B(T0, y, T O )  [designated 
by X( x, 70 ) and Y( z, 70 ) 1 at l a rge  values of TO . 

In t h e  first of these  

The most important result of this work was the  der ivat ion of asymp- 
/125 

At present, t h e  Leningrad University is  i n  the  process of tabulat ing func- 
t i o n s  encountered i n  t h e  theory of rad ia t ive  diffusion. 
t ron ic  computers. 
t i o n  tables used t o  express the  kernel  of t he  i n t e g r a l  equation of rad ia t ive  
d i f fus ion  (and similar funct ions) .  Tables of the  functions B(0, y) and @ ( T )  
describing the  rad ia t ive  d i f fus ion  i n  a semi-infinite medium W i l l  be published 
i n  t h e  near future .  Here it i s  proposed t o  take  i n t o  account t h e  presence of 
absorption and emission i n  a continuous spectrum, which will make it possible  
t o  determine not only the  p r o f i l e s  of t he  emission l i n e s  but also t he  p r o f i l e s  
of t h e  absorption l i n e s -  
describing the  rad ia t ive  d i f fus ion  i n  a plane 1a;yer of f i n i t e  o p t i c a l  thickness 
w i l l  a l so  be tabulated.  

T h i s  i s  done on elec- 
V.V.Ivanov and V.T.Shcherbakov (Ref  .39) have compiled func- 

Functions B(0, y, TO), B(70, y, TO), and @(T9 'r0) 

It can be expected t h a t  these tables W i l l  be useful  both f o r  a s t r o p b s i c a l  
One of our  and f o r  physical  appl icat ions of t h e  theory of rad ia t ive  diffusion.  

inmediate problems i s  t o  apply these  t ab le s  t o  in te rpre t ing  the  solar spectrum 
i n  the region of t h e  "rocket" u l t r av io l e t  which contains numerous resonance 
l i n e s  
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DETERMINATION OF THE POPULATIONS OF EXCITED LFVELs I N  AN 
OPTICALIX THICK GAS LAYER 

V.V.Ivan0v 

The opinion i s  widespread among astrophysicis ts  t h a t  the work done by theo- 
Actually, t h i s  i s  r e t i c i ans  on radiat ive t ransfer  is  quite remote from physics. 

not t he  case. The methods used i n  the t ransfer  theory, and especial ly  i t s  re- 
sults, have a very simple physical  meaning. Of course, as i n  any theory laying 
claim not only to  a qua l i ta t ive  descr ipt ion but  a l so  t o  a quant i ta t ive calcula- 
t ion ,  a spec i f ic  mathematical apparatus has been developed. However, i t s  de- 
velopment i s  not the goal  bu t  only the means of solving physical problems which 
would simply be impossible without it. 

I n  the  present a r t i c l e  we W i l l  discuss i n  some d e t a i l  one of the  simplest 
problems of rad ia t ive  t r ans fe r  i n  a spec t r a l  l i ne ,  with main emphasis on the 
physical aspect of the problem. The concepts and terminology used are  the  con- 
ventional and wel l  known t o  any astrophysicis t .  
t he  physics of the solut ion process of t h i s  problem we w i l l  define the possible  
advantages of using t h e  means of the modern theory of multiple sca t te r ing  of 
l i g h t .  We must forewarn t h a t  much of what we w i l l  s t a t e  i s  not usually con- 
tained i n  papers on t r ans fe r  theory. 
ever, the  d i f f i c u l t i e s  for many astrophysicis ts  i n  attempting t o  famil iar ize  
themselves with works i n  this area, i n  the author's opinion, a r e  la rge ly  due t o  
an 'inadequate understanding of exactly the simplest points  which we w i l l  discuss 
here. On t h e  other  hand, t o  c l a r i f y  the current p o t e n t i a l i t i e s  of the theory we 
should mention tha t  the problem t o  be discussed here has not ye t  been conclusive- 
l y  solved despi te  i t s  apparent s implici ty .  
subject of detai led invest igat ions.  
b r i e f ly  discussed i n  t h i s  a r t i c l e .  

Simultaneously with elucidating 

This is  simply presumed t o  be known. How- 

Unti l  now, t h i s  problem i s  s t i l l  a 
Certain very recent r e su l t s  w i l l  a l so  be 

1. 

Let  us examine the following problem: Let there  be a plane homogeneous 
layer  of gas whose k ine t i c  temperature T i s  the  same a t  all points:  T = const. 
It is  assumed t h a t  the atoms of the gas have only two d iscre te  leve ls ,  ground 
and excited,  with populations n l  and n2, and fu r the r  t ha t  the majority of  the 
atoms are i n  the ground s t a t e  so  tha t  n2 < n l .  
atoms Will be n = nl  + n2 = n l  and, by v i r tue  of the assumption of horiogefieity 
of the gas, n, = const. I n  addi t ion t o  the  atoms l e t  there  a l so  be f r e e  elec- 
t rons  whose concentration ne i s  the same everywhere i n  the gas: ne = const; the 
e lec t ron  temperature i s  equal t o  the k ine t i c  temperature of the  gas T and thus 
i s  a l so  independent of the coordinates. 

Then the  t o t a l  concentration of' 

Le t  us consider two processes leading t o  the population of the excited 
leve l ,  namely upward t r ans i t i ons  due t o  e lectron bombardment and photoexcitation, 
and two processes of emptying of t he  upper level ,  namely spontaneous t r ans i t i ons  
and co l l i s ions  of the second kind. The problem i s  t o  calculate  the  population 
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of the  excited l e v e l  n2 as a function of the  distance from the  b0undar.y of the 
l syer .  It i s  assumed t h a t  no extraneous radiat ion i s  incident  on the  gas. 

%/a) 
upon t r a n s i t i o n  from the  ltpper l e v e l  follow- 
i n g  exci ta t ion by an electron co l l i s ion ,  
leaves t h e  medium o r  Ifdies11 as a consequence 

It i s  easy t o  understand t h a t  t h e  concentration of excited atoms W i l l  de- 
pend on t h e  depth i n  a manner s imilar  t o  t h a t  shown schematically i n  Fig.1. 
Actually, by v i r tue  of the  symmetry of the  problem, the  conditions are complete- 
l y  i d e n t i c a l  a t  equal distances from the  upper and lower boundaries. Therefore, 
t h e  populations na(z) and n,(zo - z) should be equal, i .e . ,  the  graph of na(z)  

should he symmetric r e l a t i v e  t o  z = 1. 

t h e  normal from t h e  boundary and zo i s  the  thickness of the  e n t i r e  layer .  
Furthermore, i t  i s  obvious t h a t  t he  concentration of excited atoms m u s t  be maxi- 

m a l  i n  the  middle of t h e  l aye r  a t  z = %) and decrease toward t h e  boundaries. 

This i s  explained i n  the  following manner: 
l e v e l  - spontaneous t r ans i t i ons  and co l l i s ions  of t he  second kind - everywhere 
a c t  with the  same eff ic iency s ince  ne  = const and T, = const. 
of exci ta t ion due t o  e lectron co l l i s ions  i s  a l s o  everywhere iden t i ca l .  T h i s  i s  
not s o  f o r  t he  case of photoexcitation. 
w i l l  be the  ro l e  of the  radiat ion yield.  This means the  radiat ion densi ty  and 

z Here z i s  the  distance read off along 
2 

( 2 

The processes emptying t h e  upper 

The eff ic iency /130 
The c lose r  t o  the  boundary, t he  greater  
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thus the  eff ic iency of photoexcitation near t he  boundaries of the m e d i u m  should 
be l e s s .  
way compensated, should cause a drop i n  the  concentration of excited atoms 
toward t h e  boundaries. 

T h i s  decrease i n  the  number of rad ia t ive  exci ta t ions,  which i s  i n  no 

Let  us now proceed t o  so lu t ion  of the problem. 
where there  i s  no thermodynamic equilibrium, t o  calculate  t h e  populations i t  i s  
necessary t o  construct and solve steady-state equations. 
steady-state condition i s  wr i t t en  i n  the  form 

A s  always i n  such cases 

I n  our case t h e  

Here A 2 1 ,  B12 are Einstein coeff ic ients ,  b12 and a21 a re  e lectronic  and atomic 
coef f ic ien ts  of probabi l i ty  of e lectron co l l i s ions  of the first and second kind, 
and p 1 2  i s  the  radiat ion densi ty  i n  a l i n e  corresponding t o  the  t r a n s i t i o n  
2 The first addend on the left-hand s ide  gives the  number of co l l i s ion  
exci ta t ions and the second, the number of photoexcitations.  
equal t h e  t o t a l  number of downward t r ans i t i ons  which is  composed of the number 
of spontaneous t r ans i t i ons  (n2A21) and the  number of t rans i t ions  due t o  co l l i -  
sions of the second kind (n2nea21). 

1. 
Their sum should 

The steady-state equation would not be of much use i f  p12  were known. 
ever, the rad ia t ion  density i n  the  l i n e  p 1 2  i s  unknown. Since rad ia t ion  i n  the 
l i n e  arises upon t rans i t ions  from the upper leve l ,  the  quantity p12 i t se l f  no 
longer depends on the concentration of excited atoms i n  a given volume element 
but a t  po in ts  of the medium, s ince the rad ia t ion  contributing t o  p 1 2  arises 
from everywhere. Therefore the  steady-state equation (1) i s  not algebraic but 
const i tutes  an i n t e g r a l  equation. This i s  the basic in t eg ra l  equation of the 
theory of multiple sca t te r ing  of l i g h t .  To give it the  standard form i n  which 
i t  usually f igures  i n  works on the t ransfer  theory, it, i s  merely necessary t o  
wr i te  the  expression f o r  the number of rad ia t ive  exci ta t ions i n  an exp l i c i t  
form. 

How- 

For simplicity,  l e t  us assume tha t  the dependence of the  absorption co- /131 
e f f i c i e n t  on the frequency i s  wholly determined by the  Doppler e f f ec t  caused by 
thermal ag i t a t ion  of the atoms. Then, the r a t i o  of the absorption coef f ic ien t  
a t  a frequency x t o  the  absorption coef f ic ien t  a t  the  l i n e  center, which we w i l l  

designate by Q'(x), will be Q'(x) = e-" . Here, x i s  the  distance from the  l i n e  
center i n  Doppler'widths. T h i s  i s  a d i r ec t  consequence of t h e  f a c t  t ha t  atoms 
i n  the ground state have a Maxwellian veloci ty  d is t r ibu t ion .  
t ha t  f o r  the  excited atoms the ve loc i t ies  a l s o  have a Maxwellian d is t r ibu t ion .  
A t  first glance this m a y  seem logical ,  but  ac tua l ly  this i s  one of the e s sen t i a l  
assumptions tha t  i s  not at  a l l  easy t o  prove. It i s  equivalent t o  the  assump- 
t i o n  of complete frequency red is t r ibu t ion  upon scat ter ing,  i .e ., t he  absence of 
any cor re la t ion  between quantum frequencies before and after scat ter ing.  
fac t ,  i f  l i n e  broadening i s  en t i r e ly  determined by thermal ag i ta t ion  of the ex- 
c i ted  atoms with Maxwellian veloci ty  d is t r ibu t ion ,  then the l i n e  emitted by an 
element of volume should have a Doppler p r o f i l e  i r respec t ive  of the  spec t ra l  
d i s t r ibu t ion  of t he  exci t ing radiat ion.  
const i tutes  the  approximation of complete frequency redis t r ibut ion.  

2 

We will assume 

I n  

T h i s  i s  precisely the assumption which 
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I n  r ea l i t y ,  the veloci ty  d is t r ibu t ion  of excited atoms w i l l  differ from 

For definit iveness,  l e t  it be taken somewhere near t he  boundary of t h e  
Maxwellian, f o r  the  following reason: 
gas. 
layer. A s  we w i l l  prove later,  a t  a su f f i c i en t ly  great  thickness of the layer, 
t h e  rad ia t ion  escaping from this layer  has t h e  spec t r a l  d i s t r ibu t ion  schematical- 
l y  shown i n  Fig.2. It 
i s  c l ea r  t ha t ,  when a given volume i s  i r r ad ia t ed  by rad ia t ion  of such a spec t ra l  
dis t r ibut ion,  the atoms with su f f i c i en t ly  la rge  velocity components r e l a t ive  t o  
the  normal t o  the  boundary W i l l  be excited more frequently than those t h a t  move 
p a r a l l e l  t o  the  boundary. 

Let  us look a t  some volume element of a 

We have an emission l i n e  with a deep dip i n  the  center. 

The reason l i e s  i n  the strong dependence of t he  in- 
t e n s i t y  of the  excit ing rad ia t ion  on the  
frequency within the  l i ne .  Therefore, the  
veloci ty  d i s t r ibu t ion  of excited atoms here 
proves t o  be dependent upon the  spec t ra l  
d i s t r ibu t ion  of radiat ion incident  on 
the  given volume, and may noticeably d i f f e r  
from Maxwellian. However, as already men- 
tioned, we w i l l  neglect this circumstance 
and assume tha t  the excited atoms have a 
Maxwellian velocity d is t r ibu t ion .  Later i n  
the text, we W i l l  l i s t  papers i n  which an 
estimate of the  e r ro r  introduced by this 
approximation can be found. The ove ra l l  
conclusion permissible on the bas i s  of the 
results obtained i n  the above papers amounts 
t o  the following: In calculat ing the  l i n e  
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Fig .2 

p r o f i l e  the  a p p r o h a t i o n  of complete frequency red is t r ibu t ion  generally y i e lds  
an  accuracy quite su f f i c i en t  f o r  p r a c t i c a l  use. 

occurring p e r  u n i t  time i n  a 1-cm' volume of a thickness dz located a t  a depth z. 
We can now obtain an exp l i c i t  expression for the  number of photoexcitations 

Below, we w i l l  denote t h i s  volume by V. 
similar volume of a thickness dz' s i tua ted  a t  
a depth z' Will be designated by V' (Fig.3). 
W e  W i l l  calculate  t he  number of photoexcita- 
t i ons  i n  V caused by rad ia t ion  a r r iv ing  from 
V'. 
Aalnz(z')dz' quanta, of which AZlw(x')dz' X 

A 

0 

In  un i t  time, the volume V' emits 

2 1 x - e-" dx i n  the  frequency range from x 
f l  

t o  x + dx (assumption of Maxwellian veloci ty  
4 d i s t r ibu t ion  f o r  the  excited atoms!). We are 

in te res ted  i n  those quanta t h a t  reach t h e  
volume V and are absorbed i n  it, thus causing 
photoexcitation. The dis tance between the  

- - - 1 . 

/133 1 
Fig .3 

volumes V and V' i s  equal t o  '' - ;'' where cos 
9 i s  an  acute angle between the  d i rec t ion  W' and the  normal t o  the  layer.  
p ro jec t ion  of t he  bases of the volume V onto W' i s  equal t o  cos 8. 
t h e  volume V i s  seen from V' at a so l id  angle 

The 
Therefore, 
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I z -2 ' l2 - cos36 
c o s 2 6  - 1- ' 

cos 6: 

I n  t h i s  solid angle, t h e  volume V' emits the  following number of quanta with 
frequencies (x, x + d x ) :  

Azlna(z') dz' - 1 e-xz dx4n cos36 , - zI ,2 . 
If sc 

The next s tep i s  t o  determine how many of these quanta reach V. 
coeff ic ient  f o r  radiat ion of a frequency x pe r  u n i t  volume i s  konle-X , where k o  
i s  the atomic absorption coeff ic ient  a t  t h e  l i n e  center (assumption of Maxwel- 
l i a n  veloci ty  d i s t r ibu t ion  f o r  atoms i n  the  ground state!). 
volume V, p e r  un i t  t i m e  i n  t he  frequency range (x, x + dx), i s  struck by only 

The absorption 
2 

Therefore, t he  

- i Azlnz (2') dz' - i e-x' ex l z - - i l  Ron,e-i') dx ,- cos3 6 
4n v; p {- c o s 6  2- 2'12 

quanta emitted by the  volume V'. Since the  thickness of the volume V measured 
konldz --x2 

along t h e  d i rec t ion  W' i s  equal t o  dz a port ion e of a l l  in- cos 9- , cos 9 - 
cident quanta w i l l  be absorbed. Thus, of the  quanta emitted by the volume V' 
a t  frequencies from x t o  x + dx, an amount 

Azlnz (z')dz'- 1 e-*'dx x 
4x If; 

cos2 6 konl d i  12-2'1 kon1e-x'j 1- x' exp { - cos&- 
i s  absorbed i n  the  volume V. 
i n  t he  volume V under the  e f fec t  of the  emission of V', i n  un i t  time, w i l l  be 

e-?Xzexp{- 

All to ld ,  t h e  number of pkotoexcitations occurring 

00 

konle-xj dx x 

x m  konl dz. 

12-2'I - 43% i AZin, (2') d z ' lG 
-€u 

cos2 6 

To obtain the  t o t a l  number of photoexcitations i n  V i t  must be recal led 

Let  us f irst  in tegra te  over t he  plane z ' ;  we 
t h a t  t h e  emission of not j u s t  t he  volume V' but of the  e n t i r e  layer  contributes 
t o  the atomic exc i ta t ion  i n  V. 
obtain 
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Considering t h a t  r = Iz - z'I t a n  9 (see Fig.3) and introducing the  designation 
c1 = cos S, we f ind  i n  place of t h e  last  expression 

o r  

where we denote 
m 

r( (f) = -& 1 e-ZX'E1 (?e-.*) dx,  

while El(y)  i s  the  usual i n t eg ra l  exponential furiction: 

To f ind  the  t o t a l  number of photoexcitations p e r  un i t  volume at  a depth 
it remains t o  in tegra te  t h e  derived expression with respect t o  a l l  depths z '  
from 0 t o  zo and divide the  r e s u l t  by the  magnitude of the  volume V equal t o  
In  this manner, we f i nd  tha t  

20 

1 
nlBlzPlz = j -  s K (I 2 - z' 1 ken,) Az1nz(z') kon1 dz'. 

0 

Subst i tut ing i n  t h i s  i n t e g r a l  konlz' = 7 '  and designating konlz = 7 ,  konlzo = 
= 70, we f i n a l l y  have 

n1B1zp1, = !;- 5 K ( I  z - z' 1) n, (z') dz'. 
0 

( 3 )  

The dimensionless variable 7 has the  following physical meaning: It i s  the 
distance measured i n  mean f r e e  paths  of a quantum having the  frequency of the  
l i n e  center. This quantity i s  known as the  op t i ca l  depth at the  l i n e  center.  
The quantity 7o i s  the  op t i ca l  thickness of the e n t i r e  layer .  
y ie lds  the  expression fo r  the  number of rad ia t ive  exci ta t ions,  whose der ivat ion 
was  our immediate goal. 

Equation ( 3 )  a l so  

With consideration of eq.(3), t h e  steady-state equation (1) takes  the  form 

T O  

Azlnz (2) + az1nenz (z) =blZnenl + A 2 1 . ~ S K ( 1 z - z ~ l ) n 2 ( t ' ) d z ' .  0 ( 4 )  

To reduce it t o  a standard form, we divide both s ides  of the equation by 
nl(Azl + n,aal). This y ie lds  
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We designate 

T h i s  quantity has a simple physical  meaning. 
of downward rad ia t ive  t r ans i t i ons  calculated p e r  atom w h i l e  t he  denominator 
contains the t o t a l  number of t r ans i t i ons  pe r  u n i t  time. 
cons t i tu tes  the  probabi l i ty  t h a t  a quantum absorbed by an atom w i l l  be re- 
emitted by it. In t h e  t r a n s f e r  theory, the  quantity having this physical  mean- 
ing  i s  usually cal led albedo f o r  s ing le  scat ter ing,  o r  t h e  probabi l i ty  of sur- 
vival of the  quantum i n  scat ter ing.  

The numerator contains the number 

Thus, the quantity h 
/136 

Having used t h e  well-known r e l a t i o n  between the  probabi l i t i es  of co l l i s ions  
of the first and second kinds, 

where g l  and g2 are t h e  s t a t i s t i c a l  weights of t he  levels ,  the  first addend on 
t h e  right-hand s ide  of eq.(5) w i l l  become 

Subst i tut ing eqs .( 6)  and .( 7) i n t o  eq. (5),  we obtain 

or 

L e t  us introduce the  designation 

Then t h e  steady-state equation (9)  Will have the  f i n a l  form 
T. 

S(z) = -5s K ( l T - T ' l ) s ( q d < ' +  1 - I , .  
0 

Thus, calculat ion of t he  degree of exc i ta t ion  i n  a plane-homogeneous and b o -  
thermal l aye r  of gas reduces t o  solving eq . ( l l )  f o r  the  function S(7). 

d 
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I n  the t r ans fe r  theory, t he  quantity S ( 7 )  i s  cal led the  source function. 
Its physical meaning follows from eq.(lO) which shows t h a t  t he  source function 
(with an accuracy t o  within a constant fac tor )  simply represents the degree 
of exci ta t ion.  I n  t h e  problem under consideration, n l  i s  assumed t o  be inde- 
pendent of the  coordinates. However, as soon as n l  changes with the  depth, the  
physical meaning of the  source function remains the  same. Its normalization, 
i.e., the value of t h e  constant f a c t o r  i n  eq.(lO), i s  usually different ,  but 
this does not change t h e  essence of the  matter. With our selected normaliza- 
t ion,  the  quantity S ( T ) ,  as follows from eq.(lO), represents the r a t i o  of t he  

degree of exc i ta t ion  n2(7) nl 

ta ined  by t h e  Boltzmann formula. 
equation (U) gives the degree of exc i ta t ion  expressed i n  f rac t ions  of the 
Bolt zmannian. 
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a t  the  given depth 7 t o  the equilibrium degree ob- 

Thus, the solut ion of t he  fundamental i n t eg ra l  

I n  eq . ( l l )  t he  in t eg ra l  addend takes i n t o  account photoexcitations by the  
radiat ion of the gas i t s e l f ,  while the f r ee  term allows f o r  exci ta t ions by the 
primary mechanism which, i n  this case, i s  electron co l l i s ions .  In  more complex 
cases, the power of the primary rad ia t ion  sources may depend on the depth. 
t he  procedure reduces t o  solving the  equation 

Then 

a +' s (4 = 7j- K (I z - z' I )  s (z') dt' + so (z), 
0 

where the  function S*(T) characterizes the power of the  i n t e r n a l  sources. 
considered t o  be known. 

It i s  

Equation (ll) contains two parameters, To and h .  The f irst  can take on any 
values from 0 t o  m, while the second i s  always included between 0 and 1. 
ever, i n  as t rophysical  problems, one has t o  do mostly with the case where 70 i s  
la rge  and h is  close t o  unity.  
quanta i n  the  upper layers  of the chromosphere the  value of  h d i f f e r s  from unity 
by a value of the order of 
l ines ,  t he  values of 1 - A are severa l  orders of magnitudes smaller owing t o  t h e  
low electron concentration i n  the  corona. The op t i ca l  thickness of the layer  70 
of ten  reaches values of the order of lo4 and more. 
appl icat ion i s  the  case where 

How- 

For e x q l e ,  i n  the  case of sca t te r ing  of La- 

For emission of coronal ions i n  resonance 

Thus, most important f o r  /13s3 

To > 1,  (1 -A)->]. (13) 

However, it must be s ta ted  t h a t  i t  i s  a l s o  the  most d i f f i c u l t  f o r  invest igat ion.  
The use of numerical methods f o r  solving eq . ( l l )  a t  such values of t he  para- 
meters requires pa r t i cu la r  care and i s  inevi tably associated with appreciable 
computational work which i s  v i r tua l ly  impossible t o  perform without t he  use of 
e lectronic  computers. Anticipating somewhat, l e t  us mention tha t  noticeable 
progress has been made recent ly  in invest igat ing eq.(12) as t o  sa t i s f ac t ion  of 
the  inequal i t ies  (13); t h i s  permits an appreciable reduction i n  the  volume of 
calculations and i n  some cases makes them unnecessary. However, before giving 
an account of these la tes t  achievements, we would l i k e  t o  discuss some papers 
containing addi t ional  information on problems touched upon above. 
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Equation (ll) was derived and numerically solved by L.M.Eiberman (Ref .l, 
The physical aspect of the  above phenomena and ce r t a in  problems analyzed a t  

the  s t a r t  of t h e  next Section are quite thoroughly discussed i n  the second of 
these a r t i c l e s  which we dl1 p a r t i a l l y  follow i n  our paper. We should a l so  
mention the recent a r t i c l e  by A.Hearn (Ref.3) which contains more extensive 
numerical data.  
given i n  a paper by A v r e t t  and Hummer (Ref.4) which we Will c i t e  frequently. 
That paper a l so  contains a de ta i led  discussion of numerical methods f o r  solving 
eq.( 12) and gives an extensive bibliography. 
and D . H m e r  (Ref.5, 6 )  take up the  problem of t h e  accuracy obtained from a n  
approximation of complete frequency red is t r ibu t ion  [see a l s o  elsewhere (Ref.7, 
4) 1. The re- 
sults of these invest igat ions w i l l  be published i n  the Monthly Notices of the 
Royal Astronomical Society. 

. 2 ) .  

The most complete s e t  of numerical da ta  avai lable  at  present i s  

The recent publications by A.Hearn 

Recently, this problem w a s  invest igated i n  d e t a i l  by D.Hmer.  

Radiative t r ans fe r  i n  a spec t ra l  l i n e  with consideration of a frequency 
change i n  sca t te r ing  i s  a l s o  thoroughly discussed i n  the monograph by V.V. 
Sobolev (Ref .8) ,  containing r e s u l t s  obtained up t o  1956. 
t e r ing  with frequency r ed i s t r ibu t ion  i s  solved i n  this book by methods of 
t he  modern theory of multiple sca t te r ing  of l i g h t .  
i n  this co l lec t ion  can serve as an introduct ion t o  these methods. We a l so  
could c i t e  the works of R.Thomas (Ref.9, 10) and others  (Ref.11, 3) on estimates 
of t h e  charac te r i s t ic  values of the parameters t o  and h encountered i n  various 
astrophysical problems. 

The problem of scat-  

The a r t i c l e  by V.V.Sobolev 
/139 

Let  us now discuss the character of the  solut ion of the fundamental inte-  
gral equation (11) and the  s implif icat ions tha t  a r i s e  i n  various l irnit ing cases. 
Since the values of the  parameters 70 and h will play  an essent ia l  ro l e  i n  this 
discussion, we will quote them as addi t iona l  arguments of the source function S 
which thus W i l l  now be denoted by S(7, TO, A). 

Let us begin with the simplest case where To = m, i.e., where the  medium 

The 
can be considered semi-infinite. 
t i o n  can serve as a su f f i c i en t ly  good approximation w i l l  be given below. 
source function f o r  this semi-infinite medium W i l l  be designated by S ( 7 ,  A). 
satisfies the  equation 

The c r i t e r ion  f o r  judging whether t h i s  assump- 

It 

.XI 

S ( T ,  h ) = $ S  K(jT-T’ / )S (T’ ,h )dr ’+  I-A, (a) 
II 

which we w i l l  discuss f i r s t .  
rowed from A.Hearnfs study (Ref.3), shows the  graph of S ( 7 ,  f o r  A = 0.99 ob- 
tained by numerical so lu t ion  of eq.(l.!+). The diagram shows tha t ,  with an in- 
crease i n  depth, the source function approaches Wi ty .  T h i s  means tha t ,  at  a 
su f f i c i en t ly  great  depth, the  population of t he  excited l e v e l  d i f f e r s  l i t t l e  
from the Boltzmann population. Since t h e  
layer  i s  isothermal, the only cause responsible f o r  the deviation of the popula- 
t i o n  of t he  excited l e v e l  from equilibrium i s  the y ie ld  of quanta t o  the 
boundary. 

To make the  discussion more gra hic,  Fig.4, bor- 

T h i s  result could be ant ic ipated.  

The f a r t h e r  we go from the boundary the  smaller w i l l  be the  r o l e  /14p 
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of this process, and the  degree of exc i ta t ion  should approach the Boltzmannian. 

On the  other hand, near t h e  boundary t h e  deviations rapidly increase and 
then become quite large.  
the boundary itself we have 

It- turns  out t h a t  a t  

Fig .L+ 

or, on the  basis  of ea.(lO) 

s (0, A) = f l = x  

[see below, eq. (25) 1. 
of h ,  we obtain 

Recalling t h e  de f in i t i on  

A t  su f f i c i en t ly  low electron concentrations, 
Az l  9 n,aZl. To this case, values of h close t o  
uni ty  correspond. Here, secondary processes of 
photoexcitation serve as t h e  main mechanism of 
populating t h e  excited l eve l .  It follows from 
eq.(16) t h a t ,  under t h i s  condition, 

Thus, we arr ived at  a conclusion which, a t  f irst  glance, may seem somewhat un- 
expected: 
in f in i te  layer  of gas, the  population of t h e  excited l e v e l  i s  proport ional  t o  
the root of the electron concentration. 

A t  low electron concentrations a t  t he  boundary o€ an isothermal semi- 

From eq.(15) it follows that ,  f o r  1 - A 1, the  population of the excited 
l e v e l  near t h e  boundary i s  subs tan t ia l ly  below the  Boltmann papulation. 
difference m a y  reach several orders of magnitude. 
question as t o  t h e  depth at  which the  assumption of a Boltzmann d i s t r ibu t ion  
can start serving as an i n t e l l i g e n t  approximation. 
from the  following equations . 

The 
T h i s  raises the log ica l  /7Lcl 
The answer can be obtained 

Let  us examine an excited atom a t  a depth 7 .  The probabi l i ty  t h a t  a non- 
rad ia t ive  downward t r a n s i t i o n  w i l l  be accomplished i s  equal t o  1 - h ,  with t h e  
probabi l i ty  h of emission of  a quantum. 
from the  medium without subsequent sca t te r ing .  
The probabi l i ty  of emission of a quantum with a frequency x, x + dx i n  a so l id  
angle dw i s  

Some of the  emitted quanta w i l l  escape 
These can be defined as follows: 

do - ‘ e-x’dx- . vii 4n 
F-cf57 
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If t h e  quantum i s  emitted i n  a d i rec t ion  making a n  angle 8 with t h e  outward 

n o d  ( 0  9 < - 
w i l l  escape from the  medium.  
undergoes no sca t te r ing  at a l l  along such a pa th  i s  equal t o  

and then  t raverses  t h e  pa th  ' without scat ter ing,  i t  77 .\ 

\ 2 )  cos 9 
The probabi l i ty  t h a t  a quantum of frequency x 

Thus, t h e  probabi l i ty  t h a t  an excited atom at  a depth 7 emits, i n  the 
so l id  angle dw, a quantum With a frequency from x t o  x + dx which will escape 
from the  medium without sca t te r ing  at an angle 9 t o  t h e  normal i s  as follows: 

I z do h - e-x* exp - - e-*.) dx  i;;; . vz { c o s 6  

After in tegra t ing  t h i s  expression with respect t o  a hemisphere and t o  a l l  f're- 
qenc ie s ,  we f i nd  the t o t a l  p robab iu ty  of the  escape of a quantum from t h e  
depth I- without scat ter ing:  

a3 

1 T do h-, fi e-x2dx fi exp {- c - t ? - x z } G  , 
Cn- 2n o r  

Posing cos S = 5 ,  we obtain i n  place of the  l a s t  expression 
00 

where En( t )  i s  an i n t e g r a l  exponential function of the  second order: 

h 
A comparison of eqs.(l8) and (2) shows tha t  our probabi l i ty  i s  equal t o  - 2 L(T) ,  
where 

a3 m 

L (T) f 5 Z( (z') dz' = e-"'EZ d x .  ( 1 9 )  
5 

As mentioned before, the  escape of rad ia t ion  through the  boundary i s  re- 
sponsible f o r  the  deviation of the population from t h e  Bol tzmadan type. 
fore ,  the  magnitude of t h e  deviat ion from equilibrium Will be determined by the  
value of the  parameter 

There- 
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This represents the r a t i o  of the  probabi l i ty  of quantum emission immediately 
escaping from the  m e d i u m  t o  the probabi l i ty  of radiat ionless  t rans i t ion .  
u i s  s m a l l ,  the  escape of rad ia t ion  plays a minor r o l e  and it can be roughly 
considered t h a t  t h e  population of the excited l e v e l  i s  of the  Boltzmann type. 
However, a t  u = 1, the  population i s  only by one-half s m a l l e r  than equilibrium 

1 whereas, a t  u = -, the  deviation amounts t o  only about 25%. 3 
hand, when the  value of u i s  large,  t he  deviations may become appreciable. 
Iater i n  the  text, we W i l l  give the method by which these estimates w e r e  ob- 
t ained . 

When 

On the  other  

We can already draw one important conclusion from the above statements. 
ht us denote by A t h e  value of the  o p t i c a l  depth T t o  which there  corresponds 
u = 1, i.e., 

1 5 L (A) = 1 - h, ( 21) 

where the  f ac to r  h on the  left-hand s ide  w a s  replaced by unity, which is  i m -  /14.3 
material here s ince we are now dealing with ord ina l  estimates while h i s  as- 
sumed as close t o  unity.  
length. 
medium with a given h ,  namely a dis tance which a quantum i s  able t o  t raverse  
before it "perishes" i n  sca t te r ing  as a consequence of a co l l i s ion  of the  second 
kind, having first transmitted i t s  energy t o  t h e  electronic  gas [ fo r  more de- 
tails, see elsewhere (Ref .4) l .  

The quantity A can be cal led the  thermalization 
T h i s  length represents some op t i ca l  distance charac te r i s t ic  f o r  a 

A t  l a rge  7 ,  t he  following asymptotic expression holds f o r  L(T): 

With allowance f o r  t h i s  expression, t he  determination of the thermalization 
length for t he  Doppler absorption coef f ic ien t  and 1 - h < 1 takes the  form 

or, using the  e x p l i c i t  expression for h ,  

We w i l l  encounter again the concept of thermalization length la ter  i n  the 
text.  The expediency of introducing this quantity i s  ra ther  obvious, a l so  i n  
the  problem which we W i l l  now analyze. 
of 2 - 3 thermalization lengths gives the  thickness of t ha t  l ayer  i n  the gas 
where deviations of t h e  population from equilibrium are large.  

We can say t h a t  a distance of t he  order 

A t  g rea te r  
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depths these deviations become small. 

It i s  of i n t e r e s t  t o  define t h e  spec t r a l  d i s t r ibu t ion  of t h e  rad ia t ion  
emitted by a semi-infinite isothermal layer  of gas. 

t ron  

For the  radiant  i n t e n s i t y  
I(0, p, x, A )  ing from the  medium with a given h (i.e.,  with a given elec- 

, we have t h e  following well-known expression: 

where p = cos 9. 
t h i s  does not y i e ld  t h e  absolute value of the  population but only the  r a t i o  
of the  population t o  the  Boltzmann population, the  radiant  i n t ens i ty  I(0, p, 

Since, with our adopted normalization of t he  source function, 
& 

- -  
x, h )  i s  expressed i n  f rac t ions  of the e@- 
librium in tens i ty ,  i .e., of - t he  Planckian 
in t ens i ty .  
Wien's approximation s ince processes of in- 
duced emission are disregarded here and a l s o  
can be disregarded since,  from the  very be- 
ginning, we had assumed tha t  n2 < nl .  

T h i s  l a t t e r  must be taken i n  

- x "  i n  proportion t o  e and then weakens along the  path toward the bound&y 

After a l l  of our above statements there  
i s  no need t o  give a de ta i led  explanation of 
the physical meaning of eq.(2l+.). 
expresses the  f a c t  t h a t  the escaping radia- 
t i o n  i s  composed of quanta arr iving from a l l  
depths and tha t ,  a t  t he  s i t e  of i t s  emergence, 
t he  rad ia t ion  i s  d is t r ibu ted  by frequencies 

T h i s  formula 

( f ac to r  exp i-2 P e-''}). 

The in t ens i ty  of rad ia t ion  escaping along t h e  normal ( p  = 1) from a medium 
with h = 0.99 i s  p lo t ted  i n  Fig.5 as a function of the  frequency. 
j u s t  as t h e  preceding one, has been taken from Hearn's paper (Ref.3). 
t a i n  the  in t ens i ty  of t h e  escaping radiation, Hearn carr ied out numerical inte-  
gra t ion  by means of eq.(&). 
semi-infinite layer  of gas emits Planckian radiation, against  whose background 
the  absorption l i n e  can be distinguished. 
reason f o r  the  appearance of t he  l i ne .  If everywhere i n  the medium the  popula- 
t i o n  of t he  excited l e v e l  w e r e  t o  be of the Boltzmann type, the source function 
S(7, A )  would be iden t i ca l ly  equal t o  unity, i n  which case i t  would follow 
from eq.(&) t h a t  I (0 ,  IJ., x, 1) E 1, i.e., the  medium would emit Planckian 
radiat ion.  However, there  ac tua l ly  occurred a drop i n  the degree of exc i ta t ion  
toward the  boundary (see F5g.k). 
t he  absorption l i ne .  

T h i s  diagram, 
To ob- 

It i s  obvious from the p l o t  t ha t  t he  isothermal 

It i s  not d i f f i c u l t  t o  understand the 

& 

T h i s  i s  the  r e a l  cause f o r  the  appearance of 

So far  our discussion has been mainly of a qua l i ta t ive  nature, and t o  il- 
l u s t r a t e  t h e  general asser t ions we used da ta  obtained by numerical so lu t ion  of 
the fundamental i n t eg ra l  equation. Now, we w i l l  present results obtained with 
t h e  use of ana ly t ica l  methods. I n  the case of a semi-infinite layer,  these 



permit solving 

The exact 

where 

whence 

the  problem t o  the end. 

solut ion of eq.(&) has t h e  form 

S (z, A) = 

Here, 

I 
I 
.?I * 
%: 
2 

1 f o r  z 2 1, and G ( z )  = - f o r  z < 1. m 
!! The in t ens i ty  of t he  outgoing rad ia t ion  i s  expressed by H(z, A) i n  the 
3 following manner: 

(0, P, 

We note t h a t  t he  function H(z, 
i n t e g r a l  equation 

H ( z ,  1) = 1 

. -__ 

(30 X ,  A) = 1 / 1  - h H @ex*, A). 

h )  given by eq.(28) i s  the  solut ion of the  /lleb 

The formulas give, i n  pr inciple ,  the complete solut ion of the  problem. 
However, t h e i r  p r a c t i c a l  use is  a ra ther  d i f f i c u l t  matter requiring numerous 
and laborious calculations.  It i s  simpler t o  solve the  i n i t i a l  equation (a) 
numerically than t o  use these formulas. Nevertheless, they are not only of a 
purely theo re t i ca l  but a l so  of a p r a c t i c a l  value. By means of these and similar 
f ormdas it has recent ly  become possible  t o  inves t iga te  s implif icat ions tha t  oc- 
CLU- i n  the  solut ion i n  various l imi t ing  cases. These s implif icat ions a re  highly 
essent ia l .  
calculation, i n  others  they g rea t ly  f a c i l i t a t e  t he  use of numericalmethods. We 
w i l l  give j u s t  one example. 

I n  some cases they y i e ld  the  answer immediately almost without any 

A s  already mentioned, under conditions as they occur i n  astrophysics, col- 
l i s i o n s  usually play a minor r o l e  owing t o  low densi ty  involved so  t h a t  a n  ab- 
sorpt ion of a quantum i s  almost always 
formally expresse9 by the  inequal i ty  1 

h . . - - - 

followed by i ts  re-emission. 
- h Q 1. I n  this l imi t ing  case, the  

T h i s  i s  
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formulas a r e  grea t ly  simplified.  It turns  out t h a t  t he  source function S(T, A )  
depends, with a high degree of accuracy, not on the  very quant i t ies  7 and A but 
only on one argument, namely, on t h e  quantity u determined by eq.(20). 
fore ,  we can write 

There- 

T h i s  r e l a t ion  shows t h a t  t he  following s imil i tude pr inc ip le  i s  valid:  The 

a t  a depth 7 = T,, where T~ and T~ 

degree of exc i ta t ion  at a depth 7 = 71 i n  a medium with A = A, i s  equal t o  the  
degree of exc i ta t ion  i n  a medium with A = 
are connected by the  r e l a t ion  

or ,  which comes t o  t h e  same, /14-7 

where n‘:) and n‘,”’ a r e  t h e  electron concentrations i n  the  first and second 
media ( t h e i r  temperatures are considered t o  be ident ica l ) .  S t r i c t l y  speaking, 

eq.(32) holds only f o r  deep layers ,  but i t  
does give good results even at  7 < 1 ( the  
maximum e r r o r  amounting t o  a f e w  tens  of 
percents) .  

Because of the  s imil i tude pr inciple ,  
there  i s  no need t o  solve eq.(l!.+) each time. 
It can be solved ju s t  f o r  one su f f i c i en t ly  
small value of h and the  results can then , 5 ;  be used f o r  determining the  function F(u) . 
A s  soon as F(u) i s  found, eq.(13) becomes 

Fig .6 t he  solut ion f o r  a l l  h close t o  unity. It 
i s  not pa r t i cu la r ly  d i f f i c u l t  t o  change 
f r o m  the  var iable  u t o  T since L ( T )  has been 

a 25 IC 
tabulated (Ref.12); a t  l a rge  values of 7,  t he  asymptotic expression (22) can be 
used. 

The curve F(u) i s  given i n  Fig.6. The values of F(u) were obtained by the 
above-described method; here, t he  results of the  numerical solution of eq.(l!+) 
f o r  A = 1 - 10-l’ (Ref .L+) were used. A s  regards the  values of F(u) a t  u > 5, 
the  following expansion, val id  f o r  u 9 1, provides an accuracy suf f ic ien t  f o r  
p rac t i ca l  application: 

This formula was  found theore t ica l ly  and confirmed by Avrett and Hummer’s 
numerical da ta  obtained by d i r ec t  solut ion of eq.(&). 

/L4-s 

The deviations from equilibrium are la rge  at  op t i ca l  depths where u 9 1. 
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It follows from eqs.(32) and (34.) t ha t ,  i n  this region, 

T h i s  formula holds f o r  la rge  values of 7. 
pression (22) can be used. 

Thus, f o r  U T )  t he  asymptotic ex- 
Then, t he  last formula takes the  form 

or, with consideration of eqs.(lO) and (6), 

This simple expression, which i s  convenient f o r  quick population estimates, 
yields excellent accuracy a t  small 7. 
d i rec t  numerical methods (Ref.4) shows t h a t ,  f o r  T = 10, the e r ro r  is  l e s s  than 
5% and gradually decreases wi th  an increase i n  7; a t  T = lo”, it amounts to  
fractions of a percent. 

A comparison w i t h  r e su l t s  obtained by 

Although eq.(35), s t r i c t l y  speaking, holds only f o r  large T it also gives 
O f  course, i n  this case the  good results - as already mentioned - a t  small 7. 

values of U T )  cannot be found from the asymptotic formula (22) but must be 
taken from tables (Ref.12). 
small  Tlcan be judged from the f a c t  tha t ,  f o r  T = 0, i t  follows tha t  S ( 0 ,  h )  = 
= mn- Jlx = 0.900 JT- whereas t h e  exact value i s  equal t o  /- 
Thus, f o r  T = 0, t h e  e r ro r  amounts t o  10%. A camparison with the resu l t s  of a 
numerical solution of eq.(&) (Ref.4) shows tha t  f o r  a l l  7 t he  e r ro r  does not 
exceed 30%. 

The order of t he  e r ro r  produced by eq.(35) at 

We previously concluded tha t ,  at  low electron concentrations, when Azl B 
B nea21, the population a t  the boundary of a semi-infinite layer  i s  propor- 
t i o n a l t o  t h e  root of t h e  electron concentration. Now we see tha t  this conclu- 
sion i s  valid f o r  the e n t i r e  region where the  deviations of population from 
equilibrium are la rge  (i.e., when the  quantity u i s  noticeably l a rge r  than 

/vcq 

unity). 

Let us turn t o  the region where deviations from equilibrium are small, as 
takes place f o r  small u. Here, we can assume approximately t h a t  

F (u) = u. (38) 

This expression represents the first term of t h e  s e r i e s  expansion of F(u) i n  
hborhood of u = 0. Recalling the  def in i t ion  of the source function 
1 and of t h e  parameter u [eq.(20)], we f ind  from eq.(32) tha t ,  i n  this 

region, / 
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A t  depths where 
use the  formula 

u i s  close t o  unity, f o r  an estimate of t he  population we must 

recording t h e  values of the  funct ion F from the  graph (Fig.6). 
this manner we obtain the aforementioned (p.102) estimates of t h e  deviations of 

In prec ise ly  

I population from equilibrium, when u = 1 and u = -. 3 
We believe t h a t  these findings cons t i tu te  a convincing argument f o r  the 

vast  p o s s i b i l i t i e s  afforded by the  use of modern methods of the theory of 
multiple s ca t t e r ing  of l i g h t .  
hardly be possible  t o  def ine a l l  of t he  s implif icat ions i n  the solut ion a t  
1-  h < 1, which we j u s t  discussed. 
Avrett and Hummer, having a t  t h e i r  disposal  qui te  extensive r e s u l t s  of a numeri- 
c a l  solut ion of the fundamental i n t e g r a l  equation, subjected these t o  an ltempiri- 

call1 analysis.  
with t h e  thermalization length, %.e., where u 9 1, the  r a t i o  S ( 7 ,  A ) / ~ % o ~ o e s  
not depend on h .  

Without t he  help of ana ly t i ca l  methods, it would 

This i s  substant ia ted by the  following: 

The only f a c t  revealed was t h a t  a.t depths s m a l l  i n  co 

T h i s  cons t i tu tes  a pa r t i cu la r  corol lary o f  eq.(35). 

Methods by means of which the  foregoing exact so lu t ion  of t he  problem /150 
was obtained, w e r e  developed by V.V.Sobolev ( R e f  .8, 13, z) . The appl icat ion 
of these methods t o  solving t h e  problem discussed i n  this Section i s  given i n  
a r t i c l e s  by the  author (Ref.15, 16) and by D.I.Nagirner (Ref.17). A de ta i led  
inves t iga t ion  of the case 1 - A < 1 can be found i n  another paper (Ref .18), al- 
though a number of results given there  w e r e  derived e a r l i e r ,  i n  pa r t i cu la r  i n  
1962 (Ref .15) . 

3 .  

If the  op t i ca l  thickness of the isothermal layer i s  f ini te ,  calculat ion of 
t h e  population of t h e  excited l e v e l  reduces t o  determining t h e  source function 
S ( 7 ,  To, A) from the equation 

h 
70 

(41) s (a, ao, A) = -;i- \ K ( I  a - a' I) s (z', $0 ,  A) dz' + 1 -- A. 
0 

A s  Soon as the  source function i s  found, the i n t e n s i t y  of t h e  escaping radiat ion 
expressed i n  f r ac t ions  of Planckian rad ia t ion  can be calculated by t h e  formula 

So far, i n  solving eq.(41) and f inding t h e  l i n e  p r o f i l e s  from eq.(42), 
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numerical methods have been used almost exclusively. However, even here ana- 
l y t i c a l  methods can be of grea t  help. 
main unsolved i n  the inves t iga t ion  of eq.(41) f o r  f i n i t e  TO, but  the  f e w  t h a t  
are known permit t h e  der ivat ion of simple formulas i n  a number of cases. 

It i s  t rue  t h a t  many problems s t i l l  re- 

Let us now discuss  ce r t a in  problems per ta ining t o  the  solut ion of eq.(4.l) 
and t o  calculat ion of the  l i n e  p r o f i l e s  at la rge  values of To and at  values of 
h close t o  unity, i.e., when the  inequal i t ies  (13) are sa t i s f i ed .  
case involves two important p a r t i c u l a r  subcases. 
from our above statements t ha t  t h e  character of the so lu t ion  of eq.(4l) must 

T h i s  l imi t ing  
N o  doubt, it i s  understandable 

la rge ly  depend on the  value of the  parameter /151 

The above-mentioned cases correspond t o  s a t i s f a c t i o n  of the  inequa l i t i e s  uo e 1 
and uo 9 1. 

Lf uo i s  s m a l l ,  the  cen t r a l  port ions of t he  l aye r  W i l l  contain a region 
where t h e  ro l e  of escape of rad ia t ion  through t h e  boundary is  small i n  compari- 
son with the  ro l e  of co l l i s ions  of the  second kind. 
t i o n  of t h e  excited l e v e l  i s  close t o  Boltzmannian, and the  decline i n  concen- 
t r a t i o n  of the excited atoms toward the  boundaries occurs approximately as i f  
the  medium w e r e  semi-infinite. 
c r i t e r i o n  permitt ing t o  assume the  med ium as semi-infinite. 
the  layer can be considered semi-infinite i f  i t s  thickness i s  la rge  with respect 
t o  the  thermalization length. 

I n  this region, t h e  popula- 

Therefore, t h e  condition uo 4 1 serves as a 
In other words, 

I n  the  opposite l imi t ing  case, when uo 9 1, the  s i t u a t i o n  i s  completely 
Here t h e  r o l e  of true absorption, i.e., co l l i s ions  of the  second d i f fe ren t .  

kind, i s  so minor t h a t  they can be disregarded. I n  this case, the  concentration 
of excited atoms i s  e n t i r e l y  determined by the  escape of rad ia t ion  through t h e  
boundaries, with the  concentration being much less than Boltmannian at  all 
depths. 
case of pure scat ter ing.  
determined by eq.(lJ) becomes simply proport ional  t o  1 - h ,  and the  f a c t o r  h i n  
the i n t e g r a l  term can be replaced by unity.  Thus, i n  pure sca t te r ing  t h e  solu- 
t i o n  of the fundamental i n t e g r a l  equation e s sen t i a l ly  depends only on one para- 
meter, the  op t i ca l  thickness of t he  layer TO.  I n  ast rophysical  problems such a 
s i t u a t i o n  i s  encountered frequently.  

I n  the  theory of t r ans fe r  processes, this case i s  usually cal led t h e  
Here we can set h = 1 i n  eq.(12). The source funct ion 

A t  present it i s  impossible t o  say very much as t o  t h e  intermediate case 
where the  quantity uo cannot be considered e i t h e r  very small or very large.  We 
can expect t h a t  here some pr inc ip le  of s imi l i tude  should e d s t  such as t h a t  oc- 
curring f o r  a semi-infinite medium; however, this problem has not been duly 
investigated.  

The remaining p a r t  of this Section w i l l  be almost whol ly  devoted t o  
presenting results f o r  t he  case where t h e  thickness of t he  layer is small with 
respect t o  t h e  thermalization length so t h a t  we can speak about pure sca t t e r ing  
( U O  9 1). 
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Thus, we will limit the  possible  upper values of t h e  electron concen- 



t r a t ion .  Actually, at  TO 9 1, the  inequal i ty  uo % 1 means t h a t  

Making use of eq.(6) and considering t h a t  1 - h Q 1, i.e., neaal  Q A a l ,  we obtain 

T h i s  inequal i ty  has a very simple physical meaning. 

i n t e r v a l  between two quenching co l l i s ions  ( 
the  average time spent by a quantum i n  an absorbed state. 

It states t h a t  t h e  time 

) should be much grea te r  than 
%a21 

This time i s  equal t o  

the  product of - and t h e  average number of sca t te r ings  ( a  value of t h e  order 
A2 1 

of T~!/'=). Thus, i n  the  solar corona and i n  the  t r ans i t i on  layer  between the  
corona and t h e  chromosphere the  e lec t ron  concentrations are comparatively low. 
Therefore, t he  condition (44) i s  sa t i s f i ed  f o r  t h e  majority of resonance l i n e s  
of highly ionized atoms a r i s ing  i n  these layers  of t h e  so l a r  atmosphere, al- 
though the  values of To f o r  some of these l i n e s  are r a the r  la rge .  

I n  the  case of pure sca t t e r ing  i t  i s  not d i f f i c u l t  t o  calculate  t he  t o t a l  
energy emitted i n  the  l i n e  i n  a l l  d i rec t ions  from a u n i t  area of a homogeneous 
isothermal gas layer. Actually, if the condition (44.) i s  sa t i s f i ed ,  then a l l  
quanta appearing i n  t h e  medium will escape through the  boundaries. Therefore, 
t he  procedure reduces sirply t o  calculat ing t h e  t o t a l  number of exci ta t ions by 
electron co l l i s ion  occurring i n  unit time i n  a column of u n i t  cross section. 
However, i f  we want t o  define the spec t ra l  d i s t r ibu t ion  of the  escaping radia- 
t ion,  i.e., the  l i n e  p ro f i l e ,  as w e l l  as the  manner i n  which this p r o f i l e  var ies  
with a change i n  t h e  angle of emergence of radiat ion,  the  process of rad ia t ive  
t r ans fe r  must be studied. Furthermore, these problems are acquiring particu- /153 
lar hpor t ance  at present since, i n  t he  near future ,  p r o f i l e s  of numerous reso- 
nance l i n e s  of the emission of the  corona and of t h e  t r a n s i t i o n  layer  between 
corona and chromosphere w i l l  probably be obtained. 

One of t he  possible  ways of finding t h e  l i ne  p ro f i l e s ,  already mentioned 
above, i s  t o  determine the  populations a t  a l l  depths, <.e., t o  solve eq.(4.1). 
A s  soon as the  source function i s  determined, t h e  l i n e  p r o f i l e  i s  readi ly  calcu- 
l a t ed  from eq.(42). 
escaping rad ia t ion  can be determined without defining t h e  source function, i.e., 
without determining t h e  conditions within the medium, j u s t  from an examination 
of the conditions a t  the  boundaries. Actually, both approaches a re  int imately 
correlated,  but a discussion of this matter is  outside the  scope of our problem 
formulation. I n  the  case of the  homogeneous isothermal l aye r  under discussion, 
the  in t ens i ty  of t he  escaping rad ia t ion  expressed i n  f rac t ions  of the  Planckian 
in t ens i ty  can be represented by means of the  second method i n  the form of 

There efists a l s o  another way. The i n t e n s i t i e s  of t h e  



I ( 0 ,  p, x ,  z,, h) = 
L- (1 - h) X (00,  zo, h) [X @ext, zor h) - Y (pey', TO, A)]. (45) 

Here, X(z, To, h )  and Y(z, To, A )  a re  some auxi l ia ry  functions sa t i s fy ing  t h e  
nonlinear i n t eg ra l  equations : 

where G ( z )  i s  given by eq.(29). A t  To = a, the  function Y i s  ident ica l ly  equal 
t o  zero, and the  function X ( z ,  m, 1) coincides with H(z, h-) so  t h a t  eq.(45), at  
To = m , changes t o  eq.(30), and eq.(46) t o  eq.(31). 

the first since, instead of solving one equation (41), we must now solve a 
A t  first glance, it seems tha t  t h e  second method has no advantage over /154. 

= 7  
-7 

system of two equations (4-6) which, furthermore, 
are nonlinear. However, t h i s  i s  not so.  When 
using the first approach, we a r e  forced t o  use 
numerical methods, whereas t h e  second approach 
o f fe r s  extensive p o s s i b i l i t i e s  f o r  using ana- 
l y t i c a l  methods and invest igat ing simplifica- 
t i ons  i n  various l imi t ing  cases. 

' 

The problem of calculat ing the  emission 
l i n e  p r o f i l e s  i n  pure sca t t e r ing  i s  a concise 
i l l u s t r a t i o n  of our above statements. F i r s t ,  
we W i l l  present  results obtained by numerical 
nethods and then derive simple formulas t h a t  a r e  
convenient t o  use i n  everyday calculat ions.  
These formulas a re  derived by t h e  use of ana- 
l y t i c a l  methods. 

Figure 7 shows Hearnts (Ref.5) calculated 
p r o f i l e s  of l i n e s  emitted by a homogeneous iso- 
thermal gas layer  f o r  t he  case where t h e  r o l e  of 
absorption can be neglected. The curves p e r t a i n  
t o  the  event where rad ia t ion  escapes along the  
normal, so tha t  IJ. = 1. The most cha rac t e r i s t i c  
feature of these curves i s  the  gradual increase 
i n  l i n e  width with an increase i n  layer thick- 
ness and the  appearance of a dip at the  l i n e  

center  at  la rge  values of 70. We see from Fig.7 t h a t  t h e  frequency Xmax a t  

which the  in t ens i ty  maximum is  located satisfies the  condition T o e  

2 

- - -*  m a x  

= const = t n a x  with a high degree of accuracy, with t h e  value of the  constant 
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La, not d i f f e r ing  
curves, calculated 
decreases t h e  l i n e  

maxima a t  l a rge  To 

can be regarded as 
should be added. 

from uni ty  i n  order of magnitude. 
f o r  other  angles of emergence of radiat ion,  shows tha t  as p 
becomes somewhat broader, and the  pos i t i on  of t he  in t ens i ty  

An analysis  of similar /155 

2 
satisfies the  condition 70 = L a x .  These results 
unique ~lexperimentalll da t a  t o  which a theo re t i ca l  explanation 

An explanation can be obtained from inves t iga t ing  t h e  functions X ( z ,  'ros 1) 
and Y(z, To ,  1). 
f i n i t y  i n  such a manner t h a t  t h e i r  r a t i o  TO/Z  becomes constant, then a t  t h e  
l i m i t  we obtair, 

It w i l l  be found tha t ,  i f  70 and z simultaneously tend t o  in- 

where Io, 11 a r e  Bessel functions of t he  imaginary argument. A t  f i n i t e  To,  these 
equa l i t i e s  should be sa t i s f i ed  with a grea te r  accuracy t h e  l a rge r  'r0 and z. 
Subst i tut ing eq.(l+.?) i n t o  eq.(45), we obtain f o r  t he  i n t e n s i t y  of t he  escaping 
rad ia t ion  the  approximate expression: 

I ( 0 ,  p, x ,  To) = 

T h i s  simple formula permits, i n  the most elementary manner, a calculat ion 
of t he  relative 
moderate values 

from t ab les ;  a t  

whose p r inc ipa l  

i n t e n s i t i e s  a t  t he  l i n e  frequencies, i .e. ,  i t s  p ro f i l e .  
of the  argument, t he  values o f  t he  Bessel function can be taken 

e-X2 9 1, the known asymptotic expansion can be used 2 2 1 - 1  
term has the  form 

A t  

t = 70 

t - 

The l i n e  p r o f i l e s  calculated by eq.(48) are indistinguishable from those /156 
shown i n  Fig.7. 
frequency d i s t r ibu t ion  of t h e  energy since, t o  obtain the  absolute values, we 

Here, we must emphasize t h a t  we are dealing with the  r e l a t i v e  

must have X(m, TO , 1) 
It i s  in t e re s t ing  tha t ,  although eq.(48) w a s  obtained f o r  the  case T~ 9 1 

when the  values of p were not very close t o  zero, it does y ie ld  sa t i s fac tory  
r e su l t s  f o r  a l l  values of TO, beginning with t h e  smallest .  This i s  a simple 
coincidence: A t  To < 1 and a t  a small value of t he  quantity 



and s ince  I1 ( - ) = 

proportional t o  e-"'. It i s  not surpr is ing t h a t  t h e  formula t h a t  yields correct  
results a t  s m a l l  and la rge  To a l so  works w e l l  i n  t he  intermediate region. 

+ . . . a t  s m a l l  t, t h e  i n t e n s i t y  accidentally becomes 

Equation (48)  represents a good approximation a t  la rge  TO and at  z 9 1. 
Furthermore, for radiat ion escaping i n  the  cen t r a l  portions of t he  l i n e  a t  l a rge  

angles t o  t h e  normal ( i .e . ,  at small p )  t h e  quantity z = peX 
fore ,  there  are no grounds t o  expect tha t ,  at s m a l l  P, eq.(48) t r u l y  describes 
t h e  shape of t he  c e n t r a l  portions of t h e  l i n e .  

2 
i s  small. There- 

It w a s  ~ ~ e m p i r i c a l l y ~ l  noted above t h a t  t he  frequency xmax, accounting f o r  
2 - x  

e = const = t , a x  . 70 
I-1 t h e  i n t e n s i t y  m a x i m u m ,  s a t i s f i e s  t h e  condition - 

Actually, t h i s  equality i s  not exact but only asymptotic and i s  s a t i s f i e d  with 
a g rea t e r  accuracy t h e  l a r g e r  T O .  Now we can e a s i l y  obtain the  exact value of 
t,,, as T~ -t m. To determine t h e  frequency o f  t h e  i n t e n s i t y  maximum we must 
d i f f e r e n t i a t e  eq.(L+8) with respect t o  x and equate the  r e s u l t  t o  zero.  Having 
done t h i s ,  we arrive a t  the  following equation f o r  determining t,,, : 

o r ,  i f  we use t h e  known p rope r t i e s  of the  Bessel functions, 

The value of tmax is the root of t h i s  equation equal t o  3.09, so t h a t  /157 
To - .-e P 

From this i t  follows t h a t  

This i s  a rigorous asymptotic formula which i s  more exact t h e  g rea t e r  -rO. 
can be used i n  pr.actice, beginning with 70 = 10. It i s  obvious from the  formula 
t h a t  when t h e  l i n e  broadeningis  due t o  the  Doppler e f f ec t ,  i t s  width i s  a poor 
c r i t e r i o n  for determining t h e  o p t i c a l  thickness of t h e  l aye r  i n  which t h i s  l i n e  
i s  formed. 
change i n  70 

It 

The depth of t h e  cen t r a l  dip i s  appreciably more sens i t i ve  t o  a 
This problem w i l l  not  be discussed fu r the r  here. 

Detailed numerical da t a  on t h e  problem discussed i n  this Section can be 
found i n  t h e  aforementioned papers by E.Avrett and D.Hummer (Ref.4) and by 
A.Hearn (Ref.3, 5 ) .  Rigorous methods f o r  invest igat ing t h e  fundamental i n t e g r a l  
equation a t  f i n i t e  ro are presented i n  t h e  book by V.V.Sobolev (Ref.8) and i n  
h i s  a r t i c l e s  ( R e f  .13, 19) .  The X- and Y-functions sa t i s fy ing  eqs .(46) are 
studied i n  d e t a i l  i n  several  papers by t h e  author (Ref.20, 21) which contain, i n  
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par t i cu la r ,  t he  der ivat ion of formulas presented here without proof. 

A t  present,  the  theory of r ad ia t ive  t r ans fe r  i n  a spec t r a l  l i n e  i s  under- 
going a period of vigorous development. 
F i r s t ,  i n  connection with the  progress i n  astronomy beyond the  atmosphere i n  
recent years it has become possible  t o  observe numerous resonance l i n e s  i n  the 
solar spectrum lying i n  the far  u l t r av io l e t .  These l i n e s  arise i n  the corona 
and i n  the t r a n s i t i o n  layer  between corona and chromosphere, ?..e., i n  regions 
transparent at  continuous spectrum frequencies. However, at  t he  frequencies of 
these very l i nes ,  the op t i ca l  thickness of t he  layers  responsible f o r  t h e i r  
formation should be la rge  i n  a number of cases. 
p re ta t ion  of the observational data,  i n  p a r t i c u l a r  of t he  l i n e  prof ' i les,  can be 
obtained only by invest igat ing the  process of rad ia t ive  t ransfer .  
f a c t  giving impetus t o  the  development of inves t iga t ions  on rad ia t ive  t r ans fe r  
i n  t h e  spec t ra l  l i n e  was t he  development of e f f ec t ive  exact and approximate 
methods of solving the  equation of rad ia t ive  t ransfer .  
mitted the  solut ion of numerous problems which could not be solved by previous 
m e t  hods . 

T h i s  i s  due t o  two circumstances. 

Therefore, the correct in te r -  

The second /158 

These methods have per- 

Today, astrophysics i s  making increasing use of t h e  theory of spec t r a l  
l i n e  formation, developed more than 30 years ago on t h e  basis of the false as- 
swnption of frequency constancy of t h e  quantum i n  sca t te r ing .  
gradually being replaced by a new one based on an approximation of conplete f re-  
quency red is t r ibu t ion .  Recent achievements o f f e r  the  hope t h a t  soon the  new 
method w i l l  reach t h e  l e v e l  of simple calculat ion formulas, prepared tab les ,  
and graphs adapted f o r  extensive use i n  astrophysics. 
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I I I I I  I I I  I l l  

NONSTATIONARY RADIATION FIELD 

I.N.Minin 

1. Introduc ti.oz 

The theory of nonstationary rad ia t ion  f i e l d s  treats problems of finding the  

Here, the time rate of change 
t i m e  rate of change of quantities characterizing a rad ia t ion  f i e l d  i n  a medium 
capable of absorbing and emitt ing radiant  energy. 
of the  in t ens i ty  of sources and t h e i r  loca t ion  are considered as given. 

If t h e  duration of a noticeable change i n  the  rad ia t ion  f i e l d  i s  la rge  i n  
comparison with the  average residence time of a quantum i n  the  medium, then we 
can consider t h a t  rad ia t ion  equilibrium occurs a t  each in s t an t  of t h e .  In  
other  cases, when a marked change i n  t h e  rad ia t ion  f i e l d  occurs during the  mean 
residence time of a quantum i n  t h e  medium, a spec ia l  study of nonstationary 
processes of rad ia t ive  diffusion i s  necessary. A s  examples of nonstationary 
radiation, we can mention the gradual increase i n  rad ia t ion  of a medium when 
emission sources are instantaneously switched on o r  the  de-excitation of a 
medium when the emission sources are instantaneously switched o f f .  

The first s teps  i n  this theory were made by Milne ( R e f . 1 )  and Holstein 
(Ref.2) i n  s tud ies  on t h e  d i f fus ion  of resonance radiat ion.  
amination of problems of t he  theory of nonstationary rad ia t ion  f i e l d s  w a s  
s t a r t ed  by V.V.Sobolev (Ref.3 - 5)  who used new methods and obtained exact solu- 
t ions  f o r  a number of problems. Later, these invest igat ions by V.V.Sobolev were 
expanded i n  many  d i rec t ions  by S.A.Kaplan, I.A.Klimishin, and V.N.Sivers 
( R e f  .6 - 8) and a l s o  by t h e  author (Ref  .9 - 11). 
radia t ion  f i e l d s  has been examined i n  recent ly  published a r t i c l e s ,  i n  which 
Bellman, Kalaba, Wing, and Ueno (Ref  .12 2 a) use the  generalized invariance 
pr inc ip le  t o  derive equations t h a t  determine functions characterizing radiat ion 
escaping from t h e  medim, 

A systematic ex- 

The theory of nonstationary 

Scve results of this trend i n  the theory of nonsta- 
t ionary d i f fus ion  of rad ia t ion  are given i n  Wing's book ( R e f  .15). /160 

A t  present t h e  theory of nonstationary rad ia t ion  f i e l d s  has been reasonably 
w e l l  developed only f o r  the  case i n  which the  o p t i c a l  propert ies  of the medium 
do not change. 
change, only a f e w  spec ia l  problems can be solved a t  present.  
case i s  t h a t  of t h e  dependence of t he  o p t i c a l  p roper t ies  of t he  medium on the 
radiat ion f i e l d ,  which i s  the  most complex problem. 
Ambartswan [see ( R e f  .16) and t h e  present co l lec t ion l  has only recently been 
able  t o  obtain some solut ions f o r  s ta t ionary  radiat ion.  
gat ion of nonstationary rad ia t ion  i s  an even more complex problem. 

For cases i n  which the  o p t i c a l  p roper t ies  of the  medium do 
Anothez+possible 

In  this respect, V.A. 

Naturally, an invest i -  

I n  this paper, we w i l l  limit ourselves t o  a study of problems re la ted  t o  
the  diffusion of rad ia t ion  i n  a medium whose o p t i c a l  p roper t ies  do not change 
with time. 
t r i bu t ion  by frequencies. 

Furthermore, we will consider t h a t  diffusion occurs without redis- 
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2 .  Equ.atson of Radiative Transfer 

I n  the theory of nonstationary rad ia t ion  f i e lds ,  the residence t i m e  of a 
quantum i n  a given m e d i u m  i s  of basic  importance. 
causes which lead t o  re tardat ion of rad ia t ion  and which determine t h e  magnitude 
of t h e  mean residence time of a quantum i n  the medium. A l i g h t  quantum, upon 
scat ter ing,  remains i n  an absorbed state f o r  a ce r t a in  t i m e .  Designating the  
average length of this t h e  i n t e r v a l  by tl, we can assume f o r  a number of cases 
t h a t  t h e  probabi l i ty  of emission of a quantum, absorbed a t  t he  in s t an t  t = 0, i n  
the  time in t e rva l  from t t o  t + d t  i s  equal t o  

L e t  us first examine the  

Furthermore, t he  l i g h t  quantum, f o r  a cer ta in  t i m e ,  w i l l  s t ay  on a path between 
scat ter ings.  If  we take i n t o  account t h a t  t h e  probabi l i ty  of absorption of the  
quantum along t h e  path from s t o  s + ds i s  equal t o  
volume absorption coef f ic ien t ,  s = c t ,  c i s  the  velocity of l i gh t ,  we f ind /161 
f o r  t he  probabi l i ty  of quantum absorption i n  the  time i n t e r v a l  from t t o  t + d t  
t he  following quantity: 

ds ,  where cy i s  the 

1 where t 2  = -. The quantity t 2  represents the  average time spent by the 

quantum on the  path between two successive scat ter ings.  

CYC 

Let us assume for example tha t  we a r e  dealing with rad ia t ive  t ransfer  i n  a 
continuous spectrum and t h a t  t h e  absorption coeff ic ient  i s  determined by the 
ionizat ion of atoms. Then the  l a w  (1) i s  valid,  i n  which the quantity tl i s  
equal t o  

where ne i s  the number of e lectrons i n  1 cm” and Ci i s  the coef f ic ien t  of proba- 
b i l i t y  of recombination a t  t h e  i - th  atomic level.  W e  note tha t ,  f o r  hydrogen a t  

temperatures of t he  order of 10,OOOo, we have A Ci = 1 O - l ”  cm”sec”. 
m 

i= 1 

For r ad ia t ive  d i f fus ion  i n  the  resonance l i ne ,  we  also have eq . ( l )  and 

tl = A, where A21 i s  t h e  E n s t e i n  coeff ic ient  of probabi l i ty  of spontaneous 
A21 

t r ans i t i on  from an upper l e v e l  t o  a lower ( 2  -+ 1). 
thus tl = M-’ sec.  

Usually, A21 = lo8 sec-’ and 

It i s  obvious tha t ,  t o  determine the  average residence time of a l i g h t  
quantum i n  a given med ium,  the  quantity tl + t 2  must be multiplied by t h e  average 
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number of sca t te r ings  experienced by t h e  quantum during d i f fus ion  i n  a given 
medium. Therefore, even if t h e  value of tl + t a  i s  small, the  average residence 
time of t he  quantum i n  the  med ium may become appreciable a t  a su f f i c i en t ly  large 
number of sca t te r ings .  

To solve the  problems of the  theory of nonstationary d i f fus ion  of rad ia t ion  
we can use t h e  transfer equation which takes i n t o  account the  time rate of 
change of t h e  rad ia t ion  f i e l d  charac te r i s t ics .  
must bear i n  mind t h a t  t h e  change i n  rad ia t ion  i n t e n s i t y  occurs both with a /162 
change i n  dis tance along t h e  ray and with the  course of t h e .  
an in t ens i ty  I(s, t )  be incident on an  area element with area do, within the  
s o l i d  angle dw and i n  the  t h e  i n t e r v a l  from t t o  t + d t .  We w i l l  assume t h a t  
t h e  d i rec t ion  of propagation of t h e  incident  rad ia t ion  i s  perpendicular t o  the  
area under study. Then, t h e  quantity of energy s t r i k i n g  the  indicated area wi l l  
be equal t o  I(s, t )  do dw d t .  
s i tua ted  a t  a dis tance ds  from the  first,  fa l l s  a quantity of energy equal t o  
I(s + ds, t + dt)do dw d t .  
both t o  absorption of energy i n  t h e  volume do ds  and t o  emission of energy by 
this volume. 

When deriving this equation we 

Let rad ia t ion  of 

On another area element with t h e  same area do 

The difference i n  these amounts of energy i s  due 

Thus, we can wr i te  

I (S + ds, f + df) d G  dm d f  - I ( s ,  t )  do dm d f  = 
= -- CL (s) ds I ( s ,  f) do dm d f  + E (s, f )  do dm ds d t ,  

where CY(s) and ~ ( s ,  t )  are t h e  volume absorption and emission coeff ic ients ,  re- 
spectively.  
of rad ia t ive  t r ans fe r  

Since ds  = c d t ,  the  obtained cor re la t ion  W i l l  y i e ld  the  equation 

as f, + ; W) = - a (s) I (s, t )  + E (s, f). (4) 

For simplicity,  we w i l l  first essume t h a t  d i f fus ion  of rad ia t ion  occurs i n  
a one-dimensional medium. 
rad ia t ion  proceeding, a t  an o p t i c a l  depth 7 a t  t h e  i n s t a n t  of t h e  t, toward in- 
creasing and decreasing depths respect ively (d7 = CY ds),  i n  place of eq.(4) we 
have 

Denoting by Il(7, t )  and I ; ? ( T ,  t )  t h e  in t ens i ty  of 

t: where B = cy. 

some t i m e  i n t e r v a l  after absorptio; i s  determined by the l a w  (1) and t h a t  scat-  
t e r ing  i s  i so t ropic ,  we f ind  

Considering t h a t  t h e  probabi l i ty  of emission of a quantum at  

where A i s  the  probabi l i ty  of  survival^^ of t h e  quantum i n  a s ingle  sca t te r ing  
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process. 
/r63 

I n  the  case of a constant absorption coeff ic ient  a, eqs.(5), with consid- 

With appropriate i n i t i a l  and boundary conditions, the solu- 
e ra t ion  of eq.(6), w i l l  y i e ld  a d i f f e r e n t i a l  equation f o r  determining the  source 
function B(7, t ) .  
t i o n  of this equation completely determines the rad ia t ion  of the  medium. 
par t icu lar ,  t he  use of eqs.(5) permits f inding t h e  i n t e n s i t i e s  of rad ia t ion  
escaping from the  medium. 

I n  

L e t  us now examine a medium consisting of plane-paral le l  layers  i n  which 
i so t ropic  sca t te r ing  of l i g h t  occurs. 
t akes  the form 

For this case, t h e  t r ans fe r  equation (4) 

where I (7 ,  7, t )  i s  t h e  rad ia t ion  in t ens i ty  at  t h e  in s t an t  of time t a t  an opti-  
c a l  depth 'r, whose propagation direct ion,  with the  normal t o  the  layers,  makes 
an angle whose cosine i s  equal t o  7 ,  and 

with g ( 7 ,  t)  dT being t h e  quantity of energy emitted by sources located i n  an 
element of volume of 1 cm" cross sec t ion  and an op t i ca l  thickness d7 a t  an opti- 
c a l  depth 7 at  a time t p e r  second pe r  u n i t  so l id  angle. 

Of course, t h e  so lu t ion  of eq.(7) i s  appreciably more d i f f i c u l t  than the  
solut ion of the system of equations (5 )  and (6) .  
known t h a t  a medium consisting of plane-parallel  l ayers  can be approximately 
replaced by a one-dimensional medium. 
mainly rad ia t ive  diffusion i n  a one-dimensional medium. 

On t h e  other  hand, it i s  

Therefore, f o r  s implici ty  we will discuss 

3. Probabi l i ty  - of Escape of -Quanta from a Medium 

The d i r ec t  solut ion of the  t r ans fe r  equation i s  not the only method i n  the  
theory of d i f fus ion  of radiat ion.  
effect iveness  depends upon the  circumstances. 

A t  present there  exist o ther  methods whose 

To solve various problems of the theory of rad ia t ive  t ransfer ,  V.V.Sobolev 

W e  w i l l  give some of 
(Ref .17) proposed a probabi l i ty  method which he applied, i n  par t icu lar ,  t o  
t he  theory of nonstationary rad ia t ion  f i e l d s  (Ref.3 - 5) .  
t h e  results obtained i n  this Section. 

/164. 

Let us introduce the  quantity p(7, t - t ' )  d t ,  which i s  the probabi l i ty  
t h a t  a l i g h t  quantum, absorbed a t  an o p t i c a l  depth .T a t  a t i m e  t', escapes from 
a one-dimensional medim through t h e  boundary 7 = 0 i n  the time in t e rva l  from 
t t o  t + d t .  
t i o n  escaping from the  medium is  eas i ly  found by appropriate integrat ion.  
nating by L(7, t ' )  d7 d t '  t h e  quantity of energy ar r iv ing  d i r ec t ly  from the  

After obtainment of the  indicated quantity, the  in t ens i ty  of radia- 
Desig- 
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l i g h t  source and absorbed i n  the o p t i c a l  thickness range from 7 t o  7 + d7 during 
the . t ime i n t e r v a l  from t’ t o  t’ + dt‘, the  i n t e n s i t i e s  of rad ia t ion  escaping 
from the  medium can be wr i t t en  as 

+n f 

( 9 )  I Z2 (0, t )  = 5 da 1 L (a, t ‘) p (a, t-t‘) dt’, 
o n  
7.2 t 

I I  (ao, t )  = da s L (a, t’) p (ao - z, t - t ‘) dt’, 
0 0  

where To is  the  o p t i c a l  thickness of the medium. 
lies i n  the  f a c t  t ha t ,  t o  solve any problem of the  rad ia t ion  of a given medium, 
only t h e  one funct ion p ( T ,  t )  need be known. 

The advantage of this method 

To determine the  probabi l i ty  of t he  escape of quanta from a given medium 
we can construct in tegra l ,  d i f fe ren t ia l ,  and func t iona l  equations. Here, we 
w i l l  present  ce r t a in  funct ional  equations and t h e i r  solut ions.  

L e t  us examine a one-dimensional semi-infinite medium with i so t rop ic  scat-  
t e r ing  and inves t iga te  the  case where the  average residence t i m e  of the  quantum 
i n  an absorbed state appreciably exceeds t h e  average residence time of t h e  
quantum along t h e  pa th  between two successive sca t te r ings  (i.e., tl B t 2 ) .  

Wanted i s  the probabi l i ty  of escape of the  quantum from the  medium from an 

op t i ca l  depth 7 + AT, i.e., the quantity p(7 + AT, u)  where u = - 
l e t  us represent t he  escape of a quantum from the depth 7 + AT as t h e  escape of 
a quantum from t h e  depth 7 and i t s  subsequent passage through an addi t ional  /165 
l ayer  of op t i ca l  thickness AT. 
the  medium without sca t te r ing  i n  t h e  addi t ional  l aye r  i s  equal t o  p ( ~ ,  u) x 
x (1 - AT). To obtain the probabi l i ty  of escape of quanta from the medium, with 
sca t te r ing  i n  the  addi t iona l  layer,  the quantity p(7 ,  u’)AT must be mult ipl ied 
by p(0, u - u‘)du’ and the  product integrated with respect t o  u’ from zero t o  u. 
The sum of t he  obtained p robab i l i t i e s  represents t he  unknown quantity, i.e., 

For this, tl 

The probabi l i ty  of escape of t he  quantum from 

P ( T  + AT, u) = P (a, u ) * (  1 -Aa) + 
I( 

+ A T  5 p (a, u‘).p (0, u - u‘) du‘, 
0 

from which, a t  A7 -f 0, it follows tha t  

U apk ‘I = - ~ ( a ,  u ) f \ p ( a ,  u’)p(O, u-u’)du’ .  
i 

Equation (10) does not completely determine the  function p(T, u) since, i n  de- 
r iv ing  this expression, we disregarded the  mechanism of s c a t t e r i r g  . 
t h a t  t he  probabi l i ty  of quantum emission i n  the i n t e r v a l  of dimensionless time 
from u t o  u + du, after i t s  absorption, i s  equal t o  e-Udu, i.e., obeys the  
l a w  (l), we obtain the  following expression f o r  p(0, u) : 

Stipulat ing 
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. ,. . . . . . - . . - . 

where 
m 

The quantity p(u)du def ines  the  probabi l i ty  t h a t  t h e  quantum, aft.er s t r ik ing  
t h e  medium, is  re f lec ted  from i t  i n  the  time i n t e r v a l  from u t o  u + du. 
t ions  (lo) and (11) permit deriving both p(7, u) and p (  u) . Equa- 

In  determining t h e  indicated quantities, the  operational method based on 
the  Laplace transform i s  applied. T h i s  method i s  widely employed i n  the  theory 
of d i f fus ion  and thermal conductivity, and recent ly  a l so  i n  the  theory of radi- 
a t i v e  transfer. 
i t  comparatively easy t o  solve various problems by the operat ional  method. The 
most complete i s  the  three-volume handbook compiled by Doetsch (Ref .18 ) .  The 
same author has wr i t t en  a small book (Ref.19) which, i n  a concise form, gives 
the  basic ru l e s  of operat ional  calculus, knowledge of which i n  most cases is  suf- 
f i c i e n t .  The book includes t ab le s  f o r  +lace transformations, which f a c i l i t a t e  
t h e  use of the  operat ional  method. 
compiled by V.A.Ditkin and P.I.Kuznetsov (Ref .20). 

Numerous handbooks and manuals are i n  existence which make /166 

W e  should a l so  mention the extensive tab les  

Let us multiply both s ides  of eq.(lO)by e-'dT and in tegra te  from 0 t o  a. 
T h i s  y i e lds  

U 

- P (0, u) 3- P (4 = - p (U) + P (u') P (0, u - U') du'. (13) 
0 

Let us next use the Laplace transform. 
e'"'du, in tegra t ing  with respect t o  u from 0 t o  a, and using t h e  rules of opera- 
t i o n a l  calculus (Ref .19, p .26), we f ind  

Multiplying both s ides  of eq.(l3) by 

- 
- P (0, s) + 6 (4 = - i (4 + P ( 4  P (0, SI, (a) 

where 

Thus, i n  eq.(&) t h e  functions F(0, s )  and F ( s )  are Laplace-transformed from the  
functions p (0, u) and p (u)  respect ively 
In a l i k e  manner, we obtain from e q . ( l l j  

where s i s  the  transformation parameter. 

Subst i tut ing p(0, s)  from eq.(16) i n t o  eq.(&) and solving t h e  obtained equation 
f o r  p( s ) we have 

-2 2 - 
p(s) =x(s+  l ) - l - x f ( s +  1 ) 2 - A ( s +  1). 



Now, t o  f ind  p(u) from t h e  known function F(s) we must i nve r t  t h e  Laplace 
transformation (Ref .19, p.lll). 
= -(1 - A )  are branch poin ts  of the  funct ion F(s), we f ind  

Considering t h a t  the  poin ts  s = -1 and s = /167 
1 

p (u)  = h 5 e- (l-hy)u v y  ( 1 - y) dy. 
0 

Having t h e  funct ion p(u), i t  i s  easy t o  determine the  in t ens i ty  of radia- 
t i o n  escaping from t h e  m e d i u m  I (u ) ,  when il luminated by external  sources. 
Io(u)  i s  the  i n t e n s i t y  of rad ia t ion  a r r iv ing  from externa l  sources at the  
boundary of the  medium, then 

If 

U 

I (u) = s I ,  (u')  p (u - u') du'. 
-03 

For example, l e t  the medium begin t o  be subjected t o  i l lumination by sources of 
constant i n t ens i ty  Io, from the  i n s t a n t  of time u = 0. 
ta ined from eq.(l9),  

Then, as i s  eas i ly  ob- 

U 

I (u) = I" - S p (u) du. 
0 

If ,  during t h e  t i m e  i n t e r v a l  from t o  0, rad ia t ion  of constant i n t ens i ty  Io 
s t r i k e s  the  boundary of the med ium and i f ,  as soon as u = 0, i l lumination of the  
medium stops,  then eq.(19) will y i e l d  

m 

I (u )  = I o  s p (u) du. 
U 

After determining the ' func t ion  p(u)  we can f ind  p(7,  u) i n  the same manner. 
Having applied, t o  eq.(lO), the  Laplace transformation with respect t o  u, we 
obtain 

- 
(22)  

-- - - P (z, s) [ 1  - P ( O ,  41, d j  (r, s) 
dr 

from which it follows t h a t  

From eqs.(l6) and (17) we f ind  

P(0, s) = 1 -fiq&. 
Therefore, subs t i tu t ing  eq.( 24) i n t o  eq.( 23), we f i n a l l y  have 

1 --)e a -r -v- i + s  (25 )  

An inversion of eq.(25) has t h e  form 
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i 

It is of i n t e r e s t  t o  derive t h e  asgmptotic formulas which hold f o r  u 3 1. 
H e r e ,  l e t  us examine p(u), having first transformed eq.(l8). 
able  y = 1 - z w i l l  y i e ld  

A change of vari- 

Assuming t h a t  Au 9 1, the  value of t he  i n t e g r a l  i n  e q . ( n )  w i l l  be determined by 

t he  in tegra t ion  range from z = 0 t o  z zs -. I n  this case, the quantity 1 - z 
i n  t he  integrand function can be replaced by unity and the  upper limit of inte- 
gra t ion  can be taken as equal t o  in f in i ty .  

1 
hU 

Then we w i l l  have 
Q) 

(28) 
p (u)  = 2 he-(l-x)u e-hu f i d z .  

R 
0 

The i n t e g r a l  i n  eq.(28) i s  e a s i l y  calculated and t h e  asymptotic formula f o r  ~ ( u )  
takes the form 

We note t h a t  eq.(29) can be derived a l s o  on the basis  of eq.(17) and by using 
methods of t he  Laplace transformation theory ( R e f  .19, p .125). 

t 2  9 tl, the function p(7, u) was derived by V.V.Sobolev (Ref.4) who also showed 

t h a t  p ( u )  is  determined f o r  this case by eq.(l8) w i t h  u = -* 

The formulas derived above are val id  f o r  t he  case of tl B t2. 

t 
t 2  

For L a  

4. Laplace Transformation o f  F’gxlzions Characterizing 
the  Radiation F i e 2  

A s  shown i n  Section 3, t h e  use of t h e  Laplace transform is  an e f f ec t ive  
method f o r  solving problems of t he  theory of nonstationary d i f fus ion  of radia- 
t ion.  The author (Ref.9) has shown t h a t  t h e  Laplace transform with respect t o  
time of any function characterizing t h e  rad ia t ion  f i e l d  can be obtained d i r e c t l y  
from solving t h e  corresponding problem f o r  conditions of s ta t ionary  radiation. 
I n  this Section we w i l l  examine such a method and its appl ica t ion  t o  t h e  so lu t ion  
of a number of problems. 

Let  us take a homogeneous medium consisting of plane-parallel  layers i n  
which the  quant i t ies  tl and t 2  a r e  independent of coordinates and time. 
introduce the designations 

We will 



The rad ia t ion  intensi ty  I(7, T, u) for this case i s  determined from eq.(7) which 
has been modified by the  denotations (30). 
h p l a c e  transform with respect t o  u, assuming t h a t  at the  t i m e  u = 0 the m e d i u m  
i s  not radiating, i.e., t h a t  I (7 ,  7 ,  0) = 0.  

kt us apply t o  this equation the  

A s  a result we obtain 

where - T(z,  q. s), 

03 CQ 

F(r, q, s) = se-s"I (z, 11, u)  du, g(r, s)=!e-IUg(z, u)  du. 
0 0 

(32) 

On t h e  other  hand, f o r  conditions of s ta t ionary  rad ia t ion  t h e  equation of 
rad ia t ive  t r a n s f e r  has the  form 

/170 

Let  t h e  solut ion of eq.(33) be known, i.e., the  function I(7, 17) which, i n  addi- 
t i o n  t o  T and 7 ,  depends a l so  on the  psrameter h and on g(7) .  A comparison of 
eqs.(33) and (31) shows tha t ,  t o  f ind  I(7, 7 ,  s) ,  it i s  necessary i n  the solu- 

, 7 by T ( 1  + Bas) ,  and A t i o n  of eq.(33) t o  replace h by 1 + B l S > ( l  + Bas 
'(" . Inverting P(T: 7 ,  s ) ,  we o b t a i i  t he  sought radiat ion intensi-  d7) by 1 + pas 

t y  I(7, T\, u). 
function characterizing t h e  s ta t ionary  rad ia t ion  f i e ld ,  t h i s  function i s  obtained 
i n  the same m a n n e r  f o r  conditions of nonstationary radiat ion.  

Needless t o  say, i f  the  indicated changes are made i n  any other 

Let us study, f o r  example, the  rad ia t ion  of a one-dimensional semi-infinite 
medium with i so t rop ic  sca t te r ing .  
of quantum escape p ( T )  from an op t i ca l  depth 7 we have (Ref.5, p.177) 

In t h e  s ta t ionary  case, f o r  the  probabi l i ty  

w h i l e ,  f o r  the  r e f l ec t ion  f ac to r  (Ref .5, p.52) we obtain 

2 p = - -  
h 

2 -  
b 1-- VI-A. (35)  

Making the  indicated subs t i tu t ions  of h and 7 i n  eqs.(3&) and (35), we ob- 
F( s) . In par t icu lar ,  provided t h a t  

from these general  expressions f o r  t l  9 ta, we eas i ly  f ind  
t a i n  the  transformed 



p(T, s) and p ( s )  i f  we set  B2 = 0 therein.  
form yie lds  the  functions p(7, u) and p(u) f o r  any re l a t ion  
t i e s  tl and t 2 .  

gations by the  author ( R e f  .9, 10) i n  which the  problem of the rad ia t ion  of a 
one-dimensional i n f in i t e  m e d i u m  w a s  a l so  solved. 

The inversion of t h e  Laplace trans- 

Inversion f o r  the  above general  case was performed i n  invest i -  
between the quanti- 

Let us now examine the  problem of nonstationary rad ia t ion  of a three- 
dimensional homogeneous in f in i te  medium with uniformly d is t r ibu ted  i so t rop ic  
rad ia t ion  sources. I n  the  case of s ta t ionary  radiat ion,  l e t  4nB dT be t h e  
quantity of radiant  energy emitted by a volume of 1 cm" cross  sec t ion  and an  /1= 
o p t i c a l  thickness d'r pe r  u n i t  time and l e t  4ng dT be t h e  quantity of radiant  
energy emitted d i r e c t l y  by t h e  rad ia t ion  sources located i n  a volume of 1 cm2 
cross sect ion and an  o p t i c a l  thickness dT p e r  unit time. Wanted i s  the source 
function B which i n  t h i s  case, as i s  readi ly  understood, i s  independent of t h e  
coordinates or of the  direct ion,  f o r  any ind ica t r ix  of l i g h t  sca t te r ing  i n  t h e  
medium. 
conditions A < l m u s t  be sa t i s f i ed .  

It i s  obvious tha t ,  f o r  the  existence of s ta t ionary  radiation, the  

I n  each sca t te r ing  event, only t h e  por t ion  A of the  number of absorbed 
quanta llsurvivesll. Therefore, allowing f o r  d i f fuse  radiat ion we have 

B = g (1 + 3t + h2+ ...), ( 3 6 )  

from which it follows that  

A s  i s  obvious, t he  r e s u l t  (37) i s  a l s o  readi ly  obtained from the  equation of 
radiat ive t ransfer .  

L e t  us now invest igate  t h e  case of nonstationary radiat ion.  Here, we must 
determine the  quantity E(u) d7 f o r  t he  given quantity g(u) d7. 
determine the  quantity B ( s )  d7, using eq.(37) and replacing, according t o  the  

L e t  us first 

ru le  formulated above, h by - ~~~ ~ h , d'r by dT(1 + B a s ) ,  and g by 
- I  . (1 + B l S ) ( l  + B a s )  . .  '"' . Having made these changes, we obtain 
1 + Bas 

- B (s) = ~ g(') 
h 

- (1 + P I S )  (1 + Bzs) 

A t  first,  we W i l l  assume g(u) = 6(u) where 6(u) i s  the  
Physically, this corresponds t o  the instantaneous effect  of 
t e n s i t y  at the  in s t an t  of time u = 0. Since 6(s) = 1, then 
f o r  this case t h e  source function by B6(u), i s  replaced by 

Dirac d e l t a  function. 
sources of u n i t i n -  
eq. (38), denoting 

(39) 

/172 Invert ing eq.(39), we obtain (Ref .19, p=lk8)  



where 

A t  )I = 1, it follows from eq.(40) t h a t  

Naturally, when u -f 
value 1. 
radiant  energy being emitted at the  time u = 0 W i l l  be diffused i n  the medium 
for an i n f i n i t e l y  long time. 

eq.(bO) w i l l  y i e ld  

the  quantity B ~ ( u )  f o r  t he  given case approaches the  
Physically this means tha t ,  i n  the  absence of t rue  absorption, the  

If p1 = 0, $a = 1 ( o r  pa = 0, $1 = 1, which gives the  same result), 

(43) Bs (u) = 6 (u) + b - ( 1 - W .  

It i s  easy t o  represent t h e  solut ion of t h e  problem f o r  the  a rb i t r a ry  
function g(u) i n  t e m  of the  function Bg(u). I n  a manner similar t o  eq.(l9), 
we can write 

11 

B (u) = s g (u') BS (u - u') du'. 
--QJ 

Thus, we have obtained the  complete solut ion of the  problem of nonstationary 
rad ia t ion  of an i n f i n i t e  homogeneous medium with a uniform d i s t r ibu t ion  of radi- 
a t ion  sources. 

I n  another paper by t h e  author ( R e f  .11), t h e  problem of nonstationary radi- 
a t ion  of a semi-infinite medium with i so t ropic  sca t te r ing  was solved. A deter- 
mination was made of t he  i n t e n s i t y  of rad ia t ion  escaping from a medium illumi- 
nated by p a r a l l e l  rays incident  on t h e  boundary of t h e  medium, as w e l l  as i l l u -  
minated by i so t ropic  sources uniformly d is t r ibu ted  i n  the medium. 

The theory of a nonstat'ionary rad ia t ion  f i e l d  can have diverse applica- 
t i ons  i n  physics and astrophysics.  
t i o n  i n  a resonance l i n e  under nonstationary conditions i s  an  important case for 
physics. A comparison between theory and experiment y ie lds  valuable information 
on t h e  o p t i c a l  p roper t ies  of atoms and on the nature of t h e  quantum diffusion 
process. This served as bas is  f o r  corresponding theo re t i ca l  s tudies  (see 
Sect .I). 

Invest igat ion of t he  sca t te r ing  of radia- /173 

I n  astrophysics, the  theory i s  being used f o r  invest igat ing rad ia t ion  dif- 
fusion processes i n  various nonstationary objects:  novae, solar prominences, 
e tc .  I n  subsequent Sections, we Will discuss  problems of nonstationary radia- 
t i o n  of the  outer  layers  of stars which arise i n  t h e  study of novae and i n  the  
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theory of t h e  r e f l e c t i o n  e f f ec t  i n  binar ies .  
e f f i c i e n t  as being frequency-independent. 
of the stars, tl 9 t 2  

We Will assume the absorption co- 
For conditions i n  the outer  layers  

and obviously A = 1. 

5. Radiation of a S t a r  after She l l  Detachment 

Let us first examine radiat ion of a one-dimensional semi-infinite medium 
a f t e r  instantaneous disconnection of t he  rad ia t ion  sources. The dimensionless 

t h e  u = - will be counted from the moment of disconnecting t h e  sources. 

R(T)  dT be t h e  quantity of energy enclosed between the  o p t i c a l  depths 7 and 
7 + dT at  the  i n s t a n t  of time u = 0. Then we have 

t 
tl 

Let 

where I ( u )  is  t h e  i n t e n s i t y  of rad ia t ion  escaping from the  medium. 
t h a t  t he  quantity R(T)  i s  connected with the  source function B(T)  over the 
r e l a t ion  

We note 

R (z) = 2B (t). 

O f  p a r t i c u l a r  i n t e r e s t  i s  the case where, at the in s t an t  of disconnecting 
t h e  l i g h t  sources, 

R (t) = a, + air, (47) 

m.4 where a. and a1 are some constants. Using eq.(45), we f ind 

where we denote 
m 

From eq.( 10) we e a s i l y  obtain 
U 

- P P O , u ) = - A o ( u )  + $ A o ( u ' ) p ( O , u - u ' ' ) d u ' .  
0 

Applying the  Laplace transform t o  eq.(50), we f ind  



Subst i tut ing i n t o  eq.(51) t h e  expression f o r  p(0, s)  determined from eq.(&) 
for h = 1, we have 

1 - 
A,(s) =VI + F - l ,  

which, after inversion of t h e  Laplace transform, y i e lds  

The quantity Al(u) which i s  found i n  a l i k e  manner proves t o  be equal t o  

A, (u) = 1 - A0 (u). ( 54) 
Finally, f o r  t h e  unknown in tens i ty ,  under appl icat ion of eqs .(4S), (53), and 
(54), we obtain 

Equation (55) can be used t o  solve the  problem o f  t he  rad ia t ion  of a /175 
star after detaching t h e  she l l .  
study of physical  processes occurring during nova outbursts .  
cons t i tu tes  the  solut ion f o r  a one-dimensional medim; however, it can be used 
also f o r  an approximate so lu t ion  of t he  indicated problem. 

T h i s  problem arises i n  connection with t h e  
Equation ( 55) 

Let us denote by H t he  flux of rad ia t ion  escaping from a star i n  a steady 
state and by I ( u )  t h e  same quantity after detachment of t he  she l l .  
steady state, the source function B ( T )  i s  determined by the  formula 

I n  t h e  

If t h e  o p t i c a l  tkickness of the  detached l aye r  i s  equal t o  T3$, then B(T) a t  t he  
in s t an t  of detachment has t h e  form 

(57) H B (4 = 7j- (1 + 5. + z), 

where 7 i s  t h e  op t i ca l  depth reckoned from the  new boundary. 
of t he  s h e l l  luminescence w i l l  occur, as a result of  which B(7) w i l l  change from 
a value determined by eq.(57) t o  a value determined by eq.(56). 

After detachment 

T a k i n g  eqs.(46) and (47) i n t o  account and using t h e  value of B ( T )  deter- 
mined by eq.(56) f o r  u = 0, we f ind  a0 = a1 = H. 
ous r e s u l t  I (u )  = H corresponding t o  s ta t ionary  radiat ion.  
ins tan t ,  B ( T )  corresponds t o  eq.(57), then eq.(55), a t  a0 = H ( l  + 7%) and a1 = 
= H, will give t h e  following value f o r  I (u) :  

Then eq.(55) y ie lds  the  obvi- 
When, a t  the  ini t ia l  
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For la rge  values of u, using the  method indicated i n  Section 3, eq.(58) i s  re- 
p l ac  ed by 

The results w e r e  obtained by V.V.Sobolev (Ref .4) who used the  obtained 
solut ion i n  invest igat ing t h e  rad ia t ion  of new stars. 
Chapt-111), during a nova outburst  detachment of the  s h e l l  from the star occurs 
a t  the i n i t i a l  i n s t a n t  of time. It i s  of i n t e r e s t  t o  estimate the  quantity of 
energy emitted by t h e  star during an a rb i t r a ry  time in te rva l .  
layer of detachment of the  s h e l l  from the star we have tl = lo-* sec, then f o r  
a l l  p r a c t i c a l  Inte- 
grat ing eq.(597 from the start of t h e  outburst  q t o  t he  time u, we obtain f o r  
t he  quantity of energy emitted during the  time between the  indicated in s t an t s  a 
value of t h e  order of HT?cfi. 
s t a n t  of detachment of the  s h e l l  t o  t he  in s t an t  of d u m  brightness, calcula- 
t ions  y i e ld  a value of t he  order of lo"" erg. 

As i s  known (Ref.21, /176 

Since i n  the 

urposes we always have u 9 1 or else eq.(59) can be used. 

For t h e  energy emitted by the  star from the  in- 

However, it follows from observations t h a t  t he  e jec t ion  of matter from a 
star, which occurs after detachment of t he  she l l ,  leads t o  a loss  of s te l lar  
mass comparable with the  m a s s  of t he  s h e l l  detached from the star a t  t h e  start 
of t he  outburst.. This circumstance should a f f ec t  the  rad ia t ion  of t he  star 
close t o  t h e  moment of maximum brightness. Therefore, it i s  of i n t e r e s t  t o  
study the  problem of the rad ia t ion  of a star under consideration of t he  e jec t ion  
of matter from i t  after detachment of t h e  she l l .  The next Section i s  devoted 
t o  this problem. 

6.  Radiation of a-Star with E2jection of Matter 

The formulated problem, s t r i c t l y  speaking, necessi ta tes  study of the  radia- 
t i o n  f i e l d  i n  a medium whose op t i ca l  p roper t ies  change with time. However, we 
w i l l  Limit ourselves here t o  an approx5nate solution, having replaced t h e  con- 
tinuous e jec t ion  of matter by detachment of t he  second s h e l l  a t  the in s t an t  of 
time u1 after start of t he  nova outburst .  The p o s s i b i l i t y  of using the  above 
approximation has t o  do with the  f a c t  t h a t  t he  in t ens i ty  of e jec t ion  of matter 
from a star has a miudmm some time after start of t h e  outburst .  O u r  problem 
consis ts  i n  finding t h e  1 L " o s i t y  of t he  star I ( u )  for u 9 u1, provided t h a t  
at t h e  in s t an t  of time u1 the  second s h e l l  of op t i ca l  thickness 74- i s  detached 
from t he  star. 

If B(T, u) i s  t h e  source function a t  an op t i ca l  depth 7 at the  time u after 
detachment of t he  first she l l ,  then eqs.(45) and (b6) f o r  u 9 u1 will y ie ld  /177 

m 

I (u) 1 2 B (z + z:, ul )  p (z, u - ul) dt. 
0 



To determine the  function B(T, u) entering eq.(60), we proceed i n  the  following 
manner: 
i n f i n i t e  medium f o r  a n  a rb i t r a ry  h .  
determined from the  equation 

Let us f i r s t  exitmine s ta t ionary  rad ia t ion  of a one-dimensional semi- 
The source function B(7) i n  this case i s  

m 

(61) 
B (z) = + e-[:- ~'113 (t') dz' + g (t), 

0 

where the  quantity g(7) characterizes the  ro t a t ion  and in t ens i ty  of t h e  radia- 
t i o n  sources. The so lu t ion  of eq.(61) can be represented as 

a, 

B (z) = s 1' (z, z') g (z') dt' + g (Z), 
0 

where  r(7, T') d T  i s  t h e  p robabi l i ty  t h a t  a quantum emitted (absorbed) at opti- 
c a l  depths 7' i s  subsequently emitted (absorbed) between t h e  depths T and T + 
+ dT after any number of sca t te r ings  i n  the  medium. 

Under conditions of nonstationavy rad ia t ion  we must introduce B(T,  u)  and 
r(7, T' ,  u). 
functions B(T, s )  and T(T, T', s ) ,  using the  method given i n  Section 4. 
this case we should subs t i t u t e  h by 

f o r  s ta t ionary  rad ia t ion  of t h e  medium. 

out t he  above subs t i tu t ion  i n  eq.(62), we obtain 

Le t  us examine the  Laplace transform with respect t o  u of these 
For 

i n  the  appropriate re la t ions  obtained 
l + s  

h 
2 Se t t ing  g ( 7 )  = - R ( 7 )  and carrying 

M - 
A - 

B (f, S) = ~ F(z, z', s) R (z') dz' -1- zo R (t). 
z ( i + s i j  

The function r ( T ,  T')  has t h e  form (Ref.22) /178 

Subst i tut ing i n  eq.(64) h by A , we f ind  
l + s  

We note t h a t  t he  inversion i n  eq.(65) has been accomplished by the  author i n  an  
earlier study (Ref .9). 



After adopting f o r  R(T) t h e  expression 

R = H (1 + t, + t), 
which corresponds t o  the conditions after detachment o f . t h e  first she l l ,  and 
subs t i tu t ing  eqs.(65) and (66) i n t o  eq.(63), we have ( f o r  A = 1) 

With consideration of eq.(25), we obtain from eq.(67) 

H B (t, U) = -ij- [ 1 + t to-* (t, u)I* 

where 
OD 

;I (Z, u) = $ p (z, u') du'. 
I( 

I n  par t icu lar ,  eq.( 68) determines the  temperature d i s t r ibu t ion  i n  the  outer  
layers of t h e  star f o r  the period after start of t he  outburst. 

Subst i tut ing eq.(68) i n t o  eq.(60), we f i nd  

where 

while t he  function Ao(u) i s  determined from eq.( 53). 
the exact solut ion of the problem i n  question. 

Equation (70) a l so  y ie lds  

Since we are in te res ted  i n  the values of  u - u1 9 1, we Will hereaf ter  use 

i 
t h e  asymptotic formula 

( 72) A0 (u) - VnU" 

To estimate the quantity I ( u )  it must be considered tha t  0 < $(T, u) < 1 i f  
0 < u < m  and f o r  any values of 7. Using eqs.(49), (70 ) ,  and (72), we obtain 

W e  easily f ind  from eq.(73) t h a t  the  quantity of energy hF: emitted during t h e  
time Au = u - u1 can be estimated from the  inequa l i t i e s  

H< v/hu< AE < H (to + t:) V A T .  (74) 



Hence, i f  T+: and T i  do not d i f f e r  markedly, the quantity of energy emitted by a 
star a f t e r  detachment of the second s h e l l  will be comparable t o  the quantity of 
enerm emitted a f t e r  detachment of the first she l l .  
i n t o  account when in t e rp re t in  
during the  premaximun period k Ref.21, Chapt.111). The formulas f o r  t h e  depend- 
ence of the  stellar luminosity I ( u )  on the t i m e  u, obtained i n  the preceding and 
a l so  i n  t h i s  Section, can be used f o r  a theo re t i ca l  p lo t t i ng  of t he  l i g h t  curves 
of novae. 

T h i s  f a c t  m u s t  he taken 
t h e  observed curves of the outburst  of novae 

7. Reflection Effect in- Close Binaries 

In a close binary system when the  cool star i s  illuminated by the hot star 
there  occurs a rise i n  the temperature of the  outer  layers  and, correspondingly, 
an increase i n  the brightness of the regions of the cool star facing the  hot 
star. 
ec l ipse  systems. -If there i s  ;udal ro ta t ion  of the cool star r e l a t ive  t o  the 
d i rec t ion  t o  the hot star, then each area of the  surface of the cool star w i l l  
be subjected t o  periodic i r r ad ia t ion  by the hot s tar .  Since the process of 
radiat ion d i f fus ion  has some duration, the brightness d i s t r ibu t ion  over the 
surface of the  cool star will not be symmetric r e l a t i v e  t o  the d i rec t ion  t o  the 
hot star. A calculat ion of this brightness d i s t r ibu t ion  i s  of i n t e r e s t  f o r  
studying ecl ipsing variables.  
the  solut ion of t h i s  problem w i l l  be the value of the r a t i o  of the mean resi-  
dence time of the quanta i n  an absorbed s t a t e  tl t o  the period of ro ta t ion  of 
the  cool star r e l a t i v e  to  the d i rec t ion  to  the hot star. 

This leads t o  the phase e f f ec t  ( o r  r e f l ec t ion  e f f e c t )  observed i n  /180 

It i s  obvious t h a t  the basic  parameter entering 

We w i l l  not solve the formulated problem here but  merely study the tempera- 
t u r e  change i n  the s t e l l a r  atmosphere which produces addi t ional  extraneous i l l u -  
mination, f o r  ce r t a in  pa r t i cu la r  l a w s  of the time rate of change of external  
illumination. 

In  t h i s  connection we c i t e  the work by Swihart (Ref .23) who carr ied out a 
numerical solut ion of one such problem on an e lec t ronic  computer. 
i n f i n i t e  atmosphere.'consisting of plane-parallel  l ayers  and illuminated by a 
flux of p a r a l l e l  rays, incident a t  some angle t o  the  normal, was investigated.  
Illumination began from a ce r t a in  i n s t a n t  of time by a constant f lux and led  t o  
a gradual temperature r i s e  i n  the atmosphere. 
f luctuat ions a t  various op t i ca l  depths f o r  various in s t an t s  of time w a s  one re- 
sult of the calculat ions performed. 

A semi- 

A t a b l e  giving the  temperature 

Using a one-dimensional semi-infinite medium as an atmospheric model, we 
will obtain analyt ic  solutions.  
t y  of the escaping radiat ion (coinciding with the f lux f o r  a one-dimensional 
medium) be equal t o  H. 
A t  u = 0, the medium begins t o  be illuminated by ex terna l  radiat ion whose in- 
t ens i ty  we will assume as equal t o  BH. 
u) can be represented as 

A t  the  i n i t i a l  i n s t a n t  of time, l e t  t he  intensi-  

Then, f o r  the  source function B ( 7 )  eq.(56) w i l l  be valid.  

In  t h a t  case, the source function B(7, 

B (r, 4 = B (r) 4- AB (r, 4, (75) 

where the  quantity AB(7, u) i s  due t o  rad ia t ion  s t r i k i n g  t h e  medium from /181 
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without. 

The author (Ref .9) showed tha t ,  i f  a medium i s  illuminated from without by 
rad ia t ion  whose in t ens i ty  i s  equal t o  6(u) the  following r e l a t ion  will be val id  
f o r  the source function B g ( 7 ,  u): 

Bdz, U) = P (z, u). (76) 

Hence, f o r  AB(T, u) we f ind  
U 

AB@, u)  = PH 5 p(Z, d)du' .  
0 

(77) 

Equations (56), (75), and (77) furnish a solut ion f o r  the formulated problems 
s ince the  quantity B(T, u) i s  proportional t o  the fourth power of the tempera- 
t u r e  (Ref.5, p.45). 

It i s  a l so  easy t o  solve the  problem f o r  the case where the  medium cools 
off after Ildisconnecting" the  external. i l lumination a t  t he  in s t an t  of time u = 
= 0 .  If i r r ad ia t ion  occurs f o r  an i n f i n i t e l y  long time, we w i l l  have 

0 

AB (z, u)  = PH 5 Bs (z, u - u') du', 
-m 

whence, using ea.(76), we obtain 
W 

AB(z, u) = PH p(z, u')du'. 
U 

(79) 

Let us now derive the  asymptotic formula f o r  p(7, u) a t  h = 1, which great- 
l y  f a c i l i t a t e s  t he  use of eqs.(77) and (79). 
end of Section 3, we easily derive, provided t h a t  u % 1, u % ?r2, 

Using t h e  method presented a t  the 

Using eq.(80) i n  place of eq.(77), we obtain 

while from eq.(79) we f ind  

It follows from eqs.(81) and (82) that ,  f o r  7 = 1, an equilibrium s ta te  i s  

The parameters of t h e  atmosphere are not given i n  Swihart's 

However, we can compare the  

We can assume t h a t  our simple solut ion of the problem i s  

established during an i n t e r v a l  of dimensionless t i m e  u = lo3, i.e., during the  
time t = lo" tl . 
work (Ref.23). 
results obtained by ca lcu la t ion  from our formulas. 
equilibrium temperatures ( f o r  u = m). 

l ibrium temperatures. 

Therefore, we cannot compare the  results of his work with the  

Close values are obtained f o r  t he  equi- 
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suf f ic ien t  f o r  the  purlpose f o r  which it i s  being used. 

I n  conclusion, l e t  us mention some other papers i n  which the  theory of non- 
s ta t ionary radiat ion f i e l d s  i s  applied t o  astrophysics. 
waves under space conditions, emerging from deep layers  of the  medium, S.A. 
Kaplan and 1.A.Klimishin (Ref .a) determined the increment of radiat ion in tens i ty  
before emergence of t he  wave. I n  this study, eq.(26) w a s  used fo r  the probabili- 
t y  of escape of quanta from the medium p(7, u). 
gated nonstationary t ransfer  of radiat ion within a star and obtained an estimate 
f o r  the average t i m e  of energy output from any locus of the star. 

I n  a study on shock 

V.V.Sobolev (Ref .25) investi-  
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RANDOMIZED PROBLEM OF DIFF'USE REFLECTION /184. 
R.V.Ambartsumyan 

The conventional theory of rad ia t ive  t r ans fe r  neglects t he  quantum nature 
of l i g h t  so t h a t  i t s  results are va l id  only i n  the  l imi t ing  case of a la rge  
number of non-interacting quanta. I n  par t icu lar ,  it i s  important t h a t  t h e  
examined radiat ion beams be mutually incoherent since, i n  the  conventional 
theory, the phenomenon of interference i s  disregarded. I n  the  case of a s m a l l  
number of p a r t i c l e s  propagating i n  a medium, f luctuat ions begin t o  play a sub- 
s t a n t i a l  r o l e  and the  e n t i r e  problem acquires a p robab i l i s t i c  character.  I n  
this case many d i f fe ren t  randomized solutions,  depending on how randomization 
i s  introduced i n  an elementary sca t te r ing  event of a pa r t i c l e ,  may generally 
correspond t o  a s ing le  macroscopic process (solut ion) .  

For example, l e t  us examine the  phenomenon of rad ia t ive  t r ans fe r  i n  the  
In  the macroscopic theory, these presence of both sca t te r ing  and absorption. 

two processes are introduced i n  the  following manner: 
absorbed from an elementary beam I dw during passage through an op t i ca l  thick- 
ness d7. 
Wrue absorptiontl . 

A quantity I dw d7 i s  

O f  this quantity, A I  dw d7 i s  scat tered,  and (1 - A) I dw d7 undergoes 

When passing t o  t h e  microscopic picture ,  it i s  na tura l  t o  consider t h a t  A 
i s  the probabi l i ty  of surv iva l  of a given quantum during an elementary sca t te r -  
ing event, i.e., t o  consider t h a t  there  are only two poss ib i l i t i e s :  survival  or 
annihi la t ion of t h e  quantum. In m a n y  physical  phenomena such a conception cor- 
responds t o  the  ac tua l  p ic ture .  
s i b i l i t y ,  namely, t h a t  i n  which - during an elementary sca t te r ing  event of a 
p a r t i c l e  - n new p a r t i c l e s  w i l l  appear i n  i t s  place with d i f fe ren t  probabi l i t i es  
p n .  In studying this more general  case, i t  i s  na tura l  t o  designate by h the  
mathematical expectation Cnp, = A ,  and the  difference between the  cases h < 1 
and 
results, of course, are d i f fe ren t .  

However, one must never overlook another pos- 

> 1 no longer i s  of such a fundamental character, although the  numerical 

1. Pr inc ipa l  Equation of t h e  Problem 

For definit iveness,  l e t  us remain with the  one-dimensional problem of 
d i f fuse  re f lec t ion .  A medium of o p t i c a l  depth 7 i n  the given case a c t s  as a 
p a r t i c l e  mul t ip l ie r  i n  the  sense t h a t  t h e  reac t ion  of the  medium t o  the  p a r t i c l e  
enter ing it from the  l e f t  5s di f fuse  r e f l ec t ion  from the  medium ( a l s o  t o  the  
l e f t )  o f  a random quantity m of p a r t i c l e s  with p robab i l i t i e s  P. (see diagram 
below). 

4 b -  7 
Particle- L 
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Our problem i s  t o  f ind  these p robab i l i t i e s  f o r  a given d i s t r ibu t ion  
{pn]n=o. 
t i ons  r e l a t ive  t o  t h e  behavior of the  p a r t i c l e s  i n  the  medium. 

To render t h e  problem well-defined, l e t  us make t h e  following assump- 

1. The mean f r e e  pa th  of t he  p a r t i c l e  i n s ide  the  medium i s  d is t r ibu ted  ex- 
ponent ia l ly;  it does not depend on the  s i t e  of production of the pa r t i c l e ,  t he  
d i r ec t ion  of i t s  f l i g h t ,  o r  the e n t i r e  prehis tory of the  process. 

2. The mean free path of the p a r t i c l e  does not depend on the behavior of 
o ther  p a r t i c l e s  during t h e  lifetime of the  given p a r t i c l e .  

3. The number of new p a r t i c l e s  produced during an elementary sca t te r ing  
event does not depend on the  s i t e  of occurrence of t h e  sca t te r ing  event, nor on 
the  d i rec t ion  of f l i g h t  of the  scat tered p a r t i c l e  o r  on t h e  e n t i r e  prehis tory of 
t he  process. 

4. Each p a r t i c l e  produced follows a d i rec t ion  of motion according t o  
Bernoulli 's scheme of independent tr ials with a probabi l i ty  1/2. 

Assumptions 1, 3, 4 mean tha t  we are invest igat ing a homogeneous and iso- 
t ropic  bar, and assumption 2 t h a t  we disregard t h e  in t e rac t ion  of pa r t i c l e s .  

Let us denote 

For t h e  function cp, l e t  us derive a d i f f e r e n t i a l  equation, using the  so- 
cal led "invariance pr inciple"  (Ref .3). 

To the  main layer  [0, 7 1  an addi t iona l  layer  of length dT i s  added from the  
l e f t .  
i s  broken down i n t o  four  nonoverlapping events: 

A n  event consisting of the  medium ref lec t ing  a f i n i t e  number of pa r t i c l e s ,  

a) No sca t te r ing  events occur i n  the complementary layer .  
b )  The incident  p a r t i c l e  i s  sca t te red  i n  t h e  complementary layer, and 

. complementary layer .  
c )  The incident  p a r t i c l e  i s  not sca t te red  i n  the  main layer but one 

d) Other p o s s i b i l i t i e s .  

the  p a r t i c l e s  ref lected from the main layer are not scat tered i n  the  

p a r t i c l e  of those ref lected from the main layer  i s  scat tered therein.  

A s  readi ly  seen, t he  probabi l i ty  of t he  event d)  has a magnitude of t he  
order of o(d7). 
right-hand s ide  of the expansion: 

Events a), b), c ) ,  and d) correspond t o  the  addends on the  



The l imi t ing  form of this re l a t ion  i s  the  equation 

m 

Introducing t h e  function U ( x )  = 

wri t t en  i n  the  form 

Pk xk+' , the  above-derived equation i s  
k = O  k+l 

The solut ion of this equation i s  not d i f f i c u l t  s ince it can be reduced t o  a 
system of ordinary d i f f e r e n t i a l  equations [see, f o r  example, Stepanov (Ref .2) 
W e  will discuss a few especial ly  simple resu l t s ,  obtained f o r  t h e  l imi t ing  case 
of a f i n i t e  bar ( T  = a). 

The following reasoning i s  t h e  usual method prompted by physical  i n t u i t i o n  
i n  such cases: A t  an increase of 7 t o  i n f in i ty ,  the  quantity cp(x, 7 )  should 

tend t o  t h e  l i m i t  cp(x) so  t h a t  aCP(x9 7) + 0 as 7 -+a. 
a7 

Passing t o  the  limit as T + 03 i n  eq.(+?), we obtain 

which, i n  turn, y i e lds  
-29 (x) + 2u (T-) x + T(X) = c. 

The se lec t ion  of t he  constant of in tegra t ion  C on the  basis of t h e  condi- 
t i o n  cp(1) = 1 i s  not j u s t i f i e d  s ince one can a p r i o r i  assume the  e d s t e n c e  of a 
pos i t i ve  probabi l i ty  P, of r e f l ec t ion  from the medium ( i n  in f in i te  time) of an 
i n f i n i t e  number of pa r t i c l e s .  T h i s  problem requires addi t iona l  study. 

2. Prob@iut.y .of. t h e  Reflection of an Infinite 
Nupber of Pa r t i c l e s  

Le t  us introduce the  following auxiliary scheme: A t  t h e  po in t  x of a semi- 



inf ini te  medium l e t  there  appear a p a r t i c l e  f ly ing  t o  t h e  r igh t  ( t o  the  l e f t )  
and l e t  there  be no other  p a r t i c l e s  i n  the medium. 
a ( x )  (B(x)) t h e  probabi l i ty  of escape of an i n f i n i t e  number of secondary par- 
t i c l e s  from the l e f t  end x = 0 of the  medium. We note tha t  

W e  Will designate by 

a (0) = PW. 

It i s  easy t o  see tha t ,  i f  sca t te r ing  of a p a r t i c l e  f ly ing  t o  the  r ight  occurs 
a t  t h e  point  x, then the  probabi l i ty  of escape from the  l e f t  of an i n f i n i t e  
number of progeny of this p a r t i c l e  Will be equal t o  

/188 

Thus, f o r  ci and B we obtain the following system of equations: 

W a(E)+Pce))] df, 

2 
a ( x )  = $ ex-€ [ 1 - u (  1 - 

p ( x )  = $ e E - X [  1 - u ( 1  - 
X 

X 

2 
n 

The system (2) - (3) has a tr ivial  solution, and f o r  e l i c i t i n g  P, we must ex- 
amine i t s  nont r iv ia l  solutions.  

Let us pose 

Using eqs.(2) and (3) it i s  easy t o  check t h a t  

a (4 - P I4 Y ' ( x ) =  
and 

Y" (%) = Y - 1 + u (1 - Y). 

(4r:t) 

The order of t he  l a s t  equation i s  readi ly  reduced. 
t o  t h e  equation 

It proves t o  be equivalent 

Y + u ( 1  -Y) + C'. (T - - - (5) 
Y' 
2 

-- 
2 

We can demonstrate t h a t  the  functions cu(x)'.and B(x) have limits as x -, m, 

which we Will denote by a(-) and B(m). 

of eq.(4), a(m) = @(m) = Y(..). 
the  equation f o r  

Then, Y'(x) + 0 as x + 03 and, by v i r tue  
From eq.(2), by passing t o  the limit, we obtain 

1 - Y (m) = u (1 - Y (m)), (6) 
which i s  eas i ly  solved by numericalmethods. 
absence from this equation of pos i t ive  solutions a t  u'(1) = h < 1 and the pres- 
ence of a unique pos i t ive  solut ion a t  A > 1. 

An important property i s  the /189 



T h i s  makes it oss ib le  t o  f ind  the required value of t h e  constant of inte- 
gra t ion  C' i n  eq.(57, passing t o  the  limit as x * m: 

c'=- -y-) __- + Y (00) - u ( 1  - Y (00)). 

and a l so  Y ' ( 0 )  = = Y(0). Sett ing 
2 

Since B(0) = 0, then Y(0) = - 2 

x = 0 i n  eq.(5) and subs t i tu t ing  the  value found f o r  C', this w i l l  y i e ld  i m -  
mediately t h e  equation for Y ( 0 ) :  

Y (0) = u ( 1 -- Y (0)) + Y (00) - - u ( 1 - Y (00)). ( 7 )  

W e  can show t h a t  this equation always has a unique solution; therefore,  at  
h 
A > 1 we have Y ( 0 )  

1 the  value of Y ( 0 )  proves t o  be equal t o  zero, together with Y(,). A t  
0 .  

Thus, the  system ( 6 )  - (7) readi ly  gives P m  = yo. 
known, we determine the  constant i n  eq.(l) ,  which takes the  form 

A s  soon as P, i s  
2 

2 u  pp)) - .cp(x) = 2 u  r+m) + P ,  - 1. 

Numerical resu l t s ,  i.e., the  values of PO, PI, ..., from eq.(8) can be ob- 

Le t  us present t h e  values of the  f irst  three  p robab i l i t i e s  f o r  t h e  case of 

ta ined by expanding t h e  left-hand s ide  i n  powers of t he  var iable  x. 

u(x) = ex-' : 

P ,  = 2 (1 - In 2) = 0.62, 
P ,  = 4 (1 - In 2) - 1 = 0.24, 
P ,  = 2 - 4 In22 ==: 0.10. 

I n  conclusion, we note t h a t  i n  t h e  study of bars  of inf ini te  length 
there  arises the  addi t iona l  problem of calculat ing the  c r i t i c a l  length of t he  
bar ( f o r  a given randomization) which can be determined as the  lower bound of 
those values of 7 f o r  which Pm > 0. 
depends only on h and can be calculated by t h e  c l a s s i c a l  formula. 
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As demonstrated above, t h e  c r i t i c a l  length 
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PART 111. SPECTRA OF FJXED STARS /191 

MODELS O F  STEL;LAR ATMOSPHERES /193 
V.V. Sobolev 

An important aspect i n  theo re t i ca l  astrophysics i s  the  problem of calculat-  
ing models of stellar atmospheres, i.e., f inding t h e  d i s t r ibu t ion  of density, 
pressure, temperature, and other  physical  quant i t ies  i n  the  atmosphere. On the  
bas i s  of so lu t ion  of this problem, the continuous and l i n e  spectra  of a star a re  
calculated.  

When calculat ing t h e  model of a s te l lar  atmosphere, two quant i t ies  are as- 
sumed as given: t h e  e f fec t ive  temperature of t h e  star T, and the  accelerat ion 
due t o  grav i ty  g i n  t h e  stellar atmosphere. These quant i t ies  are determined by 
the  following formulas 

M g = G -  R2 ' 

where M i s  the  m a s s ,  R is  the  radius, L i s  t h e  luminosity of the  star, G i s  t h e  
grav i ta t ion  constant, and cr i s  the  Stefan constant. I n  addi t ion t o  T, and g 
t h e  chemical composition of the  stellar atmosphere i s  a l so  assumed as given. 

The calculat ion of models of s te l la r  atmospheres i s  based on a number of 
We w i l l  l ist  t h e  most essent ia l .  

1) The thickness of the atmosphere AR i s  assumed as very small with re- 

assumptions. 

spect t o  the  radius  of t he  star R, as a consequence of which i t  can be considered 
tha t  t h e  atmospheric layers are plane-parallel .  For most stars, the  va l id i ty  
of this assumption does not cause doubt; f o r  example, f o r  the  sun i t  i s  found 

t h a t  = AR 

2) It i s  assumed t h a t  t he  energy sources are located i n  the i n t e r i o r  por- 
t i o n  of t he  star and the  energy i s  only t ransfer red  outward through the  atmos- 
phere. Here rad ia t ion  i s  considered t o  be the  basic  .mechanism of energy trans- 
fer. However, i n  some cases convective energy t r a n s f e r  must a l so  be taken i n t o  
consideration. 

3) Thermodynamic equilibrium a t  a temperature T i s  assumed t o  be established 
It i s  obvious t h a t  this assumption becomes /194. at each poin t  of t he  atmosphere. 

less accurate with decrease i n  depth. 

4) It i s  assumed t h a t  mechanical equilibrium of the atmosphere exists o r  
- more exact ly  - equilibrium of each volume element under the  e f f ec t  of three 
forces: gravity,  gas pressure, and rad ia t ion  pressure.  T h i s  assumption does 
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not hold f o r  var iable  stars only. 

5) Constancy of the  chemical composition i n . t h e  atmosphere i s  assumed, but 
i t  i s  not  precluded t h a t  t h e  chemical composition changes subs tan t ia l ly  with 
depth. 

6 )  When calculat ing models of stellar atmospheres, absorption of radiant  
energy i s  taken i n t o  account only i n  the continuous spectrum. 
the  e f f ec t  of l i n e  absorption (so-called Itblanketing e f fec t" )  i s  taken i n t o  ac- 
count. 

Sometimes, a l so  

Based on these assumptions, l e t  us write t h e  pr inc ipa l  equations of the  

L e t  Iy(r, 6) be the  in t ens i ty  of rad ia t ion  proceeding a t  a distance r from 
the  center  of the star at an angle 6 t o  the  radius vector.  
consisting of plane-parallel  layers, t he  equation of rad ia t ive  t r ans fe r  has the  
f o m  

theory of s te l lar  atmospheres. 

For an atmosphere 

where cyy and c y  are t h e  absorption and emission coeff ic ients ,  respectively.  

Le t  us consider t ha t  t he  atmosphere contains no energy sources and sinks.  
Therefore, the  quantity of energy emitted by a given volume element should be 
equal t o  the quantity of e n e r a  absorbed by this volume, i.e., we should have 

m n 

E ~ V  = +l avdv Sl,sin 6 d6. f 0 0 ( 3 )  

I n  place of eq.(3) we can iise the followTng condition of constancy of the  
rad ia t ion  f lux i n  the  atmospl-ere: 

I ,  cos 6 sin 6 d 6  = const = ac, 
0 0  

( 4 )  

which follows from eqs.(2) and ( 3 ) .  

The a s s q t i o n  of l o c a l  thermodynamic equilibrium i n  the atmosphere /195 
permits use of the  Erchhoff-Planck law: 

E, = avBv(T), (5)  

where Bv(T)  is  t h e  Planck rad ia t ion  in tens i ty ,  i.e., 

2hv3 . i B, (T) = - 
c'l hy 

ekT - i 



The condition of mechanical equilibrium i n  the  atmosphere y ie lds  - 

dp ='-gpdr, ( 7 )  

where p is  the  pressure and p t h e  density. 
(which, for most s t a r s ,  plays no role),  then the  pressure p i s  expressed i n  
terms of the  density p and the  temperature T by means of the equation of s t a t e  
of t he  gas: 

If we disregard l i g h t  pressure 

R 
P" (8) ' P = ---PT, 

where IJ. is  the  average molecular weight. 
per  p a r t i c l e  (including the  free electron),  the  Saha ionizat ion formula must be 
used i n  determining IJ.. 

Since the  value of p is  calculated 

To these equations we must add the  expression f o r  the  absorption coeffi- 
c ient  cyv which depends on the physical conditions (i.e., on p and T) and on t h e  
chemical composition. 
t h e  aforementioned expression f o r  c y v ,  permit determining the  unknown values of 
p and T i n  r e l a t ion  t o  depth i n  the  atmosphere. 

It i s  readi ly  obvious that these equations, together with 

L e t  us transform 
introduce the  op t i ca l  

Then, the  equation of 
takes the form 

the  above equations i n t o  another form. For this, l e t  us 
depth 

zv= a , d r .  5 
radiat ive t ransfer  (2) ,  with consideration of eq.( 5), 

di 
C O S ~ L = I , - B ~ ( T ) .  dTv 

( 9 )  

eq.(lO) f o r  IV and subst i tut ing t h e  obtained expression of Iv i n  
T) i n t o  eqs.(3) and (4), we obtain /r96 

00 m Q) 

f a,& ( T )  dv = - adv E i ,  It, - <[B,(T') dzi, 
0.  f S  0 0 s 

2n f d v [  5 E i 2 ( <  - z,) B,(T') d<- 
0 %I 

ZV -5 E i 2 ( z v - z ~ ) B v ( T ' ) d r ~ ] =  02, 
0 

where 
m m 

Ei,x = e-xz-;-, dz Eizx = (e-xz-;. dz , 
1 1 

It i s  obvious tha t  eq . ( l l ) ,  together with the  condition H = d$, i s  e@va- 
l e n t  t o  eq.(12) since d i f fe ren t ia t ion  of eq.(12) with respect t o  r leads t o  
e q b ( U )  
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II I 
I 

Subst i tut ion of eq.(8) i n t o  eq.(7) y ie lds  

d k  -(- dr p n ,  PT) =--pa 

Thus, t o  determine the  two unknown functions p and T with respect t o  r, we 
have eqs . (a )  and (12) [or eq . ( l l )  with t h e  condition H = 0e1. The values of 
UV and P enter ing these equations depend only on p and T ( f o r  a given chemical 
composition). 

After f inding t h e  values of p and T with respect t o  r it becomes easy t o  
calculate  t h e  energy d i s t r ibu t ion  i n  the continuous spectrum of t h e  star. 
this purpose, we used the  following formula which determines the  rad ia t ion  flux 
escaping from t h e  atmosphere a t  a frequency V: 

For 

00 

H, = 2n B, (T) EiZ rydry. 
0 S 

The system of equations (12) and (a) i s  quite d i f f i c u l t  t o  solve. For 
this reason, so far as we know, the exact so lu t ion  of this system has never been 
obtained. 
s ince approximate solut ions are not very re l iab le .  
e lec t ronic  computers will permit obtaining numerical solut ions of eqs .( 12) and (a) with a high accuracy. 
analyt ic  solut ions of these  equations f o r  various pa r t i cu la r  expressions of t he  
absorption coeff ic ient .  

S t i l l ,  i t  i s  of considerable i n t e r e s t  t o  derive an exact solut ion /197 
It i s  hoped t h a t  t he  use of 

A t  t h e  same time, one can attempt t o  f ind  exact 

Unt i l  now, eqs.(l2) and (a) have been solved only approximately. 
done by reducing the  problem t o  the case where the  absorption coeff ic ient  no 
longer depends on the frequency. 
We wi l l  a l s o  introduce the  designation 

T h i s  i s  

For this, we wi l l  denote Q’v by CY and TV by 7. 

5 B, (T) dv = B (T). 
0 

Then eq . ( l l )  takes  t h e  form 
03 

1 B ( r )  = Ei I r - r ’ IB(r ‘ )dr ’ .  
0 

Equation (17), hown as the  Milne equation, has been studied thoroughly. 
By means of t h e  solut ion of this equation, taking i n t o  account that, a t  l o c a l  
thermodynamic equilibrium, 

we obtain 
3 

7-4=y7-: [r+q(r)I, (19)  

where q(7) i s  the  H o p f  funct ion [monotonically increasing from q(0) = l/n 



t o  q(a) = 0.711. 

L e t  us a l s o  represent t he  absorption coeff ic ient  CY as cy = np and take i n t o  
account t h a t  

dz = - xp dr. 

/198 Then i n  place of eq.(7) we obtain 

Here, t he  quantity n can be considered a function of T and p .  
pendence of T on 7 i s  given by eq.(19), then eq.(2l)  w i l l  furnish the  quantity p 
as a function of 7 .  The t r a n s i t i o n  from 7 t o  r can be made by means of eq.(20). 

Since the  de- 

Thus, i n  the  case of frequency-independence of the absorption coeff ic ient ,  
calculat ion of the  model of a stellar atmosphere can be performed exactly.  
already mentioned, it i s  prec ise ly  t o  this case t h a t  t h e  ac tua l  problem i n  which 
the  absorption coef f ic ien t  i s  a complex function of frequency, is approximately 
reduced. For this purpose, we replace t h e  quantity CY by t h e  average absorption 
coeff ic ient .  
quency can be done by various methods. I n  invest igat ions on the calculat ion of 
stellar atmosphere models this averaging i s  done by one of the  following formu- 
las : 

A s  

Averaging of t h e  absorption coefficientcu, with respect t o  fre- 

1) The Planck mean: 

2) The Rosseland mean: 

3) The Chandrasekhar mean: 

where H: i s  the rad ia t ion  f l u x  i n  an atmosphere i n  which the absorption coeffi- 
c ient  does not depend on frequency. 

The use of eqs.(19) - (21), with the  mean absorption coeff ic ient  deter- 
mined by one of these formulas, w i l l  fu rn ish  the  approximate d is t r ibu t ion  of 
densi ty  and temperature i n  a r e a l  atmosphere. 

/199 
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coef f ic ien t  cyy a t  any depth and thus the  energy d i s t r ibu t ion  i n  the continuous 
spectrum of the  star, can be found by means of eq.(15). 

The described approximate method of calculat ing stellar atmosphere models 
and continuous spectra  of stars has been used repeatedly. 
employed d i f fe ren t  formulas f o r  determining t h e  mean absorption coeff ic ient  
(see Munch's a r t i c l e  i n  the  co l lec t ion  ItStellar Atmospheres", Izd. Inostr .  Et., 

Various authors have 

1963) 

To estimate t h e  e r r o r  of the solut ion i t  i s  conventional t o  calculate,  at  
d i f f e ren t  depths, t he  quantity 

AH a=-  H' 
where H i s  the  r ad ia t ion  flux which should be constant i n  t h e  atmosphere, and 
AH i s  t h e  deviation of t h e  f l u x  from the  value H i n  t h e  a p p r o h a t e  solution. 
If t h e  quantity 6 i s  small, the  so lu t ion  can be considered as sa t i s fac tory .  
However, it should be remembered t h a t  t h e  quantity 6 apparently i s  not a reli-  
able c r i t e r i o n  f o r  the  accuracy of t he  solution, i.e., even with a poor solu- 
t i o n  this quantity might be s m a l l .  T h i s  again emphasizes the desirableness of 
obtaining an exact so lu t ion  of eqs .( 12) and (a). 

It >allows from the  above statements t h a t  t h e  most important quantity i n  
t h e  theory of stellar atmosphere is the  absorption coef f ic ien t  (YV .  
t y  i s  determined by all atoms i n  a given volume element, i.e., it represents a 
very complex function of frequency, density, temperature, and chemical composi- 
t ion.  However, i n  stellar atmospheres the  s i t ua t ion  i s  simplified by the f a c t  
t h a t  hydrogen i s  the  most widespread element. Therefore, absorption of radiant  
energy by hydrogen atoms plays the  major r o l e  i n  the atmospheres of hot stars 
( i n  the  case of very hot stars it i s  necessary t o  take a l so  absorption by 
helium i n t o  consideration). Nevertheless, the  ro le  of hydrogen i n  the  atmos- 
pheres of cool stars cannot be appreciable since, a t  low temperatures, hydrogen 
i s  almost completely i n  the  ground s t a t e  and absorbs only energy beyond 
the boundary of t h e  Lyman s e r i e s  (very l i t t l e  a t  l o w  temperatures). 
c i s t s  have long sought t h e  source of absorption i n  the  atmospheres of cool 
stars; finally, this source w a s  found t o  be the  negative ion  of hydrogen, i.e., 
a hydrogen atom with an e lec t ron  attached. The discovery of t h e  negative i o n  
of hydrogen as t h e  main source of absorption i n  the atmospheres of cool stars 
(beginning with c lass  F) and the  calculat ion of t he  absorption coeff ic ient  cyv 

due t o  this i o n  must be considered one of the  most outstanding achievements of 
t heo re t i ca l  as t ropmsics .  

T h i s  quanti- 

/200 
Astrophysi- 

The agreement between theo re t i ca l  and observed energy d i s t r ibu t ion  i n  the  
s te l lar  spectrum i s  the  c r i t e r i o n  f o r  correctness of the  theory of stellar 
atmospheres. 
hydrogen i o n  as t h e  main absorption source) proved t o  be i n  sa t i s f ac to ry  agree- 
ment with t h e  observed spectrum. Unt i l  recently, it w a s  considered tha t ,  f o r  
hot stars, there  was agreement between the calculated and observed spectra.  
However, this result pe r t a ins  only  t o  the  v i s ib l e  spectrum region. 
extraterrestrial observations showed t h a t  okpervation and theory do not agree 
i n  the fa r -u l t rav io le t  region (at h < 2@0 A) f o r  stars of c l a s s  B. 
p lanat ion f o r  this divergence cons t i tu tes  one of the important problems of the  

The calculated s o l a r  spectrum (on the  assumption of a negative 

Recent 

The ex- 
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theory of s t e l l a r  spectra.  

The following papers by V.G.Buslavskiy and A.K.Kolesov present results of 
calculat ing atmosphere models f o r  various types of stars. 



CONTINUOUS SPECTRA OF HOT WHITE DWARFS 

A.K.Kolesov 

/201 

The spec t ra  of w h i t e  dwarfs differ considerably from the  spectra  of main- 
sequence stars. 
atmospheres of w h i t e  dwarfs. 
l i n e s  due t o  t h e  Stark e f f ec t  leads t o  a drop i n  rad ia t ion  flux before the  l i m i t  
of t he  Balmer series. 
tinuous spectrum increases  with an  increase i n  density. 
phenomenon of preionizat ion of hydrogen atoms, i.e., the  destruct ion of high 
quantum states under t h e  effect of pressure, a l so  becomes essent ia l .  
zat ion causes a drop i n  ion iza t ion  po ten t i a l  and,consequently, shows up i n  a 
shift of t h e  Balmer jump toward lower frequencies. 

These differences are due mainly t o  high dens i t ies  i n  the  
For example, broadening and overlapping of Balmer 

The inf luence of t he  l i n e s  on the  appearance of the  con- 
A t  high densi t ies ,  the  

Preioni- 

Appearance of t h e  continuous spectrum a l so  depends t o  a la rge  extent on t h e  
chemical composition of t h e  stellar atmosphere. 
spectra  of a number of w h i t e  dwarfs may be due t o  deviations of t h e i r  chemical 
composition from normal. For example, the relative content of hydrogen i n  t h e  
atmospheres of these stars may be lower, and the  content of helium higher, than 
i n  the  atmospheres of main-sequence stars. 

The cha rac t e r i s t i c s  of t h e  

Observations of hot w h i t e  dwarfs (Ref .1 ,  2) show tha t  they are d i s t i n c t l y  
divided i n t o  two groups with respect t o  appearance of t h e i r  spectra.  One of 
these i s  made up by stars of the  spectroscopic type DA, whose spectra  contain 
hydrogen l i n e s  but  no helium lines. The second group is made up by stars of 
types DO and DB with helium l i n e s  but without hydrogen l i n e s  i n  the  spectra,  
He I l i n e s  being seen f o r  t he  DB tfipe stars and He I1 and He  I l i n e s  f o r  t he  
DO type stars. Probably, the  atmospheres of w h i t e  dwarfs of type DA consis t  
mainly of hydrogen, whereas the  atmospheres of w h i t e  dwarfs of types DO and DB 
consis t  of helium. 
hydrogen and helium atmospheres. 

Therefore, i n  what follows we w i l l  examine stars with 

Models of kqdrogen and helium atmospheres w e r e  calculated i n  papers /202 
by t h e  author (Ref.3, 4). The surface temperature To and t h e  accelerat ion due t o  
gravi ty  g w e r e  taken as t h e  model parameters. 
and 20,000° (and, f o r  helium atmospheres, a l s o  To = 30,000°), log g = 6, 8, and 
10 w e r e  e d n e d .  
da ta  f o r  continuous spec t ra  of w h i t e  dwarfs, we w i l l  l i m i t  the  calculat ion t o  
the  first approximation and use the  d i s t r ibu t ion  of the  temperature T with the  
op t i ca l  depth 7 i n  an approxkmtion t o  a gray atmosphere: 

The cases TO = 12,000, 15,000, 

Taking i n t o  account t h e  low accuracy of t h e  observational 

T’ (t) r= VT’T; [t $- 4 (t)]. 

The d i s t r ibu t ion  of pressure 
(using t h e  Runge-Kutta method7 of t h e  equation of mechanical equilibrium 

with depth was found by numerical in tegra t ion  
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f o r  t he  boundary condition p(0) = 0. 
used t h e  Rosseland mean. 
and 7 was found by the  Saha ion iza t ion  formula. 

As t h e  m e a n  absorption coef f ic ien t  E, we 
The cor re la t ion  of the  e lec t ron  pressure pe with p 

3.08 
4.53 
5.85 
0.40 
6.70 
6.82 
6.53 

A n  idea of t h e  physical conditions i n  the  atmospheres of w h i t e  dwarfs can 
be obtained from Tables 1 and 2. 
model of a hydrogen atmosphere with To = 20,000°, log g = 8, w h i l e  Table 2 gives 
the  results of calculat ing the  model of a hel iun atmosphere with the  same para- 
meters. I n  these tables ,  the  pressure p, the  e lec t ron  concentration ne, the 
densi ty  p ,  and the  geometric depth h are given as a funct ion of the op t i ca l  
depth 7. 
the  stellar atmosphere, where T = T e .  

Table 1 gives the  results of calculat ing a 

The geometric depth i s  a r b i t r a r i l y  calculated from the  same l e v e l  i n  

-3.19 
-1.75 
--O.ljO 
4 . 0 7  

0.25 
0.52 
1 .07 

TABLE 1 

MODEL OF HYDFiOGER A'IMOSPHERE W I T H  To = 15.,000°, log g = 8 

2.1) 
3 . I I  
4.0 

0.290 
0.4.'18 

4.43 1 0.802 

n.577 
3.72 o.ri94 

3.24 
3.43 
3.56 

7.80 I 1.28 
i .n8 
2.04 I 11.2 

14.4 
17.5 , 2.37 

n .364 
n. 536 
n .709 
1.02 
1.21 
1.30 
2.18 
2 -86 
3.45 
4.no 

- 

-__I_ 

h . l O - ' ,  cm 

- .  

-3.30 
-2.20 
-1.01 
-0.t7 

0.48 
1.03 
2.91 
4.23 
s.25 
6.08 

-____ __ 

TABLE 2 

MODEL OF NELIUM ATMOSPHERE WITH To = 15,000°, log g = 8 

I .o:i 
I .57 

0.4 2.10 
0.6 2.49 
0 .8  2.7'' 
1 .II 3.88 

5.0 I 3.65 
. 

- 

0.378 
o . riii4 
I .26 
I .9s 
2.70 
3.61 
8.28 

13.4 
18.2 
22.4 

~ _ _ -  

6.6 i  1.36 

5.11 1.76 
5.51 1 1.59 
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Density inversion which i s  observed a t  l a rge  o p t i c a l  depths ind ica tes  tha t ,  
a t  these depths, energy t r a n s f e r  by convection plays a role .  

It i s  in t e re s t ing  t o  note t h a t  t h e  continuous spectrum of w h i t e  dwarfs is  
created i n  a r a the r  t h in  layer of t he  atmosphere. 
Ah = 4.30 m corresponds t o  t h e  i n t e r v a l  AT from 7 = 0.1 t o  7 = 1.0 i n  the  hydro- 
gen atmosphere with To = 15,000°, log g = 8.  
phere with To = 15,000°, log g = 8, a value of Ah = 36 m corresponds t o  this 
i n t e r v a l  A r .  

A geometric dis tance of 

In the  case of t he  helium atmos- 

6 

5 -  

4 -  

3 

-g=Q 00 

- g=lo@ H ,  = nF, = 2n5 B, (z,) Ei, (z,) dr,, ----g=7aE 
- _ _ _ _ _ _ _ _ _  g=70fo 0 

where BV i s  the  Planck function, and /204. 
Tv i s  the  monochromatic op t i ca l  depth. /y . \  

'.-. ..'\:> 
In  t h e  case of hydrogen atmospheres 

we took i n t o  account t he  e f f ec t  of pre- 
L 

where x i s  the ion iza t ion  p o t e n t i a l  of t he  hydrogen atom, h i s  the  Planck con- 
stant, e i s  the e lec t ron  charge, ni i s  the  ion concentration, and is  the  
gamma-function. 
i n  the  energy d i s t r ibu t ion  of the  spectrum before t h e  Balmer series l i m i t .  
i n t ens i ty  of t h e  continuous spectrum i n  this port ion drops noticeably, and the  
magnitude of t h e  B a l m e r  jump decreases. A t  suf f ic ien t ly  la rge  accelerat ion of 

Preionization of hydrogen atoms produces an extensive change 
The 

TABLE 3 

COLOR INDICES O F  HYDROGEN WHITE DWARFS 

6 - - 0 . 7 3 - - O . i 4 4 . 8 7 4 . 3 5 4 . i G - l . l i  4 . 0 9 4 . 2 2  -1.32 
8 4 . 6 G 4 . 1 3 - 0 . 7 9 4 . 9 4 4 . 1 5 - - 1 . 0 9 - 1 . 0 8 4 . 2 2  -1.30 

10 4 . 7 1  4 . 0 5 4 . 7 6 4 . 9 4 4 . 1 1 - 1 . 0 5 - 1 . 0 8 4 - 2 0  -1.28 I I  1 I I I I I I 
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TABU 4. 

COLOR INDICES OF HEZIW WHITE DWARFS 

12 OOO' 
15 Ooo. 
20000' 
30 000. 
30OOo' 

8 4 . 9 2  4 . 1 7  
8 -1.05 4 . 2 1  
8 --1.13 4 . 2 6  
6 -1.25 4 - 3 1  

10 -1.26 4 . 3 2  

- 
( I -V  
- 
-1.09 
-1.26 
4 . 3 9  
-1 -56 
-1 -58 - 

TABU 5 

I I I 

HZ 14 DA -1.04 4 - 1 5  W . 0 3  
-0.98 - 0 . 1 5  +0-04 
- 0 . 0 - 0 . O F  W . 0 7  
- 0 . 8 7  -0.07 w . 0 7  
-0.88-0.05 #.OS 

- 0 . 9 7  -0.09 +0.02 
4.99 -0.14 +0.03 

4 . 0 4  -1.01 -0.19 
-0.04 -0.94 -0.19 
4 . 0 7  -0.83 -0.13 
-0.08 -0.80 -0.15 
-0.06 -0.83 -0.li 
- 0 . 0 3  -0.96 -0.17 
4.04 - 0 . 9 5  -0.13 

grav i ty  g t h e  Balmer jump virtually becmes inv i s ib l e .  
t i o n  on the shape of the continuous spectrum f o r  the case To = 12,00O0 i s  shown 
i n  Fig.1. 

The e f f ec t  of preioniza- 

Based on the  energy d i s t r ibu t ion  curves i n  t h e  spectra and on t h e  standard 
curves of spec t r a l  s e n s i t i v i t y  of t h e  apparatus used, we calculated, i n  the  
system U, By V, t he  color indices U-By E V ,  and U-V. 
Tables 3 and 4. 

The results are shown i n  

Figure 2 represents t he  U-By E V  diagram f o r  w h i t e  dwarfs. I n  this dia- 
gram, the  t h e o r e t i c a l  r a t i o s  between the color ind ices  U-B and B-V ( f o r  t h e  
case of log g = 8 )  are compared with t h e  observed pos i t ions  of DA, DO, and 
DB type stars on the diagram. 
of t he  theo re t i ca l  curve. 
l ines .  
intense helium l i n e s  (Ah 4472, 4026, etc.)  i n  t he  spectra of helium w h i t e  
dwarfs are concentrated mainly i n  the transmittance zone of the f i l t e r  B. 
e f f ec t  of the l i n e s  manifests itself i n  a decrease i n  U-B and an increase i n  
B-V. For several  w h i t e  dwarfs f o r  which observational da ta  on t h e  l i n e  pro- 
f i les i n  the spectra 
A ( E V )  f o r  t h e  influence of the absorption l i n e s  (Table 5). 
se rva t iona l  values of t he  color indices on the U-B, B-V diagram are close t o  
the theo re t i ca l  curves. 

150 

As a rule, w h i t e  dwarfs are located t o  t h e  r igh t  
T h i s  i s  explained by the  influence of absorption 

The & h e r  l i n e s  i n  the spectra of hydrogen white dwarfs and the  most 

The 

are available, we calculated t h e  corrections A (U-B) and 
The corrected ob- 



U-d The color index U-V, at  g = 

-08 

-87- 

0 

-+-Models of i Q oa  
hydrogen  a tmospheres!  

&tars  of typeDA I 
A s t a r s  o f  typeDO I 
s t a r s  of typeDB 

0 

0 b @ e  

= 10' a, depends weakly on g and 

i s  scarcely d is tor ted  by the  e f f ec t  of 
t he  absorption l i nes .  Therefore, t h e  
quantity U-V can serve f o r  deter- 
mining t he  temperatures of white 
dwarfs. Their temperatures are found 
from Tables 3 and 4, by comparing the  
theo re t i ca l  and observational values 
of U-V. 
stars o c c q y  a wide temperature range. 
The hot tes t  have a To of about 20,00~o 
whereas fo r  the  coolest ,  To < 12,000 . 
White dwarfs of type DB are s i tua ted  
i n  t h e  To range from 10,000 t o  15,000°. 
Sta r s  of type DO have  To of the order 
of 30,000° and are the hot tes t  of 
w h i t e  dwarfs known. 

sec' 
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It turns  out t h a t  DA type 

Fig .2 
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MODEL A'IMOSPHERFS OF MAIN-SEQUENCE STARS OF CLASS M /208 
V.G.Buslavskiy 

It i s  known from spectroscopic observations t h a t  p r a c t i c a l l y  the  e n t i r e  ob- 

When constructing model atmos- 
served continuous spectrum of stars of late spec t r a l  c lasses  is  d is tor ted  by 
absorption bands of various molecular compounds. 
pheres of l a te  stars this circumstance should be taken i n t o  account; furthermore, 
the  basic  physical  charac te r i s t ics  of many molecules important f o r  astrophysics 
are e i t h e r  completely unknown o r  very unrel iable .  
T i O ,  whose absorption bands are a very noticeable feature of stars of c l a s s  M, 
the  e lec t ron  t r ans i t i on  moments are completely unknown. 
t h a t  heretofore p rac t i ca l ly  no model atmospheres of stars of l a te  spec t ra l  
c lasses  have ever been calculated.  

For example, f o r  the  molecule 

T h i s  explains the f a c t  

A model atmosphere of a main-sequence star of c lass  M w a s  calculated by 
Osterbrock ( R e f  -1) who ass!med tl;at t h e  opacity of t he  atmosphere i s  determined 
only  by absorption by negative hydrogen ions (absorption during free-free t rans i -  
t i ons  was disregarded). 

Several model atmospheres of red g ian ts  w e r e  calculated by Dumezil-Curien 
(Ref  .2). 

I n  the  present paper, two model atmospheres of main-sequence stars of 
c lass  MO are constructed on the  assumption t h a t  t h e  atmosphere consis ts  of 
hydrogen and m e t a l s .  Assuming t h a t  these models approximately r e f l e c t  t he  
s t ruc ture  of real stars, we used them f o r  invest igat ing t h e  absorption bands of 
T i 0  i n  spectra  of main-sequence stars of c l a s s  M. 

1. Models of Stel-lar A t m o s p h m  

Let us assume t h a t  t h e  
i.e., t h a t  at  each poin t  of 
the  weight of the  overlying 

atmosphere of t h e  star i s  i n  hydrostatic equilibrium, 
the  atmosphere t h e  t o t a l  pressure counterbalances 
layers .  The equation o f  equilibrium has the form: 

where 7 i s  the op t i ca l  depth corresponding t o  t h e  mean absorption coeff ic ient  cy, 
p i s  the pressure at a depth 7 ,  p i s  the  density, and g is  the  accelerat ion due 
t o  grav i ty  a t  t he  surface of t he  star. 

It has been shown earlier ( R e f  .3), after an inves t iga t ion  of sources of 
opacity of a s te l la r  atmosphere consis t ing of hydrogen and metals, t h a t  we have 
t h e  following opac i t ies  created by absorption by negative hydrogen ions and 
metal atoms, namely, 

a,  = av(I-I-) - I -  av(M); a = a ( I T )  + a (M), ( 2 )  
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where a v ,  a,(H-) and av(M) are the  l%otalll absorption coef f ic ien t  a t  a frequency 
v of t h e  continuous spectrum, the coeff ic ient  of absorption by ions H-, and the  
coef f ic ien t  of absorption by atoms of metals, w h i l e  c y ,  cy(H-), and a(M) are  the  
corresponding mean absorption coeff ic ients .  

Usually, i n  invest igat ing absorption by m e t a l  atoms these are replaced by 
some llaveragell m e t a l ,  assuming the l a t t e r  t o  be hydrogen-like. However [see 
Bates ( R e f  .4) 1 such a subs t i t u t ion  leads t o  e r rors  by a f ac to r  of 10 and some- 
tines of 100. Therefore, it i s  preferable t o  replace a l l  metals by some real 
m e t a l .  We selected sodium as this metal. The following considerations were 
used as basis  f o r  this choice: It i s  known from observations t h a t  t he  continu- 
ous spectrum of l a t e  stars i s  p rac t i ca l ly  '[cut off!' i n  the  u l t r av io l e t  a t  ho 
= 3000 - 2000 A. Therefore, i t  i s  obvious tha t  metals can furn ish  on ly  a s m a l l  
contribution t o  the  lltotalll mean absorption coeff ic ient ,  and t h e i r  primary ro l e  
i s  tha t  of suppliers of free electrons i n  the s t e l l a r  atmosphere. Since radia- 
t i ons  a t  h < h o  i n  the atmospheres of l a t e  stars have a low in t ens i ty ,  t h e  f r e e  
e lectrons a r e  formed mainly upon ioniza t ion  of  metals with low ioniza t ion  
poten t ia l s ,  i.e., a lkal ine and alkaline-earth atoms, one of which can be se- 
lected t o  represent the  average. 

/210 
Thus, we w i l l  take 

ay(M) z a , ( N a ) ,  a (M) --a (Na). ( 3 )  

Since the mean absorption coef f ic ien ts  are functions of t he  temperature, 
along with eq . ( l )  we should prescr ibe the temperature d i s t r ibu t ion  i n  the stel- 
l a r  atmosphere. This has the  form 

T4 (Z) r-2 1/57.; [z -1- q (z)], (4) 
where TO i s  the surface temperature of t he  star, and q(7) i s  a slowly varying 
function whose values range between q(0) = 0.58 and q ( m )  = 0.71. 

L e t  us in tegra te  eq . ( l )  under t h e  following conditions: medium consisting 
of hydrogen and metals, hydrogen-metals r a t i o  equal t o  lo", TO = 3000°K, and 
g = 10". 

For a numerical in tegra t ion  of eq . ( l ) ,  the  boundary conditions must be 
known. The condition of p = 0 a t  7 = 0 i s  not su i tab le  since,  a t  7 = 0, the 
right-hand s ide  of eq.( 1) becomes i n f i n i t e .  We proceed i n  the following manner 
t o  s e l e c t  the  boundary condition: I n  the  surface layers  T = To and p = p(p),  
(Y = a ( p ) .  Then, in tegra t ing  t h e  equation 

we obtain 

where m H  i s  the mass of t h e  hydrogen atom, n i s  the - to ta l  number of' hydrogen 
p a r t i c l e s ,  i .e.,  aton;s and molecules, nl  i s  the  number of neut ra l  hydrogen atoms, 
and n2 i s  the number of hydrogen molecules i n  1 cm3. Determining n1 from the  
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3002 
3003 
3005 

dissoc ia t ion  formula 

2.849-IC 
4.358 
5.658 

where & ( T o )  i s  a known function of temperature taken f o r  T = TO, we obtain /211 

%67 
3293 
3402 
3498 
3584 
3662 
3734 
3802 
3866 

W e  f ind  from eq.(8) t h e  boundary condition 

8iG87 8.663 
9.135 9.110 
1.082*106 1.078.1C 
1.201 1.197 
1.293 1.289 
1.369 1.365 
I .437 1.432 
1.498 1.493 
1.554 1.549 

Let  us next i n t eg ra t e  eq.( l )  with t h e  boundary condition ( 9 )  i n  the following 
manner: 
account. 
sure calculated with and without consideration of absorption by m e t a l  atoms i s  
designated, respectively,  by p and p'. 
sorption by m e t a l  atoms has Li t t le  e f f ec t  on t h e  model atmosphere. 

First we w i l l  neglect absorption by metal atoms and la ter  take i t  i n t o  
The results of the  calculat ions are shown i n  Table 1, where the  pres- 

A comparison of p and p /  shows t h a t  ab- 

6.833 
7.943 
8.999 
1.0~1.104 
I .097 
1 .I92 
1.284 
2.110 
2.823 
3.459 
4.034 
4 - 560 
5.041 
5.482 
5.887 
6.261 
6.951 

TABLE 1 

0.2c 
0.X 

0.6C 
0.70 
0.80 
0.90 
1-00 
1.2 
1.4 
1.6 
1.8 
2.0 
2.5 
3.0 

0.40 
o x  

- 
T 

- 
0.001 
0.002 
0.003 
0.004 
0.005 
0.006 
0.007 
0.008 
0.009 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.12 

- 

3010 

3013 
3015 
3016 

3011 
9.018 

1.100 
1.195 
1.298 

1.004.10 

3007 6.846 
3008 I 7.959 

3033 
3049 
3065 
3082 
3098 
3114 
3130 
3147 
3163 
3289 

2.116 
2.831 
3.468 
4.045 
4.572 
5.054 
5.496 
5.902 
6.277 
6.069 

5.640 0.1E 

II 

2. EnerRv Distr ibut ion i n  the S t e l l a r  s e c t r u m  

3927 1.607 1.602 
4039 I 1.711 11.701 
4i43 1.813 

4328 2.013 

4604 2.266 
4776 12.365 (2.360 

1 

1212 
The energy d i s t r ibu t ion  i n  the s te l lar  spectrum i s  given by the  formula 

'[see, f o r  example, Aller (Ref =5)1 
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01 

11, = 2nS B, (T) Ei2 (z,) dry, 
0 

18 OOO 
14000 
12000 

6000 
4 000 

10000 

where H V  i s  the  rad ia t ion  flux escaping from the  star at  a frequency v, b ( T )  i s  
t h e  Planck function, Eiz('rV) i s  an i n t e g r a l  exponential function of t he  second 

0.256. IO-' 0.676- 10-5 
0.892.10-5 0.520.10-5 
0.427*10-5 0.390-10-5 

0.172*10-G 0.166-10-8 
0.134. IO-' 0.300- IO-' 

0.2m.10-5 0.236.10-5 

~~ 

TABU3 2 

18 ooo 
14000 
12000 
10000 
6000 
4000 

I -  I 

0.366.10-4 
0.11)0.10-4 
0.132-10-4 
0.881-10-5 
0.183.10-6 
0.391.10-6 

HI! 

0,159 IO-' 
0.1 15 * IO-' 
0.717.10-6 
0.295-10-6 

I 4 

0.112.10-4; 

0.140-i0-4 
0.130. IO-' 

0.831 
0.134- IO-' 
0.692.10-7 

.- 

I To = 3000° 

18000 
14 000 
12 000 
10 000 
F 000 
4 000 

0.468. 10-4 
0.381 * 10- 
0.280.10-4 

0,235.10-5 

0.225.10-4 
0.802.10-5 

0.232.10-' 
0.241. 10- 

0,180~10-' 
0.542.10-5 
0.561 . IO-' 

0.228.10-4 

8 -  

TABLE 3 

h (A)  

4082 
3500 
3OOo 
2500 
2412 

order, and ' rv i s  the  o p t i c a l  depth at t h e  
frequency of  t h e  continuous spectrum. 

Since t h e  temperature T is  known as a 
function of 7, i n  order t o  f ind  t h e  de- 
pendence T(Tv), we must determine the  rela- 
t i o n  between 7 and T V .  I n  t h e  general  
case, this re l a t ion  i s  obtained by the  
f omula  

and ca lcu la t ion  of the  i n t e g r a l  i s  carr ied 
out by means of the stellar atmosphere 
model constructed above. However, s ince 
cy(H-) B w(M), we can consider i n  first ap- 
proximationthat absorption i n  the s te l lar  
atmosphere i s  due only t o  negative hydrogen 
ions.  Then i n  place of eq . ( l l )  we e a s i l y  
f ind  

where kv i s  the absorption coef f ic ien t  p e r  
i on  H-, 

m 

k(T) = 1 k,B, (T)  dv, (13) 

(a) 
0 

00 

a B (T)  = $ B, (T)  dv= T4,  
0 

and o i s  t h e  Stefan-Boltzmann constant. 

The r e s u l t s  of calculat ions on the  /213 
basis of eqs.(lO) - (12) are given i n  
Tables 2 and 3, i n  which th? following 
designations are adopted: Hv are t h e  radia- 
t i o n  fluxes calculated on the  a s s m t i o n  

t h a t  absorp,tion i n  t h e  stellar atmosphere i s  determined only by negat ive  hydro- 
gen ions, H'; are t h e  corresponding Planck rad ia t ion  fluxes, and Hv i s  the  radia- 
t i o n  f lux calculated on t h e  assumption that absorption i s  determined both by 
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negative ions and by m e t a l s .  
A > 4082 A, we have H v  = H: owing t o  the  inequal i ty  cr(H-) 9 cr(M). 

The f l u x  H Y  i s  calculated f o r  To = 3000'K. A t  

s r a t y e s  

The spectrophotometric or color temperature T, of t h e  examined port ion of 
t h e  spectrum is determined from the  r e l a t ion  

I f ,  f o r  calculating t h e  i n t e g r a l  i n  eq.( lo), we use the  Reiz formula (Ref .6) /zu, 

where T1 = T(Tv = 0.397) and TP = T(Tv = 2.723), then eqs.(l5) and (16) will 
yie ld  approximately 

1 1  
i i  T1 7-2 

--- 

(17) 
_ -  --+ 1 '  
Tc Ta i + 0.131 exp c(& - K)} 

This r e l a t ion  a l so  serves f o r  determining T, . 
vantage of t he  f a c t  tha t ,  i n  eqs.(l5) and (16) f o r  t h e  frequencies of the 

I n  deriving eq.(17) we took ad- 

visible spectrum, we can neglect unity with respect t o  exp 

To = 3000' I T o  = 200P To = 2500" I I T o  = 200P To = 2500" To = 3000' 

TC TC TC 
. .  

The results of calculat ions by means of eq.(l7) a re  shown i n  Table 4. The 
values of TI and TZ were obtained on the  a s s q t i o n  t h a t  absorption i n  the  s te l -  
lar atmosphere i s  due only t o  negative hydrogen ions.  
temperature, corresponding t o  the  spectrum region of about A = 4000 A and 
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calculated on t h e  assumption t h a t  absorption i n  the atmosphere i s  d d  t o  nega- 
t ive hydrogen ions and m e t a l  atoms, proves t o  be equal t o  T, = 4270'K. 

It i s  very d i f f i c u l t  t o  obtain the  color temperature of stars of la te  
c lasses  from observations, s ince t h e  continuous spectrum of these stars is  so 
d is tor ted  by t h e  bands of various molecular compounds t h a t  - f o r  some spec t r a l  
i n t e rva l s  - t h e  concept of color  temperature i s  generally meaningless. 
main-sequence stars of spec t r a l  c l a s s  MO the  color  temperatures were  determined 
by Seares and Joyner ( R e f  .7)0and by Stebbins and Whitford (Ref .8). 
observers 'obtained T, = 3880 K f o r  t h e  v i s ib l e  region pf t h e  spectrum, and the  
latter found T, = 359OOK f o r  a wavelength of h = 4220 A. 
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For 

The first 

A s  we see, quite sa t i s f ac to ry  agreement exists between our  calculated and 
observed spectrophotometric temperatures. 

4. Absowtion Bands of B O  i n  Spectra of Class M S ta r s  

Molecules of Ti0 have two systems of absorption bands i n  the  visible 
spectrum region: 
X311 -, C311, where X% i s  t h e  ground state of t h e  molecule T i 0  and C ll i s  the  
t h i r d  excited state; t h e  second, known as the y-system, arises on electron 
t r ans i t i ons  X311 -+ A3A, where A3A i s  the  first excited state of t he  molecule. 

The first, cal led t h e  a-system, arises on e1ectr:n t rans i t ions  

Theoretically, t he  energy d i s t r ibu t ion  within ind iv idua l  absorption bands 
of T i 0  has not ye t  been obtained; meanwhile, any inves t iga t ion  of t h e  continuous 
spectrum of stars of t h e  la te  class ,  which does not incorporate a study of 
molecular bands, would be incomplete. Therefore, we made a de ta i led  study 
( R e f  .9) of several problems associated with the  presence of t he  absorption bands 
of Ti0 i n  the  spectra  of c l a s s  M stars. 
discuss these problems. 
t h a t  study ( R e f  .9) without t h e  derivation. 

For lack of space, we cannot fu r the r  
Therefore, we present  here only the basic results of 

To obtain the  energy d i s t r ibu t ion  within an individual  band, t he  absorption 
coeff ic ient  within this band must.be known. 
system of TiO,  which arises upon t r a n s i t i o n  between the vibrat ional-rotat ional  
l eve l s  of t he  ground state characterized by the quantum number v" and the  vib- 
ro to r  l eve l s  of t h e  e lec t ron  state fll characterized by t h e  quantum number VI,  

For the  band (v', v") of t he  a- 

t he  absorption coef f ic ien t  i s  equal t o  /216 

where B;, W are t h e  v ibra t iona l  constants of t he  l eve l s  v f  y d  v", qv*v'' i s  the 
Franck-Condon factor ,  R,  i s  the  electron t r a n s i t i o n  moment X ll -. C311, Z(T) i s  the 
sum of states, E$ is  the  v ibra t iona l  energy of t h e  level v", and no is  the  
number of T i 0  molecules i n  1 an3, 



I I I I I I  I 1  I I I I I  I 

0.943 0.72 0.72 0.72 
0.948 0.73 0.73 0.74 
0.952 0.75 0.75 0.76 
0.958 0.77 0.77 0.78 

E4 i s  the  energy of t h e  e lec t ron  state C311, 

0.72 
0.74 
0.76 
0.79 

w = 

the  y-system, all quant i t ies  per ta ining t o  t h e  state C311 i n  eq.(l82 should be 
replaced by the  corresponding quant i t ies  per ta in ing  t o  t h e  state A A .  

In  place of t he  
quantity Re we usually determine the  o s c i l l a t o r  s t rength  f o r  a given electron 
t r a n s i t i o n  f, - I R =  I”. The quantity 

i s  the  wave number of the invest igated spectrum region. In the  case of 

The quantity no I Re I ” ,  which i s  unknown, enters  eq.( 18). 

P c  = Jtnofe ( 21) 

w i l l  be taken as a parameter f iguring i n  the  theory. A t  values of pa S 2.5 x 
X lo7, the contr ibut ion made by absorption i n  the  T i 0  bands t o  the opacity of 
t h e  atmosphere can be neglected i n  first approximation. 
t h e  energy d i s t r ibu t ion  within i n d i d d u a l  bands, t h e  results of calculat ions of 
a model atmosphere consisting of hydrogen and metals can be used. 
presents  t h e  energy d i s t r ibu t ion  within the  band (1, 0) of t he  y-system of TiO, 

In this case, t o  obtain 

Table 5 

TABLE 5 

x (A) 

7052 
7013 
6983 
6940 
6916 
6849 
6807 
6784 
6745 
6720 
6685 

0.962 I 0.78 0.78 0.79 0.81 
0.971 0.81 I 0.83 I 0.85 I 0.90 

0.986 

0.995 1 1.05 1 1.20 1 1.45 1 1.85 

0.67 
0.72 
0.76 
0.80 
0.80 
0.85 
0.97 
0.95 
1.02 

I .05 
- 

.obtained f o r  d i f f e ren t  values of the  parameter pe 
Table 5 are equal t o  

The values of mg i n  

(22) m a  = - 2.510gHv 11.5 

( the  constant -11.5 i s  introduced t o  reduce the  calculated values of mg /217 
t o  the  observed values).  
(1, 0 )  of t h e  y-system of Ti0 f o r  main-sequence star of c l a s s  MO I3 And, ob- 
ta ined from va,n Hoffts observations (Ref.10). 

This same table presents  the  values of mg i n  the band 



Based on a comparison of the  calculated and observed values of mg, it can 
be assumed that ,  i n  t he  first appro-tion fo r  the y-system of TiO, 

pc  z 2.5.10'. 
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DETEI3fINATION OF THE CHEMICAL COMPOSITION OF 
STELLAR A!IMOSPHE;RES 

/218 

The a r t i c l e  wr i t t en  by V.V.Sobolev (Ref .1, 2) repor t s  on solut ions of the  
equation of rad ia t ive  t r ans fe r  and on methods of calculat ing s te l la r  atmosphere 
models. The present a r t i c l e  makes use of t h e  results of these calculat ions f o r  
determining t h e  chemical composition of stellar atmospheres. 

A l l  our information on c e l e s t i a l  bodies i s  based on analyses of the  radia- 
The monochromatic rad ia t ion  f l u x  i n  t i o n  arr iving on ea r th  from t h e i r  surface. 

a continuous spectrum emitted by a star i s  equal t o  

00 

H, (0) = 1 B, (T (T)) Eia (t,) dt,, 
0 

where BY(T) i s  t h e  Planck function, 7 i s  the  average op t i ca l  depth used i n  calcu- 
l a t ing  t h e  model atmosphere, and TY i s  the  o p t i c a l  depth f o r  rad ia t ion  of fre- 
quency v. 
and P,(T). If t h e  chemical composition of the  atmosphere ci/Csi i s  known, it i s  
re l a t ive ly  easy, on the basis of these dependences, t o  f ind  the r e l a t ion  between 
7 and T v ,  i.e., TV = 7 v ( T ,  T, P,, Since, i n  the  atmospheres of almost 
a l l  stars, the main absorption source i s  hydrogen, only ra ther  rough da ta  on the 
chemical composition are needed here. 
tive hydrogen content i n  the  atmosphere of an invest igated star does not d i f f e r  
from tha t  of the  sun by more than a f a c t o r  of 100. 
model atmosphere, t he  quantity H v ( 0 )  can be calculated.  

Calculations of model stellar atmospheres y i e ld  the dependences T ( 7 )  

It su f f i ces  t o  make  ce r t a in  t h a t  the  rela- 

Thus, i f  we construct a 

A t  t he  l i n e  frequencies, the  f l u x  of escaping rad ia t ion  i s  equal t o  

00 

where 7: is  the  o p t i c a l  depth f o r  rad ia t ion  at spec t r a l  l i n e  frequencies. 
To calculate  t he  i n t e g r a l  on the  right.-hand s ide  of eq.(2) we need know an addi- 
t i o n a l  function T:(T). 

/219 
From a determination of the  o p t i c a l  depth, we have 

where cy: and Q'v are the  volume absorption coef f ic ien ts  a t  frequencies of t he  
l i n e  and continuous spectrum respectively.  
i n  the stellar atmosphere and this dependence can be represented i n  exp l i c i t  
form: 

The value of cy: depends on conditions 
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Here k: i s  the  absorption coeff ic ient  a t  l i n e  frequencies d i s t a n t  by v - v i k  
f r o m i t s  center: 

where Avo i s  the  Doppler width, 6 i k  i s  the at tenuat ion constant, and fi,  i s  the  
o s c i l l a t o r  strength.  

The quantity g(ps, T) i s  the  por t ion  of atoms encountered a t  the  l e v e l  i; 
ei/Cei i s  the  percentage of atoms of the  investigated element among atoms of  a l l  
elements, F(ei/Cei ) i s  the  mean molecular weight, and p(P,,  T, e i /Cc i )  i s  the 
densi ty  of the  atmosphere. 
temperature, e lectron concentration, and chemical composition of t h e  stellar 
atmosphere. 
model atmosphere, i.e., on the basis of the  dependences P, (7) and T(T)  f o r  dif- 
f e ren t  values of e i / C e i ,  if the  atomic constants 6 i k  and fi ,  are known. 

W e  see t h a t  the quantity a: ult imately depends on 

It can be calculated on the  basis of the previously calculated 

Thus, a t  t he  spec t r a l  l i n e  frequencies the  value of t h e  escaping flux de- 
pends on the model atmosphere and on the  chemical composition. 
t heo re t i ca l  p o s s i b i l i t y  of determining the chemical composition on the basis of 
emission of the l i n e  spectrum of the star. 

By means of t h e  equalities (1) - (5)  we can write the  expression f o r  

This affords  the  

/2x) 
t he  res idua l  l i n e  in tens i ty ,  i.e., t h e  in t ens i ty  of rad ia t ion  a t  spec t ra l  l i n e  
frequencies expressed i n  i n t e n s i t y  un i t s  of the continuous spectrum: 

00 

B, (T (r))  Eiz ( r j  dr: 

( 6 )  = x ( V - V i h y  E i / z E i ) .  
H :  (0) 0 i (v - vik) = - - 
Hv (0) - O0 1 B ,  ( T  (TI) Eiz (r,) dr,  

0 

Equation (6)  ind ica tes  t h a t  a comparison of the  observed and calculated ( f o r  
d i f fe ren t  values of e i /Ce i )  res idua l  l i n e  i n t e n s i t i e s  a t  a dis tance v - V i k  from 
the l i n e  center Will penni t  determining t h e  quantity e JCe i ,  i.e., the  chemical 
composition of t h e  atmosphere. However, res idua l  i n t e n s i t i e s  are r a re ly  used i n  
prac t ice .  The f a c t  i s  t h a t  t he  l i n e  prof i le ,  i ts  res idua l  i n t ens i t i e s ,  can be 
decis ively influenced by r o t a t i o n  of the  stars, inadequate resolving power of 
t h e  spectrograph, and other  f ac to r s ,  Therefore, it i s  more convenient t o  use 
t h e  equivalent l ine width: 



T h i s  quantity does not depend on the  resolut ion of t h e  spectrograph,and its use 
f o r  determining t h e  chemical composition y i e lds  more reliable results than the  
use of r e s idua l  i n t e n s i t i e s .  

Thus, t he  problem of determining t h e  chemical co os i t ion  of t h e  atmosphere 
reduces t o  t h e  successive so lu t ion  of eqs.(4), ( 3 ) ,  (9, (1) ,  ( 6 ) ,  and (7 )  f o r  
a set of values of si/Cei and t o  a comparison of t he  r e s u l t s  with observational 
data. 
ra ther  high and i s  determined mainly by the  accuracy of t he  observed equivalent 
l i n e  widths and by the  qual i ty  of t h e  t h e o r e t i c a l  model of t he  atmosphere. 

The accuracy of determining t h e  chemical composition by this method i s  

However, determination of the  chemical composition of t h e  atmosphere by 
this method requires r a the r  laborious calculat ions.  
j u s t i f i e d  only i f  r a the r  accurate observational %lues of equivalent l i n e  
widths are avai lable .  Despite the  f ac t  that, u n t i l  now, numerous d i f f e ren t  
model atmospheres have been calculated,  they w e r e  used f o r  analyzing the  spectra  
of no more than a dozen stars. If no r e l i a b l e  observations are avai lable  or i f  
information cn t h e  chemical compositim, even i f  of a r a the r  rough nature, is  
urgently needed it i s  possible  t o  use t h e  quite common method of t h e  curve of 
growth. 
a t  a lower level i s  known as the  growth curve. 
calculated by d i f f e ren t  authors under various simplifying assumptions. 
of t he  subject  i s  given, for example, by Aller  (Ref.3). An essen t i a l  short-  
coming of using growth curves i n  determining t h e  chemical composition i s  the  
a s s q t i o n  t h a t  a l l  l i n e s  used arise under i d e n t i c a l  conditions. 
s q t i o n  i s  not always t rue .  
r e l a t ive  concentrations of elements which might be created by using this assump- 
t ion.  

Such calculat ions are 
/221 

The relat ionship between the  equivalent width and t h e  number of atoms 
Such curves have been repea-bedly 

A r e v i e w  

Such an as- 
Later i n  the  text, we w i l l  discuss e r ro r s  i n  the 

Using t h e  growth curve, t h e  equivalent width Will furnish the number of 

For this, we need know the  exc i ta t ion  temperature. 
ions a t  a lower l eve l .  
zat ion must be determined. 

Furthermore, the  number of atoms i n  some state of ioni- 

Using t h e  Boltzmann formula 

we can wr i te  
"I "k 5040 

log- -log - = 8 (ek - ei), where 8 I . 
gi gk. ( 9 )  

H a v i n g  determined from the  growth curve the  value of log  (ni/gi)  f o r  dif-  
How- 

A s  an example, Fig.1 shows determination of t he  exc i ta t ion  temperature 

fe ren t  l i nes ,  it is  easy t o  f ind  the  exc i t a t ion  temperature from eq.(9). 
ever, i n  p rac t i ce  it i s  more convenient t o  determine this temperature by graphic 
means. 
i n  t he  atmosphere of the  s t a r  Cy CMa with respect t o  FeI l i nes .  

To determine the  t o t a l  concentration of atoms of the  element i n  question, 
o ther  states of ion iza t ion  must also be taken i n t o  consideration. For this /222 
purpose we must know the  temperature and t h e  e lec t ron  concentration. I n  prin- 
c iple ,  these quantities can be determined by simultaneous so lu t ion  of t h e  Saha 
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e quation 

However, 
t he  f a c t  

f o r  d i f fe ren t  elements: 

this method does not provide the  necessary accuracy, d n l y  because of 
t h a t  elements whose l i n e s  are observed simultaneously i n  the spectra  

of noma1 stars have very close 
values of ionizat ion poten t ia l s .  
W e  can assume tha t  t h e  ion iza t ion  

10 g g  +const temperature i s  equal t o  t h e  ex- 
c i t a t i o n  temperature. However, 
numerous invest igat ions have 
demonstrated t h a t  such assumptions 
are not very sa t i s fac tory  (Ref .4). 
The following procedure gives 

-2 good results: From the  spec t r a l  
c l a s s  of t h e  star, its ef fec t ive  
temperature is  determined. Then, 
on t h e  basis of the equal i ty  

-3 - 

- 

( 11) 

I we f ind  the  temperature a t  the  
€1 o p t i c a l  depth 7 = 0.3, a t  t h e  /223 

ef fec t ive  l e v e l  of formation of 
most l i nes ,  i.e., Tion  = 0.92 T e f f .  
Knowing the  ionizat ion tempera- 
ture, we can use t h e  Saha formula 

I.- __ 1.. ---I. _ _  
0 7 2 Y 

- Fig.1 

t o  determine the electron pressure i f  l i n e s  of two atomic ionizat ion s t a t e s  of 
t he  same element are observed i n  the spectrum. 

To determine t h e  e lec t ron  concentration i n  s te l lar  atmospheres one can a l so  
take advantage of t h e  f ac t  t h a t  the. hydrogen l i n e  p r o f i l e s  and equivalent widths 
are highly sens i t ive  t o  t h e  Stark e f fec t ,  %.e., strongly depend on the e lec t ron  
concentration. 

The Inglis-Teller forinula 

log  n, = 23.26 - 7.51Ogin (12) 

relates the  quantity m, t he  number of t he  last  observed l i n e  of the Balmer 
series, with the e lec t ron  concentration ne. 
wid2h of t h e  hydrogen l i n e s  Wx on the  e lec t ron  concentration i s  given by the  
Unsold formula 

The dependence of the  equivalent 

where R, i s  the  l imi t ing  depth of t he  l i ne ,  k i s  some constant characterizing 
t h e  Stark e f f ec t  f o r  the  l i n e  i n  question (Ref.5), and N2 i s  the  number of 



hydrogen atoms a t  t h e  second level ,  which can be determined by the  formula 

l o g h i  

75u 

Equation (I!+) holds only f o r  an opt ica l ly  t h i n  l aye r  and, f o r  most l ines,  gives 
a d i s t i n c t l y  underestimated value of t h e  quantity Nz. Therefore, i n  prac t ice  
the quantity Na i s  calculated from the  equivalent widths of a l l  l i n e s  after 
which the  l a rges t  value i s  taken. A s  an example, Fig.2 p l o t s  t he  quantity Na 
calculated by eq.(&) as a function of the  number of the  l i n e  f o r  M. Cas (Ref.6). 

probably are produced by a change of ne with 
depth. 

_ _ _ _ _ _ _  _____.- - 

Despite t he  f a c t  t ha t  the  method of 
growth curves requires  an a.dditiona1 deter- 
mination of t he  quant i t ies  T,, , Ti o n ,  and 

- I 7 log&=&? 

W e  should mention tha t ,  unfortunately, far from a l l  l i n e s  have known values 
of .osc i l la tor  s t rength  and not a l l  of t he  known values of the  o s c i l l a t o r  
s t rengths  are of good accuracy. 
and experimental determinations of o s c i l l a t o r  strengths,  it must be admitted t h a t ,  
on the  whole, t h e  experimental values of o s c i l l a t o r  s t rengths  are best .  
ever, fo r  a l l  p r a c t i c a l  purposes these values have not been determined f o r  l i n e s  
having a high exc i ta t ion  poten t ia l ,  o r  almost nc i o n  l i nes .  
i s  of ten  necessary t o  use theo re t i ca l  values of o s c i l l a t o r  strength.  
r e su l t s  are obtained by using the  so-called 1lstellarIl o s c i l l a t o r  strengths.  

A t  t h e  present  s t a t e  of the  art i n  theo re t i ca l  

How- 

For such l i n e s  i t  
The best 

These are determined i n  the following manner: Let us assume t h a t  we have 
a model atmosphere o r  a growth curve. 
values of t he  o s c i l l a t o r  s t rength  we f irst  determine the  concentration of atoms 
of the element i n  question. Then, we solve the  opposite problem, namely, from 
the  equivalent width with known atom concentration we determine the value of t h e  
o s c i l l a t o r  s t rength by using t h e  growth curve o r  t h e  model atmosphere. The most 
complete l i s t  of llstellarl1 o s c i l l a t o r  s t rengths  has been published e a r l i e r  
(Ref .8). 
and ionic  l ines  of various elements i n  the spec t r a l  region of 3800 - 6700 A. 
The problem of "stellar11 o s c i l l a t o r  s t rengths  f o r  FeI I  was studied by Bashek 

164. 

From the  equivalent widths with known 
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That publ icat ion gives the  values of o s c i l l a t o r  s t rength f o r  ato@c 



(Ref .9) .  

O f  t h e  s tud ies  on t h e  experimental values of o s c i l l a t o r  s t rength we should 
mention Corliss '  pa'per (Ref.10) which contains da ta  on t h e  l i n e s  of various 
atoms and ions.  Numerous papers e d s t  on the  determination of experimental 
values of o s c i l l a t o r  s t rength  f o r  a comparatively f e w  l i n e s  of individual  ele- 
ments. An extensive bibliography of works containing o s c i l l a t o r  s t rength da ta  
f o r  l i n e s  observed i n  the  spectra  of hot stars was compiled by Kohl ( R e f  .11). 
A similar bibliography was  assembled by Goldberg ( R e f  2 2 )  f o r  l i n e s  observed i n  
t h e  spectra  of solar-type stars. 
son of t he  o s c i l l a t o r  s t rength  da t a  f o r  l i n e s  of various elements, obtained by 
d i f f e ren t  authors. 
Observatory of the USSR AcademJT of Sciences have been collaborating i n  reducing 
the  avai lable  o s c i l l a t o r  s t rength  da ta  t o  one system. 
been carr ied out f o r  FeI (Ref .13). 

The la t ter  a r t i c l e  contains a c r i t i c a l  con-pari- 

Recently, t h e  S ta t e  Optical  I n s t i t u t e  and Crimea Astrophysical 

Such work has already 

Let us now examine the  basic  results of s tud ies  on the  chemical composition 
of stars. F i r s t  i t  should be noted tha t  most of our information on s te l la r  
atmospheres i s  based on an analysis  of s te l lar  spectra  by t h e  method of growth 
curves. 
vestigating spectra  of dozens of stars, mainly those of spec t ra l  c lasses  B and 
A. However, t he  s i t ua t ion  i s  not desperate. A comparison of the r e l a t ive  ele- 
ment content determined by the  method of growth curves as well as on the  basis  of 
model atmospheres shows tha t  t h e  r e l a t ive  abundance of elements with close 
ion iza t ion  poten t ia l s  ( f o r  example, metals of t he  i r o n  group) i s  p rac t i ca l ly  the  
same when determined by e i t h e r  methods (Ref .I-&). However, i n  determining the 
r a t i o  H/He and H/met  t he  differences become subs tan t ia l .  The reason f o r  this 
l i e s  i n  the  simplifying a s s q t i o n s  of t he  method of growth curves, mainly i n  
the use of the same exc i ta t ion  temperature f o r  a l l i o n s .  However i f ,  i n  the 
comparison of t he  chemical composition of atmospheres of two stars of neigh- /226 
boring spec t r a l  and luminosity c lasses ,  t h e  method of growth curves i s  applied, 
t he  possible  e r rors  - even i n  the  value of H/met  - will be markedly reduced and 
the  accuracy of analyzing the  chemical composition will be sa t i s fac tory ,  i.e., 
t h e  e r rors  will not exceed a f a c t o r  of 2. 

A more accurate method, based on model atmospheres, was used i n  in- 

I n  recent times, invest igat ions devoted t o  an analysis  of t h e  chemical 
composition of stellar atmospheres have been carr ied at  a stepped-up rate. 
present,  the chemical composition of almost 200 stars i s  more o r  less known, and 
this number continues t o  grow rapidly.  

A t  

The main conclusion t h a t  can be drawn on the  basis of avai lable  da ta  i s  
t h a t  t h e  chemical composition of various groups of stars i s  diss imilar .  
already discern some regu la r i t i e s  i n  the diverse  cha rac t e r i s t i c s  of t he  chemical 
composition of d i f fe ren t  stars, if we proceed from the assumption t h a t  t he  
o r ig ina l  chemical composition of a l l  cosmic bodies w a s  the  same and was charac- 
te r ized  by a r e l a t ive ly  high hydrogen content which, during evolution, w a s  sub- 
sequently enriched with heavier elements produced by nuclear reactions.  
connection, l e t  us b r i e f l y  discuss  various features of t h e  chemical composition 
of stars. A s  i s  conventional, t he  chemical composition of t he  s o l a r  atmosphere 
will be considered as t h e  norm and any deviations from i t  w i l l  be regarded as 
anomalies. 

We can 

I n  this 
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1. Character is t ics  of t he  chemical composition of stellar atmospheres as- 
sociated with t h e  general  evolution of m a t t e r  i n  the galaxy: 

I n  t h e  pas t  few years, many invest igat ions have been made on the  chemical 
composition of normal stars making up d i f fe ren t  space-kinematic groups. Table 1 

contains the  values of [*] = log [&:(*)@I, showing t h e  degree t o  

which the  relative contents of hydrogen and m e t a l s  i n  t h e  atmospheres of t h e  
investigated stars d i f f e r  from t h e  s o l a r  contents. 

TABU 1 

O b j e c t  

Globul  or  
C l u s t e r  

M 29; 
S t a r s  B 

1 2 9 1 -  

1-1-29 
I 

*Numerals  i n  p a r e n t h e s e s  r e f e r  to Ref .  

Sta r s  with l a rge  space ve loc i t ies  do not represent a homogeneous group, 

and f o r  these only the  l imi t ing  values of t he  quantity [ - m:t ] are given. 

Table 1 indica tes  t h a t ,  on passing from young stars (Hyades, sun) t o  old stars 
(Halo, globular c lus te rs )  t h e  r e l a t i v e  content of metals drops appreciably. 
T h i s  f a c t  i s  probably due t o  evolution of t h e  chemical composition of p r e s t e l l a r  
matter. 

/227 

TABLE 2 

Recently Herbig (Ref .a) established the  existence of a r a the r  d i s t i n c t  
r e l a t ion  between the  l i t h i u m  content i n  atmcspheres of stars of c l a s s  G and 
t h e i r  age. 
those of older  stars. 
greater,  and i n  stars of t he  Hyades, 15 times grea te r  than i n  the  sun. 

More l i t h i u m  i s  contained i n  the atmospheres of young stars than i n  
I n  stars of type T Tau l i t h i u m  abundance i s  100 times 

2. Character is t ics  of the  chemical composition of stellar atmospheres 
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associated with t h e i r  p a r t i c u l a r  state: 

A ra ther  extensive group of stars of c l a s s  A exists, having a strong vari- 
able magnetic f i e l d  (Ref.22). 
cer ta in  elements are abnormally strong, which 
c a l  composition of t h e i r  atmospheres (Ref .23). 
parent ly  the  reason f o r  these anomalies, although s o  far it has been impossible 
t o  f ind  an  i n t e l l i g e n t  mechanism governing i t s  influence on the  chemical composi- 
t ion.  Table 2, taken from Sear1 (Ref.23), presents  some information on t h e  
chemical composition of t he  atmospheres of these stars. 

I n  the  spectra  of these stars t h e  l i n e s  of 
ind ica tes  anomalies of the  chemi- 

A strong magnetic f i e l d  i s  ap- 

The indices  S i  and Eu denote tha t  the  most charac te r i s t ic  fea ture  of 
t h e  spectra of stars of these  groups are strong l i n e s  of s i l i c o n  and europium, 
respectively.  The t a b l e  a l s o  shows tha t  t he re  i s  a deficiency of helium and 
elements of the oxygen group i n  the atmospheres of these stars i n  comparison 
with the  sun. Furthermore, various stars have a d i f f e ren t  magnitude of t he  
anomalies. 

/228 

Another example f o r  the  f a c t  t ha t  t h e  s t a t e  of t he  atmosphere a f f ec t s  i t s  
chemical composition are c lose  binary systems. 
sentat ive of this group of stars, B Lyr, has been studied quant i ta t ively 
(Ref.&). It w a s  found tha t ,  i n  the atmosphere of component FB, t he  r a t i o  

The spectrum of a typ ica l  repre- 

i s  almost 100 times less than i n  the  s o l a r  atmosphere. The reason f o r  this He 
might l i e  i n  the influence of t h e  companion on the regime of mixing of stellar 
matter, and a l so  i n  t h e  existence of vigorous e j ec t ion  of m a t t e r .  

3 .  Character is t ics  of t h e  chemical composition associated with pa r t i cu la r  
s tages  of s te l lar  evolution: 

T h i s  type of anomaly has been investigated less thoroughly than the  two 
preceding ones. 
-le, among the  cool  stars there  i s  a la rge  group of stars with intense zir-  
conium oxide bands i n  the  spectra .  It can be assumed tha t  t he  atmospheres of 
these stars a re  r i c h  i n  zirconium. The same i s  t rue  f o r  I l b a r i u m l l ,  I1carbon1J, 
e tc .  stars. No quant i ta t ive determination of t h e  spectra  of these stars has 
been made, and i n  most cases the  causes of t he  observed anomalies are completely 
vague. 

Here, mainly qua l i ta t ive  results have been obtained. For ex- 

One of the  f e w  stars of this c l a s s  for which quant i ta t ive invest igat ions 
of chemical composition have been carr ied o u t  i s  R C r B  (Ref .25), a supergiant 
of c lass  F. 
carbon. There was t e n  times more carbon than hydrogen. 

It was  found t h a t  t he  atmosphere of this star was very r i c h  i n  

Some of t he  hot stars s i tua ted  below the  main sequence are another example 

A s  a rule, t he  anomalies of t h e i r  chemical composition involve mainly an 
of stars whose chemical composition has undergone a severe change during evolu- 
t ion.  
appreciable deficiency of hydrogen (Ref.28). 
was a l together  impossible t o  detect  hydrogen l i n e s .  

In t h e  spectra  of some stars i t  

Table 3 shows the  chemical composition of stars of various classes, /229 
167 



making it possible t o  judge not only the  anomaly i n  the  r a t i o  H/met. 
7 Sco, CY Lyr are considered normal stars of plane components (population I ) ,  
s tar + 10" 2179 has a l o w  lmxhosity,  and +33" 2642 belongs t o  the halo. 
followed by the  star K from the  globular c lus te r  M92 and R CrB, a variable star' 
of c lass  F. Table 3 also shows tha t  the chemical composition of the  stellar 

The sun, 

T h i s  i s  

12.00 

8.72 
7.98 
8.96 
7.40 
6.20 
7.50 
6.15 
2.82 
4.68 
3.70 
5.02 
4.90 
6.57 
4.64 
6.05 
2.60 
2.10 

~~ 

E l  emen t 

H 
He 
C 
N 
0 

Si 
Ca sc 
Ti 
V 
Cr 
Aln 
Fe co 
Ni 
Sr 
Bii 

3 

12.00 
11.23 
8.37 
8.56 
9.11 
7.73 
6.57 
7.95 

TABIE 3 
.- 

a Lyr, flO"217 
AQV 1 B3 
(27)  (28)  

~ 

12.00 
11.4 

8.8 
9.3 
7.5 
5.7 
8.2 
6.2 
3.4 
4.8 
4.0 
5.6 
5.3 
6.5 

5.7 
2.8 

9.7 
12.2 
8.6 
8.8 
7.4 
6.9 
6.8 
7.5 
6.6 

t33O264: 
B2 

(201 

12.00 
10.9 
7.8 
1.7 
8.0 
6.8 

7.2 

- 

2.00 

4.4 
0.5 
2.8 
1 .7 
3.0 
2.5 
4.6 
2.2 
4.0 
0.5 

:0.7 

- -  

-__  
4 CrB. 
FB 
(251 

~. 

12.M 

13.0 
-12.0 

7.2 

4.3 
2.8 
4.4 
3.4 
4.7 
4.5 
6.1 

1.6 

_ _  
'Numerals i n  p a r e n t h e s e s  r e f e r  to Ref.  

atmospheres i s  ra ther  diverse. A thorough account of t he  results of determining 
t h e  chemical composition of stellar atmospheres tip t o  1961 was compiled by Aller 
(Ref .SO), w h i l e  the  most recent information has been collected i n  the papers of 
Synposium No.26 of t he  Internat ional  Astronomical Union, "Determination of t he  
Chemical Composition of Stars", which will be published i n  the near future.  
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PART I V .  SPECTRA OF NONSTATIONARY STARS 
AND INTERSTELLAR MATTER 

SPECTRA OF NONSTATIONARY (VARIABLE) STARS 

V.G.Gorbatskiy 

1. Introduction 

The concept llnonstationary starf1 i s  not rigorously defined. 
var iable  stars, i.e., stars f o r  which changes of spectrum brightness (with t h e  
exception of ecl ipsing var iables)  a r e  observed, are ca l led  such. 
of ten when re fer r ing  t o  some star as nonstationary we use t h e  spectroscopic 
c r i te r ion ,  i.e., t h e  presence of br ight  l i n e s  i n  i ts  spectrum, as basis.  

Sometimes a l l  

However, most 

There are no br ight  l i n e s  i n  the  spectra  of most ordinary stars. The radi- 
a t ion  escaping from the  stellar photosphere a t  t h e  l i n e  frequency i s  weakened by 
the  atmosphere and i n  t h e  observed spectrum an absorption l i n e  i s  present a t  
this place.  
possible  s ince they are i n  a state of l o c a l  thermodynamic equilibrium. 
presence of a br ight  l i n e  i n  the  stellar spectrum shows t h a t  t he  radiat ion of 
the  atmosphere a t  t h e  corresponding wavelength i s  comparable with radiat ion of 
t he  photosphere i n  t h e  continuous spectrum close t o  this wavelength. 
br ight  l i nes  appear i n  the  spectra  of stars having extensive atmospheres ( she l l s )  
with a su f f i c i en t ly  powerful source of l i n e  emission i n  the  s t e l l a r  atmosphere. 
The weaker t h e  emission of the  stellar photosphere i n  a given spectrum region, 
t h e  easier it i s  t o  note br ight  l i n e s  i n  i t s  integrated spectrum. For example, 
these are observed i n  the  spectra  of many stars of c l a s s  dM, and the  la ter  the  
spec t r a l  subclass, the  grea te r  t h e  ercentage of stars of t h i s  subclass having 
br ight  l i n e s  i n  t h e  spectrum (Ref .17. 

The formation of br ight  l i n e s  i n  the  photospheres of stars i s  im- 
The 

Therefore, 

It i s  obvious t h a t  t h e  d iv is ion  i n t o  s ta t ionary  o r  f ixed  and nonstationary 
o r  var iable  stars based on t h e  presence of br ight  l i n e s  i n  the  spectrum i s  some- 
what a rb i t r a ry  and i n  a s t r i c t  sense there  are no s ta t ionary  stars (even i n  the  
solar spectrum we can sometimes observe br ight  l i nes ) .  
with llnonstationary stars1' 611 stars with br ight  l i n e s  dis t inguishable  against  
t h e  background of the  integrated spectrum, f o r  which changes i n  the  spectrum 
and brightness are generally observed. 

Below, we will group /234- 

The essence of t he  theory of spectra  of nonstationary stars i s  tha t ,  on 
prescr ibing t h e  s t ruc tu re  of t he  outer layers of a star and the  conditions pre- 
va i l i ng  there  ( radiat ion sources, veloci ty  f i e ld ,  densi ty  d is t r ibu t ion ,  e lectron 
and i o n  temperatures, chemical composition, magnetic f i e ld ,  etc.), we obtain: 

1) Prof i l e s  and i n t e n s i t i e s  of br ight  l i nes .  
2) Prof i les  and i n t e n s i t i e s  of absorption l i nes .  
3) Energy d i s t r ibu t ion  i n  the  continuous spectrum of the  star. 
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T h i s ,  i n  pr inciple ,  is the  problem of modeling a spectrum. Its so lu t ion  
i n  one o r  another approximation i s  necessary f o r  in te rpre t ing  processes taking 
place i n  nonstationary stars. 

Thus, the problems of the  theory i n  the case i n  question are e s sen t i a l ly  
the  same as f o r  s ta t ionary  stars. However, the  development of a theory of 
spectra  f o r  nonstationary stars i s  a more complex matter than f o r  ordinary 
stars. 
s t a t i c  equilibrium), which are possible  and occur i n  the outer  layers of sta- 
t ionary stars but do not p lay  a major r o l e  i n  the formation of t h e i r  spectra,  
have an e s sen t i a l  and of ten a determining s ignif icance here. 
and the  same star passes through a number of d i f f e ren t  states which cannot be 
described by one model so  t h a t  d i f f e ren t  models must be investigated.  
theoqy of t he  spectra  of nonstationary stars of d i f f e ren t  types i s  a l so  canpli- 
cated by marked deviations of t h e i r  s h e l l s  from spherical  symmetry. In  v i e w  of 
these circumstances, the  development of a general theory of spectra  of nonsta- 
t ionary stars is  a very d i f f i c u l t  problem and i s  present ly  far from being com- 
p l e t e l y  solved. A s  regards elementary atomic processes e s sen t i a l  f o r  the  forma- 
t i o n  of a spectrum ( rad ia t ive  exc i ta t ion  and ionization, processes of exc i ta t ion  
and ionizat ion of atoms upon co l l i s ion  with electrons,  Stark e f fec t ,  e tc . ) ,  t h e i r  
theory i s  j u s t  as important f o r  in te rpre t ing  the  spectra  of nonstationary stars 
as f o r  s ta t ionary  stars. 

Disturbances of the equilibrium state ( r ad ia t ive  equilibrium, hydro- 

Furthermore, one 

The 

There a re  many types of nonstationary stars. A t  t he  same time almost 
each of such stars has i t s  own individual  charac te r i s t ics  and i t s  spectrum 
changes with time. 
t he  character of i t s  spectrum only i n  most general  features .  

/235 
The relegat ion of a star t o  one or another type ind ica tes  

We w i l l  l i s t  the main types of nonstationary or variable stars, having com- 
bined them i n t o  groups on the basis  of ex5sting notions of the  character of non- 
s ta t ionary  phenomena: 

I. 

11. 
111. 

I V .  

V. 

V I .  

I n  

Supernovae Types I and I1 
Novae 
Re current novae 
U Geminorum and Z Camelopardalis stars 
Wolf-Rayet stars (WR) 
S ta r s  of types Be and P Cygni 
S tars  of type RR Lyrae 
S ta r s  of type W Virginis 
S ta rs  of type RV Tauri  
Long-period variables 
S ta r s  of type T Tauri 
S t a r s  of type W C e t i  
I~Symbiotic~I variables of type Z Andromedae. 

addition t o  those indicated,  there  i s  s t i l l  a number of not so d i s t inc t -  
l y  defined types of nonstationary stars which have not been studied a t  a l l  from 
t he  theore t ica l  po in t  of view. 
groups which, therefore,  can be cal led t h e   classical^^ nonstationary (var iab le)  
stars. 

B e s t  s tudied are t h e  stars of the  first three  
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Some of the  variable stars make up binary systems, which creates  addi t iona l  
d i f f i c u l t i e s  f o r  studying t h e i r  spectra.  ' I n  first appro&ation, the  dua l i t y  
can almost always be disregarded. 

The s h e l l s  of d i f f e ren t  types of nonstationary stars grea t ly  d i f f e r  i n  
t h e i r  propert ies , '  spec i f i ca l ly  i n  the  value of the  r a t i o  of the  s h e l l  m a s s  t o  
t he  s te l lar  mass M,h& and i n  the  state of motion. 
m a i n l y  i n  the  p r o f i l e s  of the  br ight  l i n e s  and in t h e i r  i n t e n s i t i e s  (with re- 
spect t o  t h e  continuous spectrum and absorption l i nes ) .  
most extensive information on the  state of the  s h e l l  and t h e  character of i ts  
motion. 

These differences show up 

Bright l i n e s  give t h e  

Kigh-velocity motions ( t ens  and hundreds of km/sec) a re  an important char- 
a c t e r i s t i c  of the  s h e l l s  of nonstationarg stars. 
s h e l l s  of novae i s  w e l l  demonstrated by the  f a c t  t h a t  some time after outburst  
t he  expanding s h e l l  can be seen d i r e c t l y  on photographs. I n  other  cases the  
motion of the  s h e l l  i s  not demonstrated 'so clear ly ,  but the  aggregate of ob- 
servations makes it ce r t a in  t h a t  the  s h e l l s  move. A s  demonstrated below, the 
motion of a s h e l l  i s  one of the  main f ac to r s  determining t h e  character of i t s  
spectrum (Ref .2). 

The rapid expansion of the  /236 

ources of Radia t5on . f  She l l s  i n  Spectral  Lines 

The emission producing a bright line i n  the  stellar spectrum a r i s e s  i n  i t s  
she l l .  
must be excited t o  a higher l e v e l  corresponding t o  this l i n e  and then undergo 
t r a n s i t i o n  t o  a state with a lower energy. I n  this connection, when examining 
the  bright l i n e  spectrum of stars the  following questions arise: F i rs t ,  what 
are t h e  mechanisms of atomic exc i ta t ion  and, second, what are t h e  sources of 
energy going f o r  exci ta t ion? When an atom i s  excited by emission a t  the l i n e  
frequency, no new quanta with this frequency arise, so t h a t  this method of ex- 
c i t a t i o n  i n  the given case is  of no i n t e r e s t .  

For a quantum t o  be emitted a t  the l i n e  frequency, some of the  atoms 

We w i l l  enumerate the possible  mechanisms of atomic exci ta t ion:  

1. Excitation by co l l i s ions .  When an  atom col l ides  with some pa r t i c l e ,  the  
atom may be excited by the  energy of the  p a r t i c l e  (and, a t  a su f f i c i en t ly  high 
energy of the  pa r t i c l e ,  the atom my be ionized).  
e lectrons are most e f fec t ive  i n  this respect.  
s tate A t o  state B occurring i n  u n i t  volume p e r  u n i t  time is determined by the 
formula 

As i s  known, co l l i s ions  with 
The number of exci ta t ions from 

00 

" A ~ A B  = "A", $ GAB (0 )  v ~ ( v )  dV9 ( 1) 
4 

where n A  i s  the  number of atoms pe r  u n i t  volume i n  the lower state, ne is  the 
concentration of free electrons,  u A B ( v )  i s  t h e  co l l i s ion  cross sec t ion  f o r  an 
electron moving with a veloci ty  v, and f ( v )  i s  the  d i s t r ibu t ion  function of 
e lec t ron  ve loc i t ies .  
preciably smaller than the  veloci ty  of e lectrons.  
with the  l i n e  frequency vAB by the r e l a t i o n  
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We can disregard t h e  veloci ty  of atoms s ince it i s  ap- 

The quantity vo i s  associated 



I 

-- - hvAB. 
2 

2. &ci ta t ion  by recombination. In  some volume, l e t  there  be ionized atoms 
and f r e e  electrons. Ionizat ion can be due e i t h e r  t o  t h e  e f f ec t  of rad ia t ion  or 
t o  other factors ,  pa r t i cu la r ly  t o  co l l i s ions  with high-energy pa r t i c l e s .  Re- 
combinations of atoms should occur i n  t h i s  same volume. A s  a r e s u l t  of t h e  re- 
combinations, excited a t o m  a r e  produced a t  a l l  l eve l s  except the  ground level .  

Since t h e  number of recombinations i s  proportional t o  t h e  concentration of 
ionized atoms and the  number of exci ta t ions due t o  co l l i s ions  i s  proportional t o  
t h e  number of nonionized atoms, t h e  r o l e  of exci ta t ion by recombination with re- 
spect t o  exc i ta t ion  by co l l i s ions  should be greater  t h e  higher the  ionizat ion 
degree of t he  atoms. 

Frequently, both of t he  above methods of exci ta t ion a r e  combined. If atoms 
a r e  ionized by high-frequency radiation, t h e  energy excess of the  quantum, having 
caused ionization, changes i n t o  the  energy of t he  detached electron which is  
able  t o  exci te  atoms co l l id ing  wi th  it. A t  t h e  same time i f ,  i n  some medium, 
t h e  co l l i s ions  cause not only exc i ta t ion  but a l so  ionizat ion of t he  atoms, then 
they should undergo recombination and recombination exc i ta t ion  should take  place. 
A s  a rule ,  both mechanisms of exc i ta t ion  ac t  i n  the  s t a r  s h e l l  emitting l i n e  
spectra,  but t h e i r  r o l e  i s  not t he  same f o r  d i f f e ren t  l i nes .  
some l i n e s  may be excited primarily by recombination, and i n  others  by co l l i -  
sions.  However, cases are a l s o  possible where l i n e  emission i s  excited by both 
methods simultaneously. 

Emission i n  

3. -&citatZon-by fluorescence. For simplicity,  l e t  us assume tha t  t h e  atom 
has three  levels ,  1, 2, 3, with energies €1 < €2 < € 3 .  Let the  atom absorb a' 
quantum w i t h  frequency 
which it can change t o  s t a t e  2. If t h i s  t r ans i t i on  i s  accomplished, an excited 
atom i s  formed i n  t h e  second s t a t e .  
l e v e l  i s  called fluorescence. 

A s  a r e su l t ,  t he  atom changes t o  s t a t e  3 ,  a f t e r  /238 
Such a method of populating the  second 

I n  the  case where the  l e v e l  3 i s  d iscre te ,  exc i ta t ion  of emission i n  l i n e  
V i a ,  by radiat ion i n  another line of greater  frequency v13, takes  place. Some- 
times t h e  frequencies of individual l i n e s  of different  atoms a r e  accidental ly  
very close and emission i n  l i n e  v12 of one atom can occur when it absorbs emis- 
s ion  of frequency v13 coming from another atom. 
by Bowen. 
by emission i n  l i n e  A 304. belonging t o  He II. 
quantum of wavelength h 374 which, i n  turn,  can exci te  t h e  atom N 111. 

T h i s  mechanism was  discovered 

I n  this case atom 0 I11 emits a 
A s  an example, we mention the  poss ib i l i t y  of exc i ta t ion  of atom 0 I11 

Since t h e  Bowen mechanism requires  close agreement of t he  frequencies cor- 
responding t o  l i n e s  of d i f f e ren t  atoms, which i s  comparatively rare,  t he  appli- 
c a b i l i t y  o f t h i s  mechanism i s  limited.  
only exci ta t ion of emission i n  individual  br ight  l i n e s  of moderate in tens i ty .  

With t h i s  formulation, one can explain 

If, f o r  t h e  t h i r d  leve l ,  we  take a s t a t e  of atomic ionization, then t h e  re- 
combination exc i ta t ion  - provided ion iza t ion  i s  induced by rad ia t ion  - repre- 
sen ts  a process of the  same type as fluorescence excitation. T h i s  leads t o  
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reprocessing of radiat ions of higher frequencies t o  rad ia t ion  of lower frequen- 
cies.  Usually t h i s  method i s  cal led fluorescent.  

The energy causing l i n e  emission of s h e l l s  may be i n  t h e  form of rad ia t ion  
The possible sources of t h i s  energy or may be the  k ine t i c  energy of par t ic les .  

a r e  as follows: 

1. ESnission of a hot star i n  t h e  short-wave region of the  spectrum. 
2. Kinetic energy of moving gas masses which, upon col l is ion,  i s  con- 

verted i n t o  thermal energy. 
3. Heating of gas when a shock wave passes through it. 
4. Kinetic energy of s t e l l a r  corpuscular fluxes. 
5. Ehergy of e l e c t r i c a l  and magnetic f i e lds .  

I n  general, t he  emission l i n e s  of a gas, besides by high-frequency radia- 
t ion,  may be caused by any energy source r a i s ing  the  gas temperature. /23q 

The gas heating sources a r e  not exhausted by those l i s t e d  above. A s  an 
example of other sources we might mention tha t ,  under ce r t a in  conditions, t he  
temperature of an electron gas i s  raised by t h e  conversion of some of t he  radiant 
energy i n  the  l i n e s  ( fo r  example, La) t o  k ine t i c  energy of e lectrons i n  co l l i -  
sions of t h e  second kind. 

Let us b r i e f l y  examine the  basic  types of var iab le  stars, under considera- 
t i o n  of t h e  above statements on the  mechanisms and sources of l i n e  emission. 
The she l l s  of novae, a t  a su f f i c i en t ly  l a t e  s tage of development, a r e  similar 
i n  t h e i r  character of emission t o  small  planetary nebulae. 
t h e i r  cen t r a l  star i n  the  u l t r av io l e t  spectrum region i s  very intense.  
of t h e  nebular she l l s  of novae i n  allowed l i n e s  a r i s e s  by recombinations while, 
i n  forbidden l ines ,  the  glow i s  excited by electron col l is ion.  
radiat ion of t h e  newest star i s  the  energy source. 

The emission of 
The glow 

Short-wave 

WR-type stars, with respect t o  the  l i n e  spectrum and ionizat ion i n  t h e i r  
shells,correspond t o  the  spec t ra l  c lass  0. 
high temperature f o r  t h e i r  rad ia t ion  t o  ionize atoms of hydrogen, helium, and 
other elements. 
l i n e s  of H, He I and He 11, C 111, N 111, etc .  i s  excited by recombinations. 

These stars have a su f f i c i en t ly  

Therefore, it i s  usually accepted t h a t  emission i n  the  bright 

Be-type stars are very similar, i n  absorption spectrum and various other 
charac te r i s t ics ,  t o  t h e  usual stars of c l a s s  B, which have a comparatively high 
temperature and thus r ad ia t e  much energy beyond the  l i m i t  of t h e  Lyman ser ies .  
Hydrogen i n  the  s h e l l s  of Be-type stars is  ionized by high-frequency radiat ion 
of t he  star and produces recombination l i n e  emission. 
of these stars i s  not su f f i c i en t ly  high t o  ion ize  helium atoms so t h a t  br ight  
l i n e s  of helium a r e  usually absent f r o m t h e i r  spectra.  
l i n e s  i n  the  spectra of Be stars a re  a l so  weaker the  l a t e r  t he  c l a s s  t o  which 
the  absorption spectrum of t h e  star belongs. 

However, t he  temperature 

The br ight  hydrogen 

For stars of c l a s s  A and l a t e r ,  t h e  high-frequency radiat ion i s  insuff i -  
c ient  t o  cause hydrogen l i n e  emission of t h e  she l l .  
of t he  emission spectrum of t h e  stars RR Lyrae and others  belonging t o  t h e  IV 
group (see above) i s  different .  

Consequently, t he  source /2kp 

A t  present t h e  most popular explanation f o r ' t h e  
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emission spectrum of these  stars i s  t h a t  i t  i s  caused by heating of the  s t e l l a r  
atmosphere by shock waves per iodical ly  passing through it (Ref .3, 4,. 5, 6). 
Atomic exci ta t ion mainly occurs by col l is ions,  since t h e  ionizat ion degree of 
atoms i n  the shock wave i s  not very great,  whereas the  gas temperature i s  rela- 
t i v e l y  high. 

&ci ta t ion and ion iza t ion  of atoms by co l l i s ions  apparently play an es- 
s e n t i a l  ro l e  i n  t h e  emission of she l l s  of novae a t  ea r ly  s tages  of t h e i r  de- 
velopment ( a f t e r  t he  brightness maximum) (Ref.7). 
W Ceti, T Tauri, and ?qmbiot icr l  stars, we a re  s t i l l  uncertain as t o  t h e  
sources of energy emitted by t h e i r  s h e l l s  i n  l ines .  
dealing here wi th  a highly special  phenomenon - t he  re lease of i n t r a s t e l l a r  
energy i n  the  outer  regions of t h e  stars. 

A s  regards stars of the  type 

It i s  possible t h a t  we a re  

With knm sources of energy emitted i n  l i n e s  and a t  given charac te r i s t ics  
of t h e  s h e l l  (density, temperature, e tc . )  we can f ind t h e  emission and absorp- 
t i o n  coeff ic ients  a t  each point of t h e  s h e l l  and on t h i s  bas i s  construct theo- 
r e t i c a l  br ight  l i n e  p ro f i l e s  and ca lcu la te  t h e i r  in tens i ty .  Naturally, we must 
first e d n e  the  e f f ec t  of various elementary processes on the  magnitude of 
these coeff ic ients .  

3. BrigJht Line Prof i les  

Let us now calculate  t he  p ro f i l e s  of br ight  l i n e s  formed by tha moving 
s h e l l  of a star, considering tha t  t h e  volume emission coeff ic ient  i n  the  l i n e  
cik i s  known f o r  each point as a function of frequency, and a l so  t h a t  the  ve- 
l o c i t y  f i e l d  i n  t h e  s h e l l  i s  given. Let us first examine a s h e l l  completely 
transparent f o r  l i n e  emission. We w i l l  take a rectangular coordinate system, 
with i t s  or ig in  a t  the  center o f t h e  star and i t s  a x i s  Oz directed toward the  
observer. 

A s  a consequence of the Doppler effect ,  f o r  each point there  i s  a cen t r a l  
frequency a t  t he  l i n e  v:k which i s  re la ted  wi th  t he  ve loc i ty  i n  the  following 
manner : /zlrl 

v;.k = Vik + 7 ut (s; y; z ) ,  Vi& 

( 3  1 
where v, (x; y; a )  i s  the  projection of t h e  veloci ty  of motion onto the  d i rec t ion  
toward the  observer and Vik i s  the  cent ra l  frequency of t he  l i n e  a r i s ing  i n  a 
volume fixed r e l a t i v e  t o  t h e  observer. 

The in t ens i ty  of radiat ion I l k  (x; y; v )  coming from a point of t he  s t e l l a r  
disk wi th  coordinates (x; y) a t  a frequency V within t h e  l i ne ,  i s  determined by 
the  expression 

03 

I i k  (x; y; v) = 5 ~ ~ ~ ( v - v ~ . ~ ) d z .  

The energy 8 ik (V), emitted by t h e  en t i r e  s h e l l  a t  a frequency v within 
unit  so l id  angle i n  a d i rec t ion  toward the  observer, i s  equal t o  

--oo 
(4) 
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where in tegra t ion  i s  made over a l l  possible  values of x and y. Several authors 
(Ref.8, 9, 10) have calculated the  br ight  l i n e  p ro f i l e s  Ln t h e  spectra of Be 
and F;R stars and of novae, i n  accordance with eq.(5). However, s t r i c t l y  speak- 
ing, eq.(4) i s  su i tab le  only f o r  ca lcu la t ing  the  p r o f i l e s  of forbidden l i n e s  a t  
whose frequencies t h e  s h e l l  can be considered transparent s ince the absorption 
coeff ic ient  a t  these l i n e s  i s  very small. 
Balmer se r i e s  of hydrogen, which a r e  the  most intense of a l l  br ight  l i n e s  i n  t he  
spectra of most var iab le  stars, and a s e r i e s  of l i n e s  He I and He 11, t h e  she l l s  
of var iable  stars have an appreciable o p t i c a l  thickness liere. 
account, eq.(4) can be replaced by the  following formula 

A s  t o  t h e  first two l i n e s  of t h e  

Taking t h i s  iRto 

where aik i s  the absorption coeff ic ient  i n  t h e  exarzned l i n e .  
l a t i n g  the  br ight  l i n e  p ro f i l e s  t he  phenomenon of self-absorption must be 
considered, a f ac t  f irst  noted by V.V.Sobolev (Ref.2, 11) who derirred general 
formulas f o r  br ight  l i n e  p ro f i l e s  f o r  t he  case i n  whish the  r a t e  of motion of 
t he  s h e l l  i s  appreciably greater  than the  r a t e  of thermal ag i t a t ion  of t he  atoms. 
I n  t h i s  case, the  p ro f i l e s  of t h e  emission and absorption coef f ic ien ts  can be 
approximately assumed as rectangular. T h i s  means tha t ,  i n  t h e  range of fre- 

t o  V{k + - t he  quant i t ies  ailc and f?ik 2 quency var ia t ion  from v)S/k - - 
a r e  constant and nonzero while, outside t h i s  range, they a r e  equal t o  zero. 
Since the  Doppler p r o f i l e  i s  approkmated by a rectangular p ro f i l e ,  t h e  l i n e  
width a v i k  i s  determined by the  mean r a t e  of  thermal ag i t a t ion  of t h e  atoms: 

Thus, when calcu- 
& 

nvi k Avi k 

2 

L e t  us take some f ixed value of V. The equation 

determines a ce r t a in  surface cal led the  surface of equal r ad ia l  ve loc i t ies .  
Only a narrow l ayer  of the  s h e l l  which incorporates t h i s  surface r ad ia t e s  a t  a 
frequency V. 

(along the  l i n e  of s igh t )  corresponding t o  a frequency var ia t ion  of h. 
thickness of t he  layer  i s  Az = z2 - zl, where z1 and 22 a r e  found from the  fol- 
lowing equations ( for  given x; y; v ) :  

The boundaries of t he  l aye r  a r e  a t  dis tances  from the  surfaces 

The 2 
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and the  signs a r e  selected such t h a t  t h e  condition z1 < 02  i s  sat-sfied. 
remaining par t  of t h e  s h e l l  does not emit rad ia t ion  a t  a frequency V. 

fore,  eq.(6), taking our above statements i n t o  account, can be replaced by the  
f ollaving formula : 

The 
There- 

The value of LIZ i s  small r e l a t ive  t o  t h e  dimensions of t h e  she l l ,  which /2Lc3 
makes it possible t o  assume e l k  and o I I (  as constant within t h e  l aye r  e m i t t b g  
a t  a frequency V ,  Then eq. (10) yie lds  

After expanding v, i n  a s e r i e s  and re ta in ing  terms of t he  first order of 
smallness, eqs. ( 9 )  give 

From eq.(12), taking eq.(7) i n t o  account, we obtain the expression for the  
thickness of  the emitt ing layer :  

Designating the product a i k k  by A T i k  and in tegra t ing  eq.(IL) over t he  e n t i r e  
surface (81, we f ind  

The quant i t ies  c i k  and a re  expressed by the  well-known formulas: 

nkAki hVik ~ ~ i k  - 
e ik=  4nAvik 

where ni and nk a r e  the  number of absorbing and the  number of l ine-emitt ing 
atoms i n  unit  volume, respectively; Aki  and B i k  a r e  the  coefrficients of transi- 
t i o n  probabi l i t i es ;  gi and a r e  the  s t a t i s t i c a l  weights of the  leve ls .  The 

quant i ty  Eik i s  obtained from eq.(15) i n  the  following form: 
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The veloci ty  f i e l d  i n  the  s h e l l  has an influence on t h e  shape of t h e  l i n e  
p r o f i l e  not only as a consequence of the  r e l a t i o n ,  (8) between V and v,, but a l so  
because of the  f a c t  t h a t  t h e  degree of exc i ta t ion  of t he  atonis (i.e., t h e  
quant i t ies  nk and n i ) ,  as w i l l  be s h m  below, depends on the  s t a t e  of motion 
of t he  she l l .  

/2wc 

Bright l i n e  p ro f t l e s  a r e  usual ly  complex. To make them yield su f f i c i en t ly  
complete infor&tion on the  s t a t e  of t h e  s h e l l  (veloci ty  f i e ld ,  d i s t r ibu t ion  of 
atoms by s t a t e s )  some model of t h e  s h e l l  should be established and the  sequence 
of p ro f i l e s  be calculated f o r  d i f f e ren t  values of t he  parameters. 
can the  observed p ro f i l e s  be compared with the  theo re t i ca l  ones. 
t he  complexity of t h e  profiLes, it i s  advisable, i n  se lec t ing  a model she l l ,  t o  
wor;k first wi th  a low accuracy but i n  a l a rge  range of parameter values; this i s  
where the f i r s t  approximation comes in .  
first approximation, were calculated f o r  Be and WR stars by V.V.Sobolev (Ref.2, 
12), f o r  Be type stars by V.G.Gorbatskiy (Ref.l3), and f o r  WR stars by S.V. 
Rublev (Ref.l-4). The resu l tan t  p ro f i l e s  agree i n  general  with the observed 
p ro f i l e s  and confirm the  ex is t ing  concepts as t o  t h e  nature o f t h e  she l l s  of 
these stars. 
l i nes ,  t he  p ro f i l e s  a r e  inadequate and more complete calculations a re  desirable .  

Only then 
In v iew of 

Theoretical  b r ight  l i n e  prof i les ,  i n  

However, for a thorough analysis  of s h e l l s  with respect t o  br ight  

I n  concluding t h i s  Section l e t  us point out t h a t ,  when the ve loc i t i e s  of 
the  she l l s  a r e  of the  order of thermal ve loc i t ies ,  it becomes possible t o  use 
f o r  cik and a i k  more accurate p ro f i l e s  than the  rectangular type, for example 
Doppler p ro f i l e s  corresponding t o  t h e  electron temperature of the  shel l .  
l a t i ons  of br ight  l i n e  prof i les  with such c i k  and a i k  coeff ic ients  have not yet 
been performed. 

Calcu- 

4. In t ens i t i e s  of Emission E n e s  

Calculation of l i n e  i n t e n s i t i e s  f o r  a s h e l l  transparent i n  l i n e s  i s  the  
simplest type. In t h i s  case, %he energy emitted i n  a l i n e  with frequency V i k  

i s  equal t o  

where nk i s  the number of atoms i n  a higher s t a t e  per  unit volume and integra- 
t i o n  i s  carried out over t h e  en t i r e  volume of t h e  she l l .  I f  t h e  emission pro- 
cess i s  stationary,  then the  values of i l k  a r e  found from a system of algebraic 
equations of t he  type & 

N:- N; = o, (18) 

which express t h a t  t h e  number of atoms $ passing i n  unit time per unit  volume 
t o  t h e  k-th s t a t e  i s  equal t o  the  number of atoms NZ leaving t h i s  s t a t e  during 
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t h e  same time. 
t r ans i t i ons  should be taken i n t o  account along with spontaneous t rans i t ions  and 
recombinatioiis. The system of steady-state equations f o r  t he  hydrogen atom w a s  
solved by C i l l i e  (Ref.15) (for t h e  case of 12  equations) without consideration 
of co l l i s ions  and under assumption of transparency of t h e  m e d i u m  i n  l ines of t h e  
subordinate series, and l a t e r  w a s  invest igated i n  d e t a i l  f o r  a l a rge  number of  
l eve l s  by many authors [ fcr  example, Burgess (Ref.l6)1. On t h e  bas i s  of t he  ob- 
ta ined solutions,  t h e  relative i n t e n s i t i e s  of br ight  l i n e s  i n  the  spectra of 
planetary nebulae were determined. The use of these results f o r  determining t h e  
i n t e n s i t i e s  of Balmer l i n e s  i n  t h e  spectra of var iable  stars i s  unwarranted 
since, as noted above, t he  s h e l l s  of var iable  stars are usually not transparent 
t o  rad ia t ion  i n  t h e  indicated l ines.  

I n  these  equations, rad ia t ive  t r ans i t i ons  and co l l i s iona l  

For nonstationary emission we should replace equations of the  type of 
eq. (18) by a system of d i f f e r e n t i a l  equations: 

It i s  na tura l  t ha t ,  i n  t h i s  case, the  problem of determining nk is sub- 
s t a n t i a l l y  complicated, especial ly  i f  it i s  considered t h a t  the  terms corre- 
sponding t o  recombinations and t r ans i t i ons  due t o  co l l i s ions  render these equa- 
t i ons  nonlinear. The system of equations must be solved numerically. It might 
become necessary t o  solve t h i s  problem i n  invest igat ions of br ight  l i n e s  a r i s ing  
i n  the  outer layers  of t he  atmosphere of f lare stars- In most cases there  i s  
no need t o  solve eq.(19), and the  d i s t r ibu t ion  of t h e  atoms by excited s t a t e s  
can be considered s ta t ionary  even i n  the  absence of ionization-recombination 
equilibrium. 

If the  s h e l l  i s  not t ransparent  t o  l i n e  emission, t he  basic  problem /2L6 
of determining l i n e  i n t e n s i t i e s  becomes highly complex even i n  the s ta t ionary  
state s ince equations of t he  type of eq.(18) must be supplemented by t r ans fe r  
equations. 
i n  the  continuum. However, when the  ve loc i t ies  of t h e  macroscopic motion of t h e  
s h e l l  a r e  l a rge  compared t o  t h e  thermal veloci t ies ,  t he  calculat ion of br ight  
l i n e  i n t e n s i t i e s  i s  grea t ly  f a c i l i t a t e d .  

The calculat ion becomes s t i l l  more complex when the  s h e l l  i s  opaque 

A t  a very great  op t i ca l  thickness of t he  s h e l l  i n  the  l i nes ,  a quantum a t  
t h e  l i n e  frequency can escape from the  s h e l l  only af ter  ha.ving entered i t s  outer  
boundary region. 
t i on ) .  
t i ons  f o r  t h e  escape of quanta are grea t ly  f a c i l i t a t e d  since, as a consequence 
cf the  Doppler e f fec t ,  t h e  cen t r a l  frequency of t h e  Erie wi l l  be d iss imi la r  a t  
different  points along the  l i n e  of s igh t  (with the  exception, perhaps, of indi- 
vidual  regions). 
within the  l ine  i n  one layer depends l i t t l e  on the  rad ia t ion  i n  t h i s  l i n e  i n  
another layer  remote from it. 
capes from it, having undergone sca t t e r ing  only h a small area close t o  t h e  
point of i t s  or igin.  

Quanta within the  s h e l l  undergo only sca t te r ing  (or a b s o r p  
When t h e  layers of the  s h e l l  move a t  d i f f e ren t  ve loc i t ies ,  t he  condi- 

It i s  obTZious t h a t ,  i n  such a case, t he  radiat ion in t ens i ty  

The quantum which had appeared i n  the  s h e l l  es- 

Ccmplete independence of t h e  atomic d i s t r ibu t ion  by states i n  each l aye r  
.on t h e  pos i t ion  i n  other  l aye r s  i s  possible  only under t h e  condition of trens- 
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parency of t he  s h e l l  t o  emission in a continuous spectrum. For example, i n  a 
planetary nebula a.t 7~~ < 1, ioniza t ion  i n  a l l  i t s  p a r t s  i s  approximately the  
same. In t h e  s h e l l s  of stars, we have 7~~ > 1 so t h a t  a rigorous inves t iga t ion  
necess i ta tes  a study of r ad ia t ive  t r ans fe r  i n  the  continuum, even i f  t h e  Doppler 
effect  i n  t h e  l i n e s  i s  taken i n t o  account. Nevertheless, since allowance f o r  
t h e  motion of t h e  s h e l l  makes solving of t h e  equation of l i n e  t r ans fe r  unneces- 
sary, t h e  problem i n  question i s  great ly  simplified. 

The t o t a l  energy Elk emitted by a moving s h e l l  i n  a l i n e  with a frequency 
V i k  can be obtained by in tegra t ing  t h e  quantity 8ik ( V )  determined by eq.(l&) 
over t he  frequency and over a l l  so l id  angles: La 

E a =  SSgik(v)dvdo. (.m 
Replacing an in t eg ra t ion  over V by an in t eg ra t ion  over 8,  with the  help of t h e  
r e l a t ion  

A ' i k  dv = - dz, 
AZ 

obtained from eq. (8) and introducing the designation 

eqs. (a) and (14) will yield 

An amount of energy 4nEik A V i k  i s  emitted hy unit voiunic; 5.n t h e  given l i n e .  
Therefore, i t  follows from eq.(23) t h a t  @ i k  YepresEntS the portian o f  energy 
escaping from the  s h e l l  i n  t he  l i n e  out of t h e  t o t a l  energy produced i n  the  
s h e l l  a t  t h i s  frequency. 

unhindered. In the  case 
i s  very l a r g e  and ATik  

i .e*,  A T i k  1, then B i k  

If the  s h e l l  i s  transparent t o  rad ia t ion  in t h e  l i n e ,  
= 1 and a l l  quanta formed i n  t h e  s h e l l  escape from it 
i n  which t h e  op t i ca l  thickness of t h e  s h e l l  i n  t h e  l i n e  
1, t he  quantity @ i k  w i l l  become 

where averaging of t he  ve loc i ty  gradient i s  carr ied out over a l l  sol id  angles. 

Following V.V.Sobolev (Ref .2), l e t  us now determine, f ron  steady-state 
conditions, t h e  quant i t ies  nk f o r  a s h e l l  opaque i n  l i n e s ,  transparent a t  fre- 
quencies of t he  continuous spectrum, and moving w i t h  an appreciable velocity 
gradient. 
tha t ,  of the t o t a l  number nkAki of quanta produced per sec per cm of the  shel l ,  
only a pa r t  equal t o  n k A k i B i k  escapes from it while t h e  remainder i s  absorbed i n  
the same volume where i t  arose. 

I n  constructing the steady-state equations we Will conzider t he  f a c t  

These equations have t h e  following form: ,&!& 
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+ where nen QAT,) denotes the  number of recombinations a t  t h e  i-th l e v e l  occur- 
r ing  i n  1 cm i n  1 sec, w h i l e  niRi, denotes t h e  number of ionizat ions f r o m t h e  
i - th  level .  
hot s tar  and t h a t  Ri ,  = Bi,WpFc, where .W is t he  d i l u t i o n  fac tor  and p i c  i s  t h e  
densi ty  of ionizing rad ia t ion  a t  t h e  s t e l l a r  surface. 

Sobolev (Ref.2) assumed tha.t ion iza t ion  occurs by rad ia t ion  of a 

The quant i t ies  Pik may have d i f fe ren t  values i n  d i f f e ren t  pa r t s  of t h e  
she l l .  Therefore, the  system (25) should be solved f o r  each point af ter  which, 
in tegra t ing  over the  e n t i r e  she l l ,  we can obtain t h e  energy emitted i n  the  l i n e  

A t  spherical  symmetry i n  t h e  she l l ,  we have 

A t  P i k  1, we can use f o r  i t  eq.(&) and then, by means of t he  second 
equation i n  t h e  system (15) and the  well-known re l a t ion  between the  Einstein 
coeff ic ients  A k i  and B f k ,  obtain t h e  r e l a t ion  

By means of eq.(27) w e  eliminate from t h e  system (25) the quant i t ies  P i k ,  
which y ie lds  a system whose solut ion depends on the  one parameter x = as 
wel l  as on the  s t e l l a r  temperature T,, (over p?,) and the  electron temperature T, 
(over C l ) .  

and degree of ion iza t ion  - Gn+ of t he  atoms therein.  gree of exc i ta t ion  - 
Here, the degree of exc i ta t ion  rapidly drops with increasing x and subs tan t ia l ly  
d i f f e r s  from Boltzmannian when ~30.1. 

The solut ion of t h i s  system for  a hydrogen s h e l l  yielded the  de- & 
ni 

Wn1 n l  

V.V.Sobolev, having used the  solut ion of t h e  system (25), obtained t h e  
theo re t i ca l  Balmer decrement - t he  relative i n t e n s i t i e s  of t h e  br ight  hydrogen 
l i n e s  - i n  t h e  case Te = T,+ a t  different  values of x f o r  a homogeneous she l l ,  
i n  which a l l  quantit ies of t h e  equations were independent of t h e  posi t ion of 
t h e  point.  
c i e s  d i f f e r s  from t h a t  calculated by C i l l i e  (Ref.15) f o r  planetary nebulae. 
example, if the  s h e l l  i s  opaque only t o  l i n e  emission of t h e  Lyman and Balmer 

series, then the  r a t i o  of i n t e n s i t i e s  - at  small values of x i s  l a rge r  i n  

The Balmer decrement f o r  a moving s h e l l  opaque a t  the  l i n e  frequen- 
For 

Ha 
HB 
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comparison with the  data  of C i l l i e  by a value close t o  3, and the  l i nes  Hg ,  H,, 
and Hg a r e  close i n  in t ens i t i e s .  
spectra of a number of novae a t  a cer ta in  s tage of evolution. 
s t a r s  of type Be ,  t he  r e l a t ive  i n t e n s i t i e s  of t he  higher terms of t he  Balmer 
s e r i e s  a r e  smaller than f o r  planetary nebulae. 
ment, calculated a t  values of 0.1 4 x& 1.0, has such a character. 
cates opacity of t he  she l l s  of s t a r s  of type Be in t h e  l ines .  

T h i s  phenomenon was ac tua l ly  observed in 
In  the  spectra of 

The theore t ica l  Balmer decre- 
This indi-  

V.V.Sobolev and V.V.Ivanov (Ref.17) calculated the  Balmer decrement a t  an 
opt ica l  thickness of the  s h e l l  i n  l i n e s  of t he  subordinate se r i e s  less than 
unity,  with consideration of the  emission of t he  s h e l l  i t s e l f  i n  a continuous 
spectrum. 
forced recombinations were a l so  taken i n t o  account. 
l a t i ons  of the l eve l s  were strongly dependent upon t h e  quant i ty  BIZ, i n  a l l  t he  
examined cases the  Balmer decrement proved t o  be approximately the  same as  f o r  
the.nebulae. T h i s  conclusion confirms the  f a c t  noted above t h a t ,  in order t o  
explain the  Balmer decrement observed f o r  s t a r s  of type Be, we must assume 
t h e i r  she l l s  t o  be opaque i n  l i n e s  of t he  subordinate ser ies .  

Transitions from excited s t a t e s  under the  e f f ec t  of radiation and 
Although the r e l a t ive  popu- 

/250 

When comparing the  theore t ica l  Balmer decrement with the  observed decre- 
ment, it must ks remembered tha t  this i s  an in t eg ra l  charac te r i s t ic  of t he  shel l .  
The quant i ty  x i n  t he  s h e l l  changes, and a var ia t ion  i n  T, i s  a l s o  possible. 
Furthermore, t he  parameter T*, determining the  temperature d is t r ibu t ion  i n  the  
spectrum of the  ionizing radiat ion source need not be the  Planckian temperature 
of t he  s t a r  but may have a d i f fe ren t  significance. 
somewhat i l l u s t r a t i v e  character t o  the  r e s u l t s  of the  calculations of t he  Balmer 
decrement. 
t i o n  of  t h e  observed character of the  Balmer decrement i n  t h e  spectra of var i -  
able  s t a r s  by the  opacity of t h e i r  shel ls .  

All these f a c t s  impart a 

Most important i s  the  pr incipal  r e su l t  of t he  theory - t he  explana- 

When ionization of t he  gas i s  determined by radiat ion of the  s t a r ,  the  ef- 
f e c t  of col l is ions on the  magnitude of the  Balmer decrement i s  unimportant since 
the  f r e e  electrons produced i n  photoionizations have a comparatively l o w  energy 
and cannot exci te  hydrogen atoms. If col l i s ion  exci ta t ions a r e  the  main mecha- 
nism of hydrogen emission, then the  Balmer decrement w i l l  be very steep, For 

example, t he  r a t i o  of i n t e n s i t i e s  - Ha a t  T = lo4 deg i s  equal t o  10.8 and as 

T -+ 

temperature of lo4 deg t h i s  r a t i o  i s  2.62. 

HP 
it approaches 4.2, whereas i n  exci ta t ion by radiat ion and a t  an electron 

Since recombinations a l so  occur i n  ionization by co l l i s ion ,  t he  observed 
Balmer decrement should have some average value between the  decrement due t o  
co l l i s ions  and t h a t  caused by recombinations. Calculations of the  decrement 
with allowance f o r  co l l i s ions  and ionization by co l l i s ions  and radiation, where 
the  ro l e  of co l l i s ions  i s  la rge  (for example, during passage of a shock wave 
over the  she l l  of t he  s t a r ) ,  a r e  of s ign i f icant  i n t e r e s t  f o r  in te rpre t ing  the  
observations. In such calculations we should take i n t o  account s t r a t i f i c a t i o n  
of radiat ion associated with the  unsteady s t a t e  of emission behind the  wave 
f ront  . 
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5. Forbidden Lines and Unstead;y S t a t e  of the  
Radiation Field i n  Shel l s  

/251 

Forbidden b r igh t  lines i n  t h e  spectrum arise upon t r ans i t i ons  from the  
metastable s t a t e  t o  lower energy states. I n  most cases of i n t e r e s t ,  t he  atom i s  
brought t o  a metastable state by co l l i s ions  since the  corresponding exc i ta t ion  
poten t ia l s  are small. For a downward t r ans i t i on  t o  occur, t h e  atom excited t o  
a metastable state should not be  extracted from it e i t h e r  by absorption of radi- 
a t ion  o r  by co l l i s ions  with other  p a r t i c l e s  (mainly with free electrons).  There- 
fore ,  f o r  t h e  occurrence of forbidden lines a su f f i c i en t ly  small rad ia t ion  densi- 
t y  i n  the  s h e l l  and a su f f i c i en t ly  s m a l l  free electron densi ty  are needed. B,e- 
s ides  i n  t h e  spectra  of nebulae and of t he  so l a r  corona, forbidden l i n e s  are 
a l s o  observed i n  t h e  spectra  of novae a t  comparatively la te  stages,  of nova-like 
stars, and, a t  times, i n  t h e  spectra  of long-period variables.  I n  t h e  spectra  
of B e  and WR type stars there  are no forbidden l i nes  since, i n  t h e i r  she l l s ,  t h e  
densi ty  of rad ia t ion  and t h e  dens i ty  of matter are comparatively large.  

The absorption coeff ic ient  a t  t he  frequency o f  the  forbidden l i n e  i s  very 
sinall. Therefore, s h e l l s  of stars can be considered transparent a t  these f re -  
quencies and the  p ro f i l e s  of t he  forbidden l i n e s  are determined mainly by the  
ve loc i ty  f i e l d  i n  t h e  shel l .  It i s  convenient t o  use the  p ro f i l e s  o f  forbidden 
l i n e s  t o  inves t iga te  the  s t ruc ture  of s h e l l s  of novae a t  t h a t  period of t h e  out- 
bu r s t  when the  s h e l l  i s  s t i l l  opaque i n  the  allowed l ines .  

To determine the  theo re t i ca l  r e l a t i v e  i n t e n s i t i e s  of forbidden l i n e s ,  t he  
Einstein coef f ic ien ts  A,,  of t r a n s i t i o n  probabi l i ty  must be known. These have 
been calculated by Garstang ( R e f . 1 8 )  f o r  the  most important t r ans i t i ons  of a 
number of atoms (0 I, 0 111, N 11, N e  111, Fe 11). Furthermore, it i s  neces- 
sary t o  have t h e  values of t h e  e f f ec t ive  co l l i s ion  cross sect ions f o r  exc i ta t ion  
and deact ivat ion of t he  atoms. When Maxwellian electron ve loc i ty  d i s t r ibu t ion  
i s  present,  eq . ( l ) ,  f o r  t he  n u d e r  of exci t ing co l l i s ions  per 1 cm” per 1 sec, 
w i l l  yie ld  the  expression /252 

nAri,Q (AB)  - ~ V A B  - 
nBbAB = 8.63. e A t e  

g A  f% 

and t h e  number of co l l i s ions  of t h e  second kind i n  which the  atom passes from 
state B t o  s t a t e  A, equal t o  

n n Q ( A B )  
nBaBA = 8.63. - 

g B f c  ’ 

where the  quant i ty  n(AB) represents a dimensionless cross sect ion calculated by 
methods of quantum mechanics. 
nebular s tage ( j u s t  as i n  t h e  spectra  of nebulae)belong t o  ions with 2pq and 
3pq configurations (0 11, 0 111, N 11, N e  111, etc.) .  
these  configurations have been calculated by Seaton (Ref. 19). 

Most forbidden lines in t h e  spectra  of novae i n  a 

The values of R(AF3) f o r  

Using the  ava i lab le  values of A,, and R(AB) we can construct the  steady- 
state equations f o r  t h e  given ion  and obtain the  r a t i o  of i n t e n s i t i e s  of t he  
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forbidden l i n e s  belonging t o  it. 
If we know from observations the  r a t i o s ' o f  forbidden-line i n t e n s i t i e s  for two 
ions, then a comparison with the  theore t ica l  values w i l l  y ie ld  the  electron tem- 
perature and concentration of f r ee  electrons i n  the  shel l .  The complexity of 
t he  spectra of novae, caused by inhomogeneity of t he  she l l s  and by smearing of 
t he  markedly broadened l i nes ,  has made it impossible for us t o  obtain the  ob- 
servational mater ia l  needed f o r  determining ne and T, by the  indicated method. 

This r a t i o  depends on t h e  quant i ty  n, and T,. 

The strong dependence of forbidden-line i t e n s i t i e s  on ne and T, makes 
these l i n e s  a convenient means for detecting phenomena of nonstationary emission 
i n  the  shel ls .  Such phenomena a r i s e ,  i n  par t icu lar ,  upon an abrupt change i n  
power of t h e  ionizat ion sources, which leads t o  disrupt ion of t he  equilibrium 
between ionizat ions and recombinations. The adaptation of the  medium t o  new 
emission conditions takes some time, this time being longer, t he  smaller t he  
electron concentration i n  it. 
ne and T, may vary subs tan t ia l ly  entraining a l s o  a change i n  the  i n t e n s i t i e s  /253 
of the  forbidden l ines .  
f i e ld  w i l l  be taken up l a t e r ;  here, we w i l l  indicate  only cer ta in  cases of vari-  
a t ion  of the  forbidden l i n e s  associated with disturbances of rad ia t ive  equi l i -  
brium i n  the  s t e l l a r  she l l .  

During the  process of es tabl ishing equilibrium, 

Problems of the  theory of  a nonstationary radiat ion 

The appreciable increase i n  brightness of the Nova Herculis of 1934, a f t e r  
i t s  deep minimum i n  April 1935, was due t o  an increase i n  high-frequency radia- 
t ion  of the  s t a r ,  thanks t o  which ionization of t he  theretofore  unionized she l l  
of t he  s t a r  took place (Ref.20, 21). 

was an increase i n  the  in t ens i ty  r a t i o  of the  forbidden l i n e s  0 I11 

i n  t he  s t e l l a r  spectrum. 
(Ref.22). The electrons detached f r o m  the  atoms, upon ionizat ion of a given 
volume, have a large energy so  tha t  the  electron temperature immediately a f t e r  
ionization i s  high. 
heavy pa r t i c l e s  and the  temperature T, drops; during this process, the  quantity 

Along with an increase i n  brightness there  

%+% 
E4363 

The change of t h i s  r a t i o  was explained by 1.N.Minin 

The electrons gradually lose  energy i n  co l l i s ions  with 

E N ~ + N ~  should kcrease .  
E4363 

Another example of  nonstationary emission i n  l i n e s  [0 1111 i s  found for 
cer tain symbiotic s t a r s  (Ref .23). 
th.e shel.1 of the  s t a r  beg2.a t o  fluoresce and the  l i n e s  [0 1111 continued t o  be 
v i s ib l e  f o r  a coKparatively long time. 
reconibined, changing t o  atoms 0 I1 but not immediately. 
i n  t h i s  case i s  determined by the  formula 

After the  ionizat ion source was ~exhausted, 

This i s  due t o  the  f a c t  t h a t  a t o m  0 I11 
The relaxation time L2 

i 
m '  f. = 

where C[ i s  the  recombination coeff ic ient  of atoms 0 I11 a t  t h e  i - th  l e v e l  and, 
a t  values of n, charac te r i s t ic  for the  she l l s  of var iable  stars, amounts t o  
several  days. A s  can be demonstrated, the  electron temperature during t h i s  
time remains high so t h a t  conditions for t he  exci ta t ion of emission in l ines  
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[O 1111 ex5st i n  the  shel l .  

If de-excitation (drop i n  t h e  degree of ion iza t ion)  of t h e  o r ig ina l ly  high- 
l y  ionized gas, consisting of hydrogen and an admixture of oxygen, takes  place, 
conditions favorable f o r  t he  occurrence of b r igh t  l i n e s  [O 11 are created in 
t h i s  gas. 
responding t o  t h e  t r ans i t i on  of an atom 0 I from the  'D level t o  the  3P level 
( t r ans i t i on  2 - I), i s  determined by the  expression 

The energy Ez-.l emitted by t h e  layer, f o r  example, i n  t h e  line cor- 

where Aal i s  t h e  coef f ic ien t  of spontaneous t rans i t ion ,  aZ1 = 921n, i s  t h e  co- 
e f f i c i en t  of deactivation of t h e  atom from the  'D state under t h e  e f f e c t  of col- 
lisior,s with electrons,  n , ~  i s  the  concentration of atoms 0 I, and V i s  t h e  gas 
volume. A t  first,  when ionizat ion i s  high, t h e  oxygen i s  primar.ily i n  t h e  0 I1 
state, the  value of nOI  i s  small and there  are no [O I] l ines .  After ne di-  
minishes by half  ( i n  time t+) as a consequence of de-excitation, t he  quant i ty  
n,l becomes e q u a l  i n  order  of magnitude t o  the  t o t a l  number of oxygen atoms, 
i.e., increases by a multiple. The electron temperature decreases slowly and 
within the  time t-; changes l i t t l e .  
l i n e s  should appear i n  the spectrum of t h e  shell .  It i s  natural t h a t  la ter ,  as 
ne  diminishes, t h e  [0 I] l i n e s  should become weaker, 
[O I1 l i n e s  i n  t h e  spectra of nonstationary stars car_ serve as am indicat ion of 
t he  unsteady state of t he  radiat ion f i e l d  i n  t h e  shel l .  On t h i s  basis, t h e  ap- 
pearance of br ight  l ines  [O I] i n  t h e  spectra  of cer ta in  novae w a s  explained 
(Ref .  24). 

Therefore, E a + l  increases markedly and [O I1 

Thus, t h e  appearance of 

Among t he  br ight  l i n e s  observed i n  the  spectra of nonstationary stars, we 
f requent ly  f ind Fe I1 l i n e s  and sometimes [Fe 111 lines ( the  l a t te r  are especial- 
l y  intense f o r  long-period var iables  shor t ly  before mini" brightness).  

The ionizat ion poten t ia l  of Fe I i s  less than the  ionizat ion poten t ia l  of 
hydrogen, and for  Fe I1 it i s  somewhat grea te r  than f o r  hydrogen. 
i n  t h e  layer  of t h e  she l l ,  where almost a l l  H atoms are ionized, t h e  i ron  
atoms will a l s o  be primarily i n  t h e  Fe I11 state. 
atoms i n  those layers  where ionizat ion o f  hydrogen i s  comparatively low. 
have a number of low levels, some of which are metastable. 
t i v e l y  low electron temperature (T, = 10,008 ) exci ta t ion of Fe I1 atoms by 
electron co l l i s ion  i s  quite effective. 
ing  the  observed changes i n  t h e  i n t e n s i t i e s  of Fe I1 and [Fe I11 l ines i n  t h e  
spectra  of long-period var iables  (Ref .  25). 

A s  a shock wave passes over the  s h e l l  of a star, t he  hydrogen i s  ionized 
(but not  completely) and followed by de-excitation of t h e  p a r t i a l l y  ionized gas. 
Some of t h e  energy of t h e  electron gas i s  spent on exc i ta t ion  of Fe I1 atoms, 
both t h e  normal and metastable levels being excited. 
t r a t i o n  ne is  su f f i c i en t ly  high, deact ivat ing co l l i s ions  between electrons and 
atoms in metastable states occur of ten and the  forbidden lines become weak i n  
comparison with normal l i n e s  f o r  which co l l i s ions  play no role.  
t i o n  of t h e  gas, t he  concentration ne  diminishes, t h e  number of deact ivat ing 

Therefore, 

There should be  many Fe I1 
/255 

These 
Even a t  a compara- 

These considerations permit understand- 

While t h e  electron conce- 

With de-excita- 
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co l l i s ions  a l so  decreases, and the  in t ens i ty  of [Fe 111 l i n e s  increases with 
respect t o  Fe I1 lines (with a decrease i n  absolute i n t e n s i t y  of both lines). 
This mode of i n t ens i ty  var ia t ion  of t h e  indicated lines occurs i n  long-period 
var iables  where, j u s t  as i n  t h e  other cases examined, unique changes in the  
forbidden br ight  lines indicate  disturbance of t he  ionization-recordbination 
equilibrium in t h e  s t e l l a r  atmosphere. 

A t  ce r ta in  stages of evolution of some novae and i n  a l l  recurrent novae, 
forbidden br ight  lines appear i n  t h e  spectrum wkich belong t o  highly ionized 
atoms of various elements (from [Fe VI] t o  [Fe XIV],  [ C a  VII], etc.). 
spectra of 2 And and other symbiotic stars contain [ N e  V I ,  [Fe VI], etc.  l ines .  
Apparently special  conditions of th& exc i ta t ion  of radiat ion a r e  present here. 
A s  an energy source of radiat ion we can suggest the  act ion of high-energy par- 
t i c l e s  (corpuscular f luxes)  ejected by t h e  s ta r .  

The 

6. Absorption Lines i n  Spectra of Variable S ta r s  /256 
In  the  spectra of WR and P Cygni type stars the absorption l i n e s  are usual- 

l y  observed as an absorption component on the  short-wave ( v i o l e t )  edge of t h e  
b r igh t  l ine .  The absorption l i n e s  arise 
i n  the  expanding s h e l l  of t h e  star or - more exactly - i n  t h e  layer  which i s  
between the  star and the  observer. 
t i on  toward the observer, t he  l i n e s  produced by it s h i f t  toward short  waves, 
Absorption lines i n  t h e  spectra of novae observed a t  periods close t o  the  moment 
of brightness maxi", have a similar character. 

This f a c t  has a simple explanation. 

Since the  indicated l aye r  moves i n  a direc- 

The absorption spectra 'of  Be types have a d i f f e ren t  character. The br ight  
l i n e s  of these stars a r e  usual ly  superposed on broad shallow absorption l i n e s  
charac te r i s t ic  f o r  t he  usual stars of c l a s s  B y  f o r  which they, as i s  commonly 
considered, broaden as a consequence of t he  rapid ro ta t ion  of t he  star. 
same time, t he  s h e l l  of a Be type star sometimes forms narrow absorption l i n e s  
which a r e  shif ted comparatively l i t t l e  from the  center (s ince the  veloci ty  of 
e q a n s i o n  of t h e  she l l  of these stars i s  s m a l l ) .  
on emission l i nes ,  dividing the  l a t t e r  i n t o  two components. 
always consider the  separation of br ight  l i n e  p ro f i l e s  i n t o  two components as 
being due t o  superimposition of absorption l ines .  The she l l s  of B e  type stars 
ro t a t e  rapidly, and calculat ion of t he  b r igh t  l i n e  p ro f i l e s  a r i s ing  in  the  ro- 
t a t i n g  opaque she l l s  has shown (Ref.12) tha t ,  under c e r t a i n  conditions, these 
l i n e s  have two components even without consideration of t he  absorption l i nes ,  
Theoretical absorption l i n e  p ro f i l e s  of Be stars are calculated on the  bas i s  of 
t he  theory of moving she l l s ,  which makes it necessary t o  take i n t o  account t h a t  
the  absorption l i n e s  a r e  formed in the  same region of the  s h e l l  a s  the  br ight  
l ines .  

A t  t he  

These l i n e s  can be superposed 
However, we cannot 

In  a number of works, theore t ica l  absorption l i n e  p ro f i l e s  of s t a r s  with 
rapidly moving she l l s  (WR, P Cygni, novae) were obtained i n  t h e  following 
manner: 

onding absorption l i n e  p ro f i l e  was found, a f t e r  which t h e  deformation of 
'&s pro f i l e  caused by motion of various portions of t he  s h e l l  was determined. 
Actually, t he  l i n e  p r o f i l e  should be calculated from t he  solution of t he  problem 
of radiat ive t ransfer  a t  the  l i n e  frequency through the  moving shel l .  

B y  solving the  problem of t r ans fe r  through a f ixed she l l  the  corre- 
/257 
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purpose we must introduce i n t o  t h e  t ransfer  equations t h e  Doppler e f fec t  caused 
by macroscopic motion of t h e  gas. 
solving the  Schuster problem (of radiat ion sca t te r ing  in t h e  layer) was made by 
McCrea and Mitra as long ago a s  1936 (Ref.26). 
t h e i r  transfer equations. In accordance with t h e i r  procedure (Ref .26) we -1 
first determine the  frequency var ia t ion  of t he  quanta i n  scattering. 
pa r t i c l e  moving with a veloci ty  v i s  struck by a quantum of frequency v from a 
direct ion making an angle 9 with the  d i rec t ion  of motion, then from the  point 
of v i e w  of t he  observer moving with the  par t ic le ,  t h i s  radiat ion has a frequency 

One attempt t o  consider t he  Doppler.effect i n  

It i s  of i n t e r e s t  t o  present 

If a 

v '=  v(l-;Cos6). 

Scat te r ing  occurs a t  the  same frequency, so t h a t  t h e  sca t te r ing  coefficient w i l l  
have a value ( ~ ( v ' ) .  
radiat ion ("fixed") makes an angle cp with the  d i rec t ion  of velocity,  then f o r  
him the  frequency of t he  scat tered quanta i s  equal t o  v" 

If  t h e  d i rec t ion  t o  the  observer perceiving t h e  scattered 

Y" = Yr ( 1  + f COST) = Y 1 - (cos 6 - COSqJ)] 
c c  ( 3 3 )  

V with an accuracy t o  within small values of the  first order with respect t o  C .  
It i s  obvious t h a t  t h e  radiat ion with a frequency V" ,  coming from a d i rec t ion  cp 
and scattered by the  same p a r t i c l e  i n  t h e  d i rec t ion  9, w i l l  have a frequency v. 

The t ransfer  equation f o r  t he  case of a plane-parallel purely sca t te r ing  
layer  has the  following form: 

cos 6 (% x ;  6) 
ax - -pa (Y') [ I  (v; s; 6)  - J (Y; s; 6)], 

where 
D 

. i  - 
2 J (Y; x ;  6) = -) I (Y"; x ;  'p) sin 'p dq 

0 

( 3 4 )  

(35 1 

and x i s  the  distance of a point from the  lower boundary of t he  layer ,  
quantity v as a function of x should be given. 
thermal ag i ta t ion  i s  disregarded i n  eqs.(34) and (35). 

The 
The Doppler e f f ec t  caused by 

If the  layer  moves wLth a ve loc i ty  gradient i n  a d i rec t ion  toward t h e  /258 
observer, then the  absorption l i n e  formed by it wi l l  shift toward short  waves 
and broaden, with the  l i n e  width being larger ,  the grea te r  the  ve loc i ty  gradient. 
Whereas, i n  the  s t a t i c  case, the  form of t he  p ro f i l e  subs tan t ia l ly  depends on 
the  function o(v) ,  the  p ro f i l e  of t h e  line formed by a s h e l l  moving a t  high ve- 
l o c i t y  depends mainly on t h e  quant i ty  v. Therefore, f o r  t he  case of rapidly 
,moving she l l s  we can neglect a l l  f ac to r s  except the  macroscopic motion of t h e  
she l l  when calculat ing the  absorption l i n e  prof i les .  
l y  slowly moving she l l s ,  such as, f o r  example, t he  atmospheres of t he  Cepheids, 
an accurate calculat ion of t h e  theore t ica l  absorption l ine p ro f i l e s  requires 
solving a system of the  form of eqs.(34) - (35) with consideration of t h e  

In the  case of comparative- 
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thermal ag i ta t ion  of atoms. This problem has not yet been formulated*. 

L e t  us examine t h e  formation of absorption l i n e s  i n  a she l l  whose velocity 
. of motion i s  suf f ic ien t ly  large compared t o  the  velocity of thermal agi ta t ion 

of atoms. 
i.e., the  region producing the continuous spectrum, there  i s  a d i s t inc t  boundary 
(this corresponds t o  the  Schuster model). 
t he  she l l  a t  frequency v f o r  radiation escaping from a point of the  stellar disk 
with the  coordinates (8'; cp') i n  the  direct ion of t he  observer. 

e 
with the coordinates (8'; c p ' )  passes through the  shell .  
of the  radiation in tens i ty  a t  frequency v escaping f romthe  she l l  t o  the  intensi-  
t y  i n  an adjacent portion of the  continuous spectrum i s  determined by the  ex- 
pression 

We w i l l  assume t h a t  between the  she l l  of the  star and the photosphere, 

Let T~ be the  opt ica l  thickness of 

A portion, 
' T V  . , of the  photosphere radiation coming from a point of the  s t e l l a r  surface 

Therefore, t he  r a t i o  iv 

= - 
2 

ydcp* (I, (6'; cp') e-'" cos 6' sinWd.6' 
i - - 0  v -  0 - -~ 

z 9 

2 
- 

dcp' 9 (W: cp') cos *sin Wdft'  
0 0  

where the  function $(a'; c p ' )  expresses the brightness d is t r ibu t ion  on the  
surface of the photosphere. 
mined by the known dependence of t he  absorption coefficient i n  the  l i n e  on the  
frequency a t  a given velocity f i e l d  i n  the  shel l .  
absorption l i n e  prof i le .  

/259 
The quantity T V  depends on 6' and rp' and i s  deter- 

Equation (36) determines the  

Calculations by means of eq.(36) a re  simplest f o r  the  case of a spherically 
symmetric expanding shel l ,  when T~ and Jr do not depend on cp'. Let us assume the  
width o f  the  p ro f i l e  of the absorption coefficient t o  be so small t ha t  the she l l  
can be considered opaque only a t  the frequency corresponding t o  the  l i n e  center 
and transparent a t  a l l  other frequencies. Then the radiation a t  a frequency v 
coming from the  photosphere i s  absorbed only by those atoms whose motion makes 
an angle 8 with the  direct ion toward the observer, whence 

v - v o  c 
(37 1 c o s 6 =  -- 

vo v ' 

where vo i s  the frequency of the  l i n e  center corresponding t o  a fjxed volume. 
These atoms absorb radiation coming f r o m  the annular portion of the s t e l l a r  

d i sk  included between the  angles 8 and 

t h a t  the  she l l  i s  completely opaque t o  radiation i n  the  l i n e  ( T ~  = a), we find 
the formula 

rr ( for  an infinite she l l ) .  Considering 

* Results of the calculations of absorption l i n e  prof i les  formed i n  a plane- 
pa ra l l e l  atmosphere i n  the presence of a veloci ty  gradient were published re- 
cently (Ref. 33 ). 
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x - 
a 
( 9 (6') cos @sin 6'dW 

which was first derived by V.V.Sobo1ev (Ref.2). 
one similar t o  it, the  prof i les  of l i n e s  formed by expanding s h e l l s  were calcu- 
l a t ed  (Ref.2) f o r  t he  case of an i n f i n i t e  shell .  
calculated by means of eq . (36 )  f o r  more general cases where the  p ro f i l e  of t h e  
absorption coeff ic ient  was of the  Doppler type. 

By means of t h i s  formula and 

Subsequently, p ro f i l e s  were 

The j u s t  described mechanism of formation of t h e  absorption l i n e  of a /260 
moving she l l  is, i n  essence, completely d i f f e ren t  from the  mechanism of forma- 
t i on  of a l i n e  i n  a fixed atmosphere. 
f ixed atmosphere, t he  quant i ty  i v  i s  expressed by the  well-known formula 

In the  case of Schuster's model f o r  a 

(39 1 ,I . /-- i 
. I*=- 

i + T "  ' 

which i n  no way i s  related,  i n  par t icu lar ,  with ~ ~ ( 3 8 ) .  
latter, the  value of iv s t e m s  from a geometric effect .  Therefore the  depend- 
ence of the  equivalent width on the  number of absorbing atoms (growth curve) 
f o r  a moving she l l ,  generally speaking, should not be s imilar  t o  t he  correspond- 
ing dependence f o r  a fixed atmosphere. Considerable work on calculat ing theo- 
r e t i c a l  growth curves by means of eq. (36 ) should precede the  use of the  method 
of growth curves f o r  analyzing she l l s  of nonstationary or variable  stars. 

According t o  the  

- 
7. Effect of Qdiat ibn of S t e l l a r  Shel ls  on the  

Obse-wed Continuous Spectrum 

S t e l l a r  she l l s  rad ia te  not only at  l i n e  frequencies but  a l s o  i n  a continu- 
ous spectrum. 
spectrum i s  small  i n  comparison with unity,  t h e  v i s i b l e  spectrum i s  formed simply 
by t h e  combination of s t e l l a r  radiat ion w i t h  she l l  radiation. Provided the  
she l l  i s  opaque i n  the  indicated region and i s  continuous, t he  observed continu- 
ous spectrum belongs only t o  t h e  shel l .  

If the  opt ica l  thickness of a s h e l l  i n  the  observed region of  t h e  

The f i r s t  of t he  indicated cases i s  qui te  simple f o r  invest igat ion and f o r  
construction of  a t heo re t i ca l  spectrum since the  shel l ,  transparent t o  s t e l l a r  
radiation, i s  also transparent to i t s  own radiat ion a t  appropriate frequencies. 
S ta rs  of type Be have such s h e l l s  transparent in the  subordinate continua of 
hydrogen. For the  t o t a l  energy L ( v )  emitted by a star i n  a cer ta in  frequency v 
of the  v i s ib l e  portion of t he  spectrum, we have the  expression 



The value of &(v), t he  radiation of the  central  star, can be given a p p r d -  
m t e l y  i f  we consider it t o  be Planckian, but &(v)  i s  determined more accurate- 
l y  by means of model atmospheres. In the  luminous part of the she l l  of a Be 
type s t a r  the  hydrogen i s  i n  a s t a t e  of high ionization and i ts  radiation L s h ( v )  
i s  due t o  recombinations and free-free t ransi t ions.  To calculate t he  recombina- 
t i on  spectrum we must  know T, , ne , n’ and the  volume of t he  ionized portion of  
t he  shell .  

/261 

I n  the  case of a spherically symmetric she l l  we have 

where 

Here, via i s  the  frequency of ionization of a hydrogen atom f romthe  i-th s ta te ,  
W i s  the radiation d i lu t ion  factor ,  and K is  a known constant, 
t o  the Balmer series, then j = 2, while i f  it refers  t o  the  Paschen ser ies ,  
then j = 3. 
L s h ( v )  from eqs.(&L) and (42). 

If v pertains 

The dependence of T, and ne on r should be known f o r  calculating 

The energy dis t r ibut ion i n  the  continuous spectrum i s  usually characterized 
by the parameter T,, called the spectrophotometric temperature and determined by 
the  re la t ion  

where E ( v )  i s  the  observed energy dis t r ibut ion in  the  spectrum. For the radia- 
t i on  of  the  shel l ,  T, i s  appreciably less than T, and a t  the  same time T, < TY,. 
Therefore, the radiation of a s t a r  with a she l l  corresponds t o  a lower spectro- 
photometric temperature than the radiation of a s t a r  of the  same spectral  c lass  
without a shell .  

Another important f a c t  associated with the  presence of a she l l  i s  the  
change i n  D, the  magnitude of the  jump of radiation in tens i ty  a t  the  l i m i t  of 
the  Balmer ser ies  which i s  determined by the  re la t ion  

where E i s  a suf f ic ien t ly  small value. 
se r ies  limit) less radiation escapes f romthe  photosphere of the s t a r  than i n  
the  Paschen continuum. The she l l ,  on the other hand, radiates  i n  the  Balmer 
continuum more energy than i n  the  Paschen, 
superposed, the  value of D becomes smaller than f o r  a star without a shell .  
the case where the s h e l l  i s  suf f ic ien t ly  powerful, the  value of D may become 
negative, i .e. ,  i n  the  spectrum of  such a Be type s t a r ,  emission will be ob- 
served beyond the limit of the Balmer series. 

I n  the  Balmer continuum (near the /262 

When these two radiation sources a re  
In 

These theoret ical  considerations were used by the author (Ref.27) f o r  in- 
terpret ing the  spectrum of the  much observed s t a r  y Cassiopeia and then f o r  
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other s t a r s  of type B e  by Tsoi T i a i  (Ref.28) and by R.Oganespn (Ref.29). I n  
these works, the  charac te r i s t ics  of she l l s  of B e  type stars of d i f f e ren t  sub- 
c lasses  were obtained by comparing the  theory with observations. 

It i s  much more complicated t o  obtain the  theore t ica l  spectrum of an opaque 
she l l  because i n  this case it i s  f irst  necessary t o  solve the  problem of‘radia-  
t i v e  t ransfer  i n  several  continua. In the  general form, this problem i s  highly 
complex and has not been solved. The s i tua t ion  i s  somewhat b e t t e r  when dealing 
with very hot stars i n  whose she l l s  scat ter ing of radiat ion by f r e e  electrons 
plays a substant ia l  role. 
scat ter ing,  with an op t i ca l  thickness of the  order of uni ty ,  has a much smaller 
op t ica l  thickness when caused by absorption beyond the  Lyman se r i e s  l i m i t .  It 
i s  obvious t h a t  i n  the  v i s ib l e  spectrum region the  r o l e  of e lectron sca t te r ing  
i s  even greater. 
only f r e e  e lectron sca t te r ing  i s  taken i n t o  account. 

A t  T3cz 50,008, a layer  caused by f r e e  electron 

The problem of rad ia t ive  t ransfer  i s  comparatively simple when 

The influence of e lectron sca t te r ing  in the  atmosphere of the  hot star on 
i t s  spectrum was first examined theore t ica l ly  by V.A.Ambartsurqgan (Ref.30). The 
study by S.G.Slyusarev (Ref.31) i s  a l so  devoted t o  this problem. In h i s  s tudies  
on radiat ive t r ans fe r  in a plane layer  with consideration of electron sca t te r ing  
and t rue  absorption, he showed t h a t  electron sca t te r ing  promotes reprocessing of 
radiat ion and an approach t o  a s t a t e  of loca l  thermodynamic equilibrium. 
r e su l t  of scat ter ings,  the  path of the quanta i n  the  l aye r  increases,  so  t h a t  
the probabi l i ty  of it being detected becomes greater  and consequently t h e  
effect ive opt ica l  thickness of the  layer  increases. 

A s  a 

/263 

It was a l so  found (Ref.31) t h a t ,  with an increase i n  the  r a t i o  (where 
CYV 

CT i s  the  sca t te r ing  coeff ic ient  and aV i s  the  t rue  absorption coef f ic ien t )  the  
spectrophotometric temperature of radiat ion of the  l aye r  decreases. Thus , f o r  

- -  0 - 10 and a t  a temperature of the  medium of T = 60,006 - 80,006 the  value 
Q,V 

of T, i n  the  v i s i b l e  spectrum region i s  about 1 5 , O d .  
quence of electron sca t te r ing  the  magnitude of the  in t ens i ty  jump a t  the  limits 
of the subordinate se r i e s  decreases. 

Furthermore, a s  a conse- 

The e f f ec t  of e lectron sca t te r ing  on the  spectrum should be similar,  i n  i ts  

Thus, when electron sca t te r ing  i s  taken i n t o  account we can a t  l e a s t  
general features ,  t o  t h a t  described when the  plane l aye r  i s  replaced by a spheri- 
ca l  shel l .  
give a qua l i ta t ive  explanation of t he  observed pecu l i a r i t i e s  of  t he  continuous 
spectrum of WR s t a r s  - t h e i r  comparatively l o w  spectrophotometric temperature 
( a t  a high temperature of t he  star, found from the  b r igh t  l i n e )  and the  absence 
of an in t ens i ty  jump at  the limits of the  subordinate ser ies .  

Novae, a f t e r  reaching m a x i ”  brightness, i n  addition t o  having a main 
she l l  which i s  thrown off a t  t he  moment of outburst and i s  transparent i n  the  
v i s i b l e  portion of t h e  spectrum, a l so  have an extended she l l  formed by matter 
continuously ejected from the  star. This she l l  has a la rge  opt ica l  thickness 
i n  the  continuum and produces mainly an observable continuous spectrum which can 
be interpreted i n  the  same manner as the  spectrum of  WR stars. 
a l so  plays some ro l e  in the  formation of t he  continuous spectrum, which i s  

The main s h e l l  



l l l l l  I 

apparent from the  presence of a negative in tens i ty  jump (emission) a t  the  se r i e s  
l i m i t  i n  the spectra of a number of novae ( for  example, t he  1936 Nova Lacertae). 
There has s t i l l  been no complete theoret ical  investigation of the continuous 
spectrum of novae. 

of extended photospheres (Ref .33 ) f o r  interpret ing the continuous spectrum of 
WR s t a r s  and novae cannot yield sat isfactory results.  
present form, does not take in to  account the dependence of the  absorption coef- 
f i c i en t  on the  frequency and postulates the  existence of a loca l  thermodynamic 
equilibrium in t h e  photosphere, These shortcomings make it applicable a s  a 
f irst  approximation. 

We note tha t ,  a s  shown elsewhere (Ref.32), the use of the  so-called theory 

This theory, i n  i t s  /261 

Molecules, and a l so  atoms of metals and negative hydrogen ions, play the  
major r o l e  i n  the  formation of the  continuous spectrum of nonstationary stars 
of l a t e  classes ( i n  par t icular ,  long-period variables). 
the  continuous spectra of these s t a r s  should be similar t o  the  spectra of normal 
stars of the corresponding class. 
the determination of the  theoret ical  continuous spectrum fo r  s t a r s  of l a t e  
spectral  classes encounter considerable d i f f i c u l t i e s  which have not yet  been 
overcome. 

I n  t h e i r  basic features,  

The construction of a model atmosphere and 
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ANALYSIS OF THE EMISSION SPECTRA OF NONSTATIONARY STARS 

A.A.Boyarchuk 

/266 

Many nonstationary (var iable)  s t a r s  have an emission spectrum t h a t  re- 
Thus, t h e  spectra of type Z And sembles the  spectrum of planetary nebulae. 

s t a r s  contain p rac t i ca l ly  a l l  emission l i n e s  which a r e  observed f o r  planetary 
nebulae. Therefore, methods developed f o r  planetary nebulae a r e  often used f o r  
analyzing conditions i n  the  she l l s  of nonstationary s t a r s  (Ref.1). 
it i s  known t h a t  t he  electron concentration i n  the  s h e l l s  of m o s t  nonstationary 
s t a r s  i s  by many orders l a rge r  than tha t  of plm-etary nebulae. For example, it 
i s  cf the order of lo7  cnf3 f o r  type Z And stars (Ref.2, 3 ) ,  whereas f o r  most 
planetary nebulae it does not exceed lo4 ~ m - ~ .  This difference resi l t , s  i n  the  
ro l e  of t r ans i t i ons  due t o  co l l i s ions  of the second kind being greater  i n  she l l s  
of nonstationary s t a r s  than in planetary nebulae. Therefore, t he  formulas f o r  
determining electron temperature and electron concentration derived f o r  the  case 
of planetary nebulae, i.e. , low-density objects  (Ref.l+), m u s t  be modLfied before 
using them f o r  analyzing the  spectra of nonstationary stars. 
us examine the  steady-state equation f o r  low energy l eve l s  of t h e  ion 0 I11 
(F'ig.1). 

Furthermore, 

A s  an example l e t  

The steady-state equation f o r  t he  k-th l e v e l  w i l l  have the form 

6 k-1 

i=k+x I=1 

where nf denotes the  number of atoms a t  the i - th  l eve l ,  n e  i s  the  riumbcr of f r e e  

between the  l eve l s  i and k. The coeff ic ient  of deactivation of the  i - th  leve l  
by electron co l l i s ion  i s  denoted by qtk (i > k) ,  whence 

electrons i n  1 cm3, and A,, i s  t h e  probabi l i ty  of spontaneous t r ans i t i on  E67 

where nik i s  the  "effectiveness o f  collision' '  (Ref.6), wi i s  the  s t a t i s t i c a l  
weight of t he  i - th  level ,  and Te i s  the  electron temperature. The coeff ic ient  
of exci ta t ion of t he  k-th l eve l  by electron co l l i s ion  i s  related with the  coef- 
f i c i e n t  of deactivation of t h i s  l e v e l  by 

In  constructing the  steady-state equation we disregarded rad ia t ive  t rans i t ions  
since they a r e  a l l  forbidden. 
leve ls  a s  closed and w i l l  neglect a r r i v a l s  produced by d i r e c t  recorb5nations and 
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Furthermore, we w i l l  consider t h i s  system of 

I 1  I1111 I I I 



successive upward t ransi t ions.  A s  calculations have shown (Ref. 5), the popula- 
t i on  of these l eve l s  due t o  successive t r ans i t i ons  from upper l eve l s  and recom- 

binations of t he  ion 0 IV f o r  T, = 17,00@K 
and ne = 2.2 X lo4 cm-3 amounts t o  l e s s  than 
7% of  the population produced by t rans i t ions  
f r o m  t h e  ground l eve l  of t he  ion 0 I11 under 
the  e f f e c t  of electron col l is ion.  

% 5 - . .- 

% B y  solving the  system (l), the  r e l a t ive  
number of atoms a t  d i f f e ren t  leve ls  was ob- 
tained. Similar calculations have been made 
f o r  other ions having a s imilar  configuration 
of the  lower energy l eve l s  (Ref.6). Further- 
more, knowing the  populations of the  l eve l s  

l i n e s  a r i s ing  upon t r ans i t i ons  between these 

4 - -  ~ 

3 % 
z -  9, 
7 % permits determining the  i n t e n s i t i e s  of t he  

Fig.1 Diagram of Lower levels .  Per un i t  volume we have 
& e r m  Levels of the  

Tin o III. 
( 3 )  

The r e su l t s  of t he  calculation a re  shown i n  Figs.2 - 5. These diagrams /22g 

present the  curves of equal r a t i o s  154 . on the plane ( log  ne,  log T, ). 
I43  I 4 2  

'09 ne 
70 

9 

8 
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6 

5 

4 

JU 

ZU 

a3 

I 

4 5 61ogT, 

- - - Fig.3 Curves of I 5 4  - I54 Fig.2 Curves of 
I43  4- I 4 2  I43  + I 4 2  

= const f o r  Ions N 11. = const f o r  Ions 0 111. 
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W e  see tha t ,  a t  low electron concentrations (ne 7 lo4 
ratios depend only on t h e  electron temperature. 
n, t he  r a t i o  of  t he  forbidden-line i n t e n s i t i e s  begins t o  depend on both quanti- 
t i e s ,  ne and T,. This i s  due t o  t h e  f a c t  t h a t  t h e  number of t rans i t ions ,  under 
the  e f f ec t  of e lectron co l l i s ions  of t he  second kind, becomes comparable t o  t he  
number of spontaneous t rans i t ions .  

), these in t ens i ty  
However, with an increase i n  

IO - 

9 -  

8 -  

7 -  

6 -  

5 -  

IO 

023 

a7 

k7 ne 

70 . 

9 -  

8 -  

7 -  

6 -  

5 -  

- - 154 Fig.4 Curves of 154 - - - F'ig.5 Curves of 
I 4 3  + I 4 2  I43  -k I 4 2  

= const for Ions Ne 111. = const f o r  Ions Ne V. 

I n  the  spectra of many nonstationary s t a r s  (novae a t  t h e  beginning of t h e  
nebular stage, type Z And s t a r s ,  e tc . )  t he  r a t i o  of [0 1111 in t ens i t i e s ,  a s  /26q 

shown by observations, i s  - 
case it i s  impossible t o  determine e i the r  the  electron temperature or the  
electron concentration from observations of only 0 I11 lines .  
of t he  electron concentration i s  the  only datum t h a t  can be found from tp rela- 
t i v e  i n t e n s i t i e s  of forbidden l i n e s  of one ion f o r  a medium with n e  > 10 , i.e., 
f o r  most she l l s  of nonstationary s t a r s ,  Using the  i n t e n s i t i e s  of the  borbidden 
lines of two ions, f o r  example [N 1 1 3  and [O 1 1 1 3 ,  we can theore t ica l ly  deter- 
mine simultaneously the  electron temperature and electron densi ty  of t h e  medium. 
Incidentally,  it should be pointed out here t h a t  the  l i n e s  of equal r a t i o s  

- 0.3 (Ref.2, 3).  Hence, i n  t h i s  
114959 + I15007 

The lower l i m i t  

f o r  d i f f e ren t  ions a re  very s imilar  (see F'igs.2 - 5). I n  most /270 
I43 + I 4 2  

cases they in t e r sec t  a t  l o w  angles, and the  accuracy of determining n, and T, by 
t h i s  method i s  not very great.  
account: 
novae a t  a l a t e  s tage (Ref.$), when photographed a t  the frequencies of d i f fe ren t  
lines have a d i f f e ren t  appearance, i.e., there  i s  s t r a t i f i c a t i o n  of t he  radia- 
t ion.  
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Furthermore, t h e  following must be taken in to  
It i s  known t h a t  both planetary nebulae (Ref.7) and the she l l s  of 

This indicates  d i f fe ren t  conditions of exci ta t ion a t  d i f f e ren t  points of 
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t h e  medium. This circumstance lessens  
temperature and electron concentration 
bidden l i n e s  of two or several  ions. 

Another method of determining the  
analysis  of t h e  energy d i s t r ibu t ion  i n  
of temperatures ex is t ing  i n  t h e  s h e l l s  

t he  re l iabi l i ty  of determining electron 
from the  relative intensi t i .es  of for- 

conditions i n  t h e  m e d i u m  i s  based on an 
the  continuous spectruni. I n  the  range 
of nonstationaqy stars, t h e  emission i n  

t h e  continuous spectrum-is created mainly by hydrogen and helium. 
the  helium and hydrogen contents i n  most cosmic objects  does not exceed 0.20. 
This results i n  t h e  contribution of helium t o  contin_uous radiat ion being s m a l l  
in comparison with the  contribution of hydrogen. 
l i m i t  our study t o  continuous rad ia t ion  of a purely hydrogen medium. 

The r a t i o  of 

Therefore, we will henceforth 

The radiat ion in t ens i ty  per  1 cm" a t  a frequency v can then be described as 

Here-the f i r s t  term i n  parentheses takes  i n t o  account rad ia t ion  due t o  recombina- 
t ion.  
t o  8205 A,  we have k = 3, The second term corresponds t o  radiat ion due t o  free- 
f ree  t r ans i t i ons  of e lectrons in proton f i e lds ,  and the  t h i r d  term characterizes 
two-photon radiat ion ( R e f  .4). 

TQe value of k depends on the  spec t ra l  region under study, For hh 3646 

Thus, energy d i s t r ibu t ion  i s  a function of both electron concentration and 
e lec t ron  temperature and, in principle ,  permits determining the  quant i t ies  n, 
and Te . For t h i s ,  it i s  convenient t o  use the  magnitude of the  Balmer jump: /271 

The r e s u l t s  of calculat ions by eq.(5) are shown i n  Fig.6, taken from another 
paper (Ref.6). 
n e  < l o3  cm-3 and ne > 10" ~ m - ~ ,  depends on ly  on the  electron temperature. A t  
inter.mediate values of ne,  t he  jump D, depends a l so  on electron concentration. 
It i s  true t h a t  t h e  dependence i s  r z the r  weak. 
Balmer jump the  electron temperature can be determined i f  t h e  value o f  t h e  
e lec t ron  concentration i s  even approximately known. 

The diagram shows t h a t  t he  magnitude of t h e  Ba lmer  jump, a t  

Thus, from t h e  value of t h e  

However, t h e  simultaneous use of t he  forbidden-line i n t e n s i t i e s  and the  
magnitude of the  B a l m e r  jump f o r  determining the values of n, and T, raises /272 
ce r t a in  objections. These are re la ted  with t h e  possible difference of t h e  ex- 
c i t a t i o n  conditions i n  t h e  regions of hydrogen-line and forbidden-line emission. 
W e  can present t he  following considerations t o  support t he  f a c t  t h a t  such d i f -  
ferences ac tua l ly  might exist. The rad ia t ion  in t ens i ty  of hydrogen i s  propor- 
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t i o n a l  t o  n: which means t h a t  it a r r ives  mainly from denser regions of t h e  
medium. The forbidden-line in tens i ty ,  owing t o  the  e f f e c t  of  co l l i s ions  of t h e  

second kind, increases Much more slowly than 
in proportion t o  n t ,  so t h a t  these lines, on 
t h e  average, w i l l  penetrate i n t o  the  less 
dense portions of t he  she l l s ,  
i n  forbidden lines is  excited by electron 
col l is ion.  Therefore, t he  electron tempera- 
ture will be l o w e r  in those regions where the  
forbidden lines glow more strongly. A l l  t h i s  
results in t h e  denser portions of t he  s h e l l  
being ho t t e r  and the  less dense being cooler, 
i.e., d i f ferences w i l l  exist i n  the  conditions 
of exc i ta t ion  in t h e  medium. 

The emission 5UUU"K 

7ff5!"'K 

In  cer ta in  cases i n  the study of non- 
. / - 5 U U f l P K  s ta t ionarg  s t a r s ,  we can a l so  use spec i f ic  

methods f o r  determining conditions i n  t h e i r  
' 2  3 4 5 Glogn, shel ls .  The bas ic  pr inciple  of these methods 

i s  a s  follows: Let us assume t h a t  the  f i e l d  
Fig.6 Balmer Jump DB at  of  exci t ing radiat ion depends on time. In 
Different Electron Con- t h a t  case, changes i n  t h e  populations of t he  
centrations and Tempera- l eve l s  and s t a t e  of ionizat ion w i l l  occur. 

tures.  Therefore, t he  character of the  spectrum w i l l  
also change i n  time. These changes should 
occur not immediately, but  with some lag.  

The magnitude of t h i s  lag,  i.e.(, t he  relaxat ion time, i s  determined by condi- 
t i ons  in the  medium and depends mainly on t h e  electron concentration. 
lem of the  emission of a medium in a time-variant radiat ion f i e l d  was studied 
i n  d e t a i l  by V.V.Sobolev (Ref.9). 
simple case - recombination emission of t he  medium a f t e r  "disconnecting" the  
ionizat ion sources. 
determined by the  equation 

-~UZ'L%~~~K 
I -  1 _ - - 1 _ -  

The prob- 

Here ( a s  an example), we w i l l  discuss a 

In  this case, the  var ia t ion  i n  the  number of ions will be 

i=a 

then /273 + If ,  a t  the  i n i t i a l  i n s t an t  t = 0, t h e  ion concentration i s  n' = no, 

4 
m n+ ( t )  = 

i=2 

+ I n  integrat ing eq.(6) we took in to  account t h a t  n, = n . 
which t h e  ion concentration diminishes by ha l f  

The time 9 during 
i s  known a s  t h e  r e l a t i o n  time: 



I . . . .  , . . . . I  

3 4 sicrpr, 

Fig. 7 Curves 8 (ne,  Te ) const 
for Lines A X  6548 + 6581’’ A of 

the  Ion N 11. 

Fig.8 
for L i n e s  X X  6300 + 6364 A of 

t h e  Atom 0 I. 

Curves 8 (ne,  T. ) =* const 

L . . . . , . . . . . .  
I I 8174 

Fig.9 Curves 8 (n, , rC, ) const F’ig.10 Curves 8 (n, , Te ) 9 const 
f o r  L i n e s  Xh 3727 + 3729 A of for  Lines A X  4959 + 5007 A of 

t he  Ion 0 11. t h e  Ion 0 111. 
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Knowing the time of change of the line intensities in the spectrum, we can 
determine the electron concentration on the basis of eq.(8). The quantity 
a, c Cf (T, ) depends only weakly on the electron temperature. However, the equal%- 

1x2 

ty ( 8 )  permits estimating only the order of electron concentration since, in 
deriving and solving eq . (6) ,  a nlxniber of assumptions were made (complete "dis- 
connection" of the excitation sources, constancy of T, ). 

I N C V l  

I . . .  
J 4 5 l o g r ,  

Fig.11 Curves 8 (ne, T, ) 5 const Fig.12 Curves 8(n,, T, ) const 
for Lines Ah 3869 + 3867 A of for Lines XA 3346 + 3426 A of 

the Ion Ne 111. the Ion Ne V. 

Let us now define the possible influence of indeterminancy in the values 
of the electron temperature and electron concentration relative to the results 
of determining the chemical composition. The radiation intensity per 1 m3 in 
the line, corresponding to the transition i -t k, is given by eq,(3). For for- 
bidden lines, the population of the i-th level can be'found fromthe system (1): 

where cp(ns, T, ) is some function of densitp and temperature, and nl is the nu- 
ber of ions at the ground level. For the line Hp, we have 

b4 (T,) E% 
IHg = 2.24. 10-19npnex e T e ,  

e 

where np is the concentration of protons, while b,(T, ) is a coefficient indi- 
cating how many times the population of the fourth level differs from its popu- 
lation at thermodynamic equilibrium with T = T, . 
we easily obtain 

From eqs. (3 ), ( 9 ) ,  a d  (10) /215 
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72 

8 IDi 6 -  

4 -  

z -  

~ 

where 

. R1406Y++fJ"76 

- n1 depend p rac t i ca l ly  only on t h e  
nP 

electron temperature. A s  already /276 
noted above, in t h e  s h e l l s  of nonsta- 
t ionary  stars we have n, - lo' ai3. # I n  subs tan t ia l ly  t h i s  case, depends the  function on both 8 ,  (ne, var iables ,  T, ) 
n e  and Te , and the  accuracy of determin- 
ing t he  ion concentration will be less 
than i n  the  case of planetary nebulae. 
I n  pa r t i cu la r ,  i f  we use the  average 
values of n e  and T, for t h e  e n t i r e  

Here S(T, ) i s  some slowly vai Upon 
an  increase i n  T, from lO,OO( F t o  20,OOd) these changes usua l ly  do not exceed 
a f e w  percent (Ref.10). 
allowed lines only requires  knowledge of the  approximate value of t he  electron 
temperature, making it thus mre r e l i a b l e  than determinations based on forbidden 
l ines .  The only obs tac le  t o  t h e  wide use of this method i s  the  lack of  calcula- 
t i ons  for the  values of b, (T, ) €or many ions. 

g funct ion of t he  e lec t ron  temperature. 

Thus, a determination of t h e  ion concentration from 
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SPECTRII OF INTERSTELLAEt MATTER 

S .A .Kaplan 

Although the  present book i s  devoted t o  problems of t h e  theory of stellar 
spectra,  it seems of some use t o  discuss  cer ta in  problems of t h e  theory of 
spectra  of interstellar matter. Despite t he  spec i f i c  nature of conditions in 
the  interstellar medium (extreme rarefact ion of gas and d i l u t i o n  of rad ia t ion) ,  
we note t h a t  in many cases the  theor ies  on the  fornat ion of spectra of inter- 
stellar matter and spectra  of t h e  outer  she l l s  of stars are qu i t e  similar. For 
example, t h e  mechanisms of formation of t he  emission spectrum of forbidden lines 
are ident ica l ,  and the  methods of t h e  theory of growth curves are similar. On 
the  other  hand, considerable a t t en t ion  i s  devoted t o  the  radio region - present- 
l y  inaccessible  t o  stellar observations - i n  t he  theory of t he  spectra  of in te r -  
s t e l l a r  matter. 

The study o f  t he  spectra  of i n t e r s t e l l a r  matter i s  intimately connected 
with an invest igat ion of t he  physical. conditions and dynamics of i n t e r s t e l l a r  
gas, magnetic f i e l d s ,  and cosmic rays i n  i n t e r s t e l l a r  space. Even the  most 
cursory account of a l l  these problems within one a r t i c l e  i s  impossible; there- 
fore ,  f o r  fu r the r  d e t a i l s  we refer the  reader t o  our monograph " I n t e r s t e l l a r  
Matter" ( R e f . 1 ) .  
a r i s ing  i n  the  theory of i n t e r s t e l l a r  spectra,  i n  connection with the  advances 
in radio astronomy and extra-atmospheric astronomy. 

Here, we will devote more a t t en t ion  t o  several  new problems 

1. Absorption Lines 

I n t e r s t e l l a r  absorption l i n e s  appear i n  s te l lar  spectra  (op t i ca l  range) or. 
i n  spectra of d i sc re t e  radio sources ( radio range) whenever a su f f i c i en t ly  dense 
cloud of i n t e r s t e l l a r  gas i s  between the  observer and a b r igh t  star o r  radio 
source. 
a l l  atoms and molecules are almost always i n  a ground state and the  observed 
l i n e s  always arise upon absorption from t h i s  state. 
s p l i t ,  then of ten  only the  lowest sublevel i s  populated, although here a com- 
parat ively la rge  population of t h e  upper sublevels of t h e  ground state i s  pos- 
s i b l e  in v i e w  of the  relatively s m a l l  probabi l i ty  of spontaneous t rans i t ion .  
Several lower rotat ional .  levels can be  populated i n  the  molecular spectra. 

A special  fea ture  of t he  i n t e r s t e l l a r  absorption spectrum i s  t h a t  /279 
If the  ground state i s  

There are comparatively few l i n e s  due t o  absorption f r o m t h e  ground state 
and of su f f i c i en t  in tens i ty ;  therefore ,  t he  p o s s i b i l i t i e s  of interstellar 
spectroscopy are somewhat l imited here. 
atoms and molecules have been observed i n  t h e  v i s i b l e  spectrum region and a f e w  
l i n e s  in the  radio range. 
appreciably as soon as it w i l l  become possible  t o  observe the  u l t r a v i o l e t  
spectra  of stars a t  high dispersion. 
observational conditions of i n t e r s t e l l a r  absorption l ines  ( R e f . 1 ,  Sect.7), even 
then it is  unl ike ly  t h a t  one will be ab le  t o  inves t iga te  more than a f e w  dozen 
l ines .  

So  far only about two dozen l i n e s  of 

The number of observed absorption lines will increase 

However, as shown by an analysis of t h e  
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The methods of studying interstellar absorption l i n e s  depend on whether a 
de ta i led  invest igat ion of t h e i r  p ro f i l e s  i s  possible or whether determinations 
of equivalent widths remain the  only procedure. The radio range of fers  b e t t e r  
p o s s i b i l i t i e s  in t h i s  respect: 
respect t o  frequency can be obtained than i n  t h e  v i s i b l e  spectrum region. 
well  known, a comprehensive study of t he  hydrogen-line p ro f i l e s  h = 21 cm has 
yielded extremely valuable da ta  on the  s t ruc ture  and motion of neut ra l  hydrogen 
i n  t h e  G a l a x y .  
i n  d e t a i l  by Kaplan e t  al. (Ref.1, Sects.4, 5 )  so t h a t  we w i l l  not discuss them 
fu r the r  here. 

Here, an appreciably grea te r  resolution with 
A s  i s  

The methods and results of these invest igat ions were  described 

A de ta i led  invest igat ion of  t he  h = 21 cm l i n e  is  even more readi ly  pos- 
For most weak l i n e s  it i s  usually im- s i b l e  since this l i n e  is  very intense. 

possible t o  make a thorough analysis of t h e  prof i le ,  but i t s  width can often be 
determined when assuming tha t  t h e  l ine  p ro f i l e  can be appraximated by a Gaussian 
curve. A t  the  appreciable rarefact ion of i n t e r s t e l l a r  gas, atomic col l is ions 
have no subs tan t ia l  e f f ec t  on l i n e  broadening so t h a t  t h e i r  width, a t  not too 
excessive a l i n e  in t ens i ty  i s  determined exclusively by the  thermal agita- 
t i o n  and turbulent motion of atoms and molecules. 
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Let us assume t h a t  we can observe the l i n e s  of several  atoms and molecules 
or iginat ing i n  one and the  same cloud of i n t e r s t e l l a r  gas. 
we can then determine: a )  the  veloci ty  of  the cloud a s  a whole, from the  l i n e  
s h i f t ,  b )  t he  gas temperature and the turbulent velocity,  from t h e  l i n e  broaden- 
j-ng, c )  the  number of atoms and molecules along the  l i n e  of  s ight ,  from the ab- 
sorption i n  t h e  cent ra l  portions of the  l ines .  

l i n e s  Avo i s  made up 03 t h e  Doppler half-width AvEher describing the  thermal 
ag i t a t ion  of atoms or molecules and of t he  Doppler half-width of turbulent mo- 
t i o n  b~;" ' .  We have 

From this spectrum 

Let us examine more thoroughly point b) .  The observed half-width of t he  

where A i s  the  wavelength of the  l i n e ,  T i s  the  gas temperature i n  the  cloud, 

m, i s  the  mass of the  a t o m  or molecule, and Rur i s  t h e  mean-square turbulent 
velocity. The thermal veloci ty  d i s t r ibu t ion  i s  described by a Gaussian d i s t r i -  
bution; i f  we assume t h a t  a s imilar  curve describes the  turbulent veloci ty  dis-  
t r ibut ion,  then the  t o t a l  half-width of t he  l i n e  i s  determined by t h e  expression 

1 2kT 
( A V D ) ~  = ( A V ? ~ ~  + ( A V ~ ) ~  = (-;;;;; + 8?,, ) . 

If two l i n e s  of half-widths Avkl) and Avi2) , belonging t o  two d i f f e ren t  atoms 
or molecules with masses ml and m2, a r e  observed, then eqs.(2) writ ten fo r  each 
l i n e  w i l l  y ie ld  



Using these f o d a s  f o r  analyzing the  hydrogen lines ( A  = 21.1 cm) and OH /281 
molecule lines ( A  = B . 3  cm), both the  temperature and t h e  in t e rna l  turbulent 
ve loc i t i e s  i n  clouds of neutral hydrogen can be determined with high reliability. 

ELsewhere (Ref.2), T = 90 - 12@K, RUr = 0.23 - 0.27 h / s e c  w e r e  obtained i n  
t h i s  manner. B y  means of t h i s  method, t h e  hydrogen l i nes  can be compared with 
the  calcium and sodium lines, i f  one i s  cer ta in  that they arise i n  the  same 
cloud. However, t h e  r e l i a b i l i t y  of t he  results thus obtained i s  low, s ince t h e  
conditions of observing absorption l i n e s  i n  t h e  radio region and i n  the  v i s i b l e  
spectrum are quite d i f fe ren t .  Here we must take  i n t o  account t h a t ,  i n  observing 
the  op t i ca l  l i ne ,  t h e  absorption i s  determined within a cone res t ing  on t h e  
cross sect ion of t h e  star, whereas i n  the  radio range the  absorption i s  observed 
within a cone having t h e  cross  sect ion of t he  radio source; these quant i t ies  are 
not comparable. 
portion of t he  cloud than does radio-range absorption. 

I n  other  words, op t ica l  absorption occurs i n  a much s m a l l e r  

If t he  op t i ca l  thickness a t  the  l ine  center  ro i s  not l a rge r  than unity,  
then from the  absorption a t  the  center 

( 4 )  r,, = 1 - e-4 

one can eas i ly  determine the  concentration N, of t h e  corresponding atoms and 
molecules by means of t he  formula 

Here, m i s  the  electron mass, f i s  the  o s c i l l a t o r  s t rength of t h e  l i n e ,  1 i s  t h e  
length of the  l i n e  of s igh t  i n  the  cloud, and Av, i s  the  t o t a l  half-width of 
t he  l i n e ,  

If the  absorption l i n e s  a r e  so intense t h a t  To 9 1, then the  above-described 
method of analysis  of these l i n e s  i s  inapplicable,  and we m u s t  resor$ t o  t h e  
method of growth curves which i s  wel l  known i n  t h e  theory of astrophysical 
spectra . 

L e t  us designate by 
within the  l i n e  prof i le .  
we have 

~ ( v )  t he  freqv.ency dependence of the  op t i ca l  thickness 
Then f o r  t he  equivalent width i n  a wavelength scale 

where, as usual, by X we mean the  wavelength of t he  l i n e  center. 
absorption coeff ic ient ,  t h e  in t eg ra l  (6 )  can be  calculated e i the r  ana ly t i ca l ly  
o r  numerically. The results of such calculat ions f o r  t h e  Doppler p r o f i l e  were  

A t  a given 
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given earlier (Ref.1,  Sect.7). 
we have 

Specif ical ly ,  f o r  t h e  Gaussian curve, a t  TO 9 1, 

For very in tense  l i n e s  ( f o r  example, f o r  t h e  Lyman s e r i e s )  t h e  op t i ca l  
thickness will be so grea t  t h a t  absorption in t h e  Lorentzian wings must be 
taken i n t o  consideration. Then, f o r  ~ ( v ) ,  we have 

fr .NJ, ma 
mo 4n2(v-v0)2 T (Y) = - 

where r i s  the  damping constant (r,, = A,,,.), N ,  (as usua l )  i s  the  concentra- 

t i o n  of absorbing atoms, 1 i s  t h e  line-of-sight length,  and vo i s  the  frequency 
of t he  l ine  center. 

n'.c n 

Subs t i tu t ing  eq.(8) i n t o  eq.(6), we obtain 

If the  l ine  i n t e n s i t y  i s  such t h a t  Doppler p r o f i l e s  a r e  observed, then two 
unknown quan t i t i e s  en ter  t he  determination of equivalent width: the  Doppler 
half-width Av, and the  op t i ca l  thickness a t  the  l i n e  center 'rO. I n  order t o  
f ind,  i n  t h i s  case, each of t he  quan t i t i e s  separately,  the equivalent widths of 
two or more l i n e s  of t h e  same atom o r  molecule a r i s i n g  from t h e  ground state 
must be used. Then, t he  r a t i o  of t h e  opt ica l  thicknesses T~ and 'r2 a t  the  l i ne  
centers  i s  equal t o  t h e  r a t i o  of t h e  o s c i l l a t o r  s t rengths  of these l i n e s ,  while 
t h e  r a t i o  of t he  Doppler widths i s  inversely proportional t o  the  wavelengths. 
Therefore, t he  r a t i o  Wxn ('r2 )/wx, (71 ) i s  a known function of only one quantity,/283 
f o r  example T, , which permits determining a l l  parameters of the  l i n e s  from ob- 
servations. This i s  t h e  method of growth curves. 

It i s  of i n t e r e s t  t o  calculate  t he  equivalent widths of t he  Lyman l ines .  
From eq. ( 9 ) ,  f o r  t he  l ine  La, we have 

Where the  line-of-sight length 1 i s  expressed i n  parsecs. 
hot stars, i n  the  spectra  of which we could observe i n t e r s t e l l a r  Lyman l ines ,  
t h e  dis tances  are less than 100 parsecs, it follows t h a t  t he  widths of these 
lines wil l  be of t he  order of several  tens  of angstroms. 

Since f o r  t h e  c loses t  

It i s  d i f f i c u l t ,  within t h e  limits of  t h i s  a r t i c l e ,  t o  present the  results 
A more or less grea t  

Thus, two lines of one 

of applying these methods t o  observed i n t e r s t e l l a r  lines. 
wealth of observational material has been accumulated on the  H and K lines of 
ionized calcium and on the  doublet D of neut ra l  sodium. 
doublet from each element are observed here, f o r  which reason the  growth curve 
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I I 
method i s  often called the  doublet method. 
t a i n  valuable r e su l t s  f r o m t h e  application of this method t o  the u l t r av io l e t  
doublet of ionized magnesium AA 2796 - 2803. 

In the  future ,  one can hope t o  ob- 

From the  i n t e r s t e l l a r  radio hydrogen l i n e s  (A = 21 cm) i n t e r s t e l l a r  mag- 
ne t i c  f i e l d s  can be studied on the  bas i s  of Zeeman sp l i t t i ng .  
this i s  very small: V, = eH/2mc = 30 Hz, being much less than the  Doppler 
width which, even f o r  the  narrowest absorption lines, i s  of t he  order of 
10 KHz. However, here we can make use of the  f a c t  t h a t  the  components shif ted 
t o  d i f f e ren t  s ides  are c i rcu lar ly  polarized with opposite direct ions of rotation. 
T h i s  means tha t ,  f o r  a l i n e  formed in a magnetic f i e l d ,  t he  state of polariza- 
t i on  of both edges of i ts  p ro f i l e  i s  diss imilar  although the line itself remains 
unsplit .  
p ro f i l e  located on both s ides  from the  l i n e  center, we can determine the  magni- 
tude and sign of t he  magnetic f ie lds .  

It i s  t rue  t h a t  

By comparing the  polarizations of t he  two s teepest  sections of t he  

One of the  most in te res t ing  problems of t he  theory of absorption l i n e s  i n  
i n t e r s t e l l a r  matter i s  t o  ident i fy  the  se r i e s  of observed broad d i f fuse  l i n e s  
with respect t o  weak insensity. 
wavelength of A = 4.430 A. 

The most noticeable of these l i n e s  has a /28k 

The in tens i ty  of these l i n e s  correlates  with i n t e r s t e l l a r  absorption, and 
' t he re  i s  reason t o  expect t h a t  the  formation of  these l i n e s  has t o  do with dust 
par t ic les ,  but so far no explanation has been possible despi te  numerous d i f fe r -  
ent  hypotheses. 

2. W s s i o n  Lines 

The theory of formation of t he  recombination spectrum of hydrogen radiat ion 

There- 
and the  spectrum of forbidden l i n e s  excited by electron col l is ion i s  so  well  
known tha t  it hardly i s  necessary t o  mention here even i t s  basic  tenets.  
fore,  we w i l l  l i m i t  ourselves t o  cer ta in  considerations r e l a t ive  t o  the future  
development of t h i s  theory. 

M s s i o n  i n  the  u l t r av io l e t  region of the  spectrum permits, i n  principle,  
studying the recombination spectra of other abundant elements; however, since 
t h e i r  in tens i ty  w i l l  be approximately three orders of magnitude less than the  
density of hydrogen lines it i s  unlikely t h a t  we will obtain any essent ia l  da ta  
i n  t h i s  respect. 

Appreciably greater  i n t e r e s t  l i e s  i n  the  infrared range. In  the  H I1 
regions the  doublet of doubly ionized sulfur AX 9070 - 9532, i n  which almost 
ha l f  of a l l  radiant energy produced i n  the H I1 zones i s  radiated, has the 
grea tes t  intensi ty .  
readi ly  excitable l i n e s  of the  most abundant atoms and ions. 
l i s t  of these l ines ,  as well  a s  t he  corresponding probabi l i t i es  of spontaneous 
t rans i t ions ,  i s  given in Section 7 of another paper (Ref.l), where methods of 
ca lcu la t ing . the  in tens i ty  of these l i nes  a re  described in great de ta i l .  

I n  general, t he  infrared spectrum region contains many 
The m o s t  complete 

The infrared spectrum region a l so  contains l i n e s  of rotat ional  and vibra- 
t i ona l  t ransi t ions.  For example, f o r  t he  most abundant molecule of  hydrogen H2, 
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we can observe transitions under the emission of quanta with wavelengths of 
A = 28.2 p (rotational transition from the second state to the ground state), 
A = 2.22 p (transition accompanied by a change of the vibrational quantum nuniber 
from 1 to 0), etc. The intensity of the first of these lines is equal to /285 

where NHZ is the concentration of hydrogen molecules and 1 is the line-of-sight 
length. 0bservation.of these lines would permit estimating the content of 
hydrogen molecules in interstellar space: According to many estimates, hydrogen 
is encountered there in a molecular form almost as frequently as in an atomic 
form. 

In the infrared spectrum region it w i l l  be possible to observe higher series 
of hydrogen recombination radiation and still farther, in the radio range, 
transitions between adjacent levels with principal quantum numbers about 100. 
The theory of formation of these lines is presented elsewhere (Ref.1, Sect.5). 
The total radiation intensity in these lines is determined from the formula 

f , ~ 5 . 5 - 1 0 - 1 6 h - 2  ME erg 
cm2 sec s t e r '  

where MJ3 is the measure of emission expressed in pc/cm" , and h is the wavelength in 
centimeters. The line width is determined by the Doppler effect, 

A detailed investigation of emission line profiles is difficult at present, 
although in a number of cases splitting of these lines into components was noted, 
which would indicate the presence of gas flows in the respective regions. 

An exception is the hydrogen line h = 21 cm for which, thanks to its high 
intensity and possibility of high frequency dispersion in the radio range, very 
detailed profiles were obtained. As already noted, this made it possible to 
construct a rather detailed picture .of the distribution and motion of inter- 
stellar neutral hydrogen. 

Spect-rum of Thermal_Radiation - 

Several mechanisms of formation of the continuous emission spectrum are 
known. 
while others are not. 

Some of these are essential for the conditions of interstellar space, 

Almost the entire scale of electromagnetic waves (from X-radiation to radio 
waves) is encompassed by a retardation mechanism, namely radiation of elec- 
trons in a field of ions or, as one often says in astrophysics, radiation in the 
presence of free-free transitions. 
in different spectrum regions are different. 
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Braking rad ia t ion  (bremsstrahlung) arises only i n  H I1 regions i n  which t h e  
temperature changes l i t t l e  and i s  approximately equal t o  lo4  deg. 
t h e  i n t e n s i t y  of t h i s  rad ia t ion  per  un i t  frequency in t e rva l  I s  

Therefore, 

Here g i s  the Gaunt fac tor ;  i t s  value i n  the  opt ica l  range of the  spectrum i s  
somewhat less than un i ty  (0.36 - 0.84),  and i n  the  radio range i s  of t h e  order 
of several  units (6 - lo). Hence, t he  i n t e n s i t y  of bremsstrahlung increases 
with decreasing frequency. Consequently, continuous rad ia t ion  i s  observed main- 
l y  i n  the  radio range. O f  course, eq.(13) holds only as long as the  op t i ca l  
thickness of t he  H I1 zone i s  noticeably l e s s  than uni ty ,  which occurs at wave- 
lengths of 

5-10' (1-4) 

A t  longer wavelengths, t he  rad ia t ion  of t h e  H I1 zone corrcspords 'Lo black--body 
rad  j.a-i;ion : 

2.76 - IO-l '  erg I ,  = I.' cm2 sec ster H=' 

A s  i s  knohn, t h i s  rad ia t ion  i s  observed i n  many cases, which has made  it poe- 
s i b l e  t o  determine t h e  d i s t r ibu t ion  of i n t e r s t e l l a r  ionized hydrogen i n  the  
Ga1.W. 

In the  op t i ca l  range, there  a r e  other mechanisms of continuous radiat ion 
- free-bocnd and two-quantum t rans i t ions .  However, with the  exception o f  several  
of t he  densest nebulae, f o r  m p l e  Orion or t he  Omega Nebulae, t he  op t i ca l  
continuous thermal spectrum of  i n t e r s t e l l a r  matter i s  not observed owing t o  i t s  
faintness.  
spectrum region i s  absorbed by i n t e r s t e l l a r  dust ,  it beconies understandable t h a t  
an invest igat ion of t he  continuous spectrum i s  l imited mainly t o  t h e  radio range. 

If, moreover, we take i n t o  account t h a t  radiat ion of t he  v i s i b l e  

I n  the  inf ra red  regiorl o f  t h e  spectrum ra ther  intense thermal radiat.ion /282 
of cosmic dust  pa r t i c l e s  can be expected. Actually, i n t e r s t e l l a r  dust  absorbs 
an appreciable par t  of t he  v i s i b l e  and u l t r av io l e t  radiat ions of stars, and re- 
rad ia tes  t h i s  energy i n  t h e  inf ra red  region of t h e  spectrum, since t h e  tempera- 
t u r e  of t h e  cosmic dust  p a r t i c l e s  i s  l o w ,  probably somewhat less than 2eK. 

The quant i ty  of energy radiated by one p a r t i c l e  per second i n  a un i t  wave- 
length interval i s  equal t o  

Here, T, i s  t h e  temperature of t h e  dust  grains ,  o a ( h )  i s  the  e f fec t ive  
cross sect ion f o r  true absorption. I n  der iving eq.(16) we used Kirchhoffts law 
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and Planckts thermal radiat ion function. 

Since t h e  wavelengths of infrared radiat ion are much greater  than the  s i ze  
of t he  cosmic dust  par t ic les ,  we can express (5, (A ) by 

where d i s  the  diameter of the  pa r t i c l e s  and H. i s  t h e  imaginary part of t he  re- 
f r ac t ive  index of t he  mtter of cosmic dust  par t ic les .  
d = 1G6 cm and H. = 0.05. 
d i s t r ibu t ion  i n  t h e  spectrum of t h e  cosmic dust p a r t i c l e s  i s  described by the  
formula 

Below, we w i l l  take 
From eqs.(16) and (17) it follows t h a t  t he  energy 

The maxi" spec t ra l  densi ty  of energy i s  accounted f o r  by the  wavelength A,, 
which i s  determined by the equal i ty  

representing the  analog of Wiencs displacement law. If Tg = 20°K, then 

The spec t ra l  densi ty  i s  one-half t he  "un when A x  = 0.6 A, and A 2  = 1.6 A,. 
Thus, t he  bulk of thermal radiat ion of cosmic dust p a r t i c l e s  i s  concentrated /288 
i n  t h e  in t e rva l  of Ah = A 2  - = 1,. 

Unfortunately, t h e  s e n s i t i v i t y  of modern infrared radiat ion receivers i n  
this range i s  s t i l l  low, but  t he  in t ens i ty  of the  thermal radiat ion of cosmic 
dust pa r t i c l e s  should be so great tha t  we can hope t o  observe it with inst .m- 
vents carried a l o f t ,  beyond the  limits of the  ear thcs  atmosphere. 
eq.(8) with respect t o  a l l  wavelengths, we obtain f o r  t he  t o t a l  radiat ion of one 
pa r t i c l e  

Integrat ing 

Assuming tha t ,  on t h e  average, there  are 
centimeter, we obtain f o r  the  t o t a l  radiat ion i n  a column of u n i t  cross section 
along the  ga lac t ic  plane: 

dust  pa r t i c l e s  i n  one cubic 

Taking our above statements on t he  wavelength in t e rva l  i n to  consideration, 
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it i s  found that the  i n t e n s i t y  of this radiat ion,  a t  70 < h < 200 p, i s  of the  
order of 

i n  t h e  ga l ac t i c  plane i n  t h e  d i rec t ion  of i t s  center. The i n t e n s i t y  of t h i s  
rad ia t ion  i n  a d i r ec t ion  perpendicular t o  the  ga l ac t i c  plane should be about 
30 times less. 

4. Continuous Nonthermal. . .  ~ j h i s s ion  Spectrum 

The rad ia t ion  discussed above has a thermal character. T h i s  should be un- 
derstood i n  the  sense t h a t  t h e  p a r t i c l e s  (free electrons)  generating this radia- 
t i o n  have a thermodynamic equilibrium d i s t r ibu t ion  with respect t o  the  veloci- 
t ies.  However, i n  i n t e r s t e l l a r  space there  are numerous r e l a t i v i s t i c  p a r t i c l e s  
whose d i s t r ibu t ion  i s  i n  no way governed by conditions of thermodynamic equi- 
librium. Usually, t h e i r  energy d i s t r ibu t ion  function i s  wr i t ten  by means 
of t he  power l a w :  

/28q 

where 8' i s  the  t o t a l  energy of t h e  p a r t i c l e  and K and y are some constants. 
Any rad ia t ion  generated by these pa r t i c l e s ,  including bremsstrahlung ( co l l i s ions  
of r e l a t i v i s t i c  e lectrons with ions )  will be nonthermal. The in t ens i ty  of such 
radiat ion i s  low, since the  concentration of t h e  p a r t i c l e s  i s  small. However, 
there  i s  one exception, viz., t h e  r e l a t i v i s t i c  p a r t i c l e s  moving i n  i n t e r s t e l l a r  
magnetic f i e l d s  produce a r a the r  intense magnetic bremsstrahlung which customari- 
l y  i s  cal led synchrotron emission. 

It should be recal led t h a t  r e l a t i v i s t i c  e lectrons radiate i n  any e l e c t r i c  
and magnetic f i e l d s ,  f o r  example, i n  a macroscopic external  magnetic f i e l d  
(synchrotron rad ia t ion  proper) and i n  the  microscopic f i e l d  of an electromag- 
Retic wave, such as the  f i e l d  of t h e  luminous thermal rad ia t ion  of stars; i n  t h i s  
case we are deal ing with the  inverse Compton effect .  

The t o t a l  quant i ty  of energy radiated per second by a r e l a t i v i s t i c  e lectron 
with energy 
electromagnetic f i e l d ,  and i s  equal t o  

8 does not depend e i t h e r  on t h e  geGmetry o r  on the  or ig in  of t he  

Here,for t h e  sake of def ini t iveness ,  we r e s t r i c t ed  ourselves t o  the  case of a 
magnetic f i e ld .  
t i o n  of t h e  electzon velocity.  This formula follows d i r e c t l y  from t h e  condition 
t h a t  TET = 2e2a2/3c , where a i s  t h e  accelerat ion of a p a r t i c l e  determined by t h e  
Lorentz force eH/c &-. B y  g we must  always mean the  t o t a l  energy 8 = 

= m c 2 / . / m .  I n  t h e  case of rad ia t ion  in an e l e c t r i c  f i e l d ,  t h e  quant i ty  

Here H i  is  a component of t h e  f i e l d  perpendicular t o  the  direc- 

211 



H i  i n  eq.(25) must  be. subst i tuted by t h e  e l e c t r i c  f i e l d  s t rength E. 
t o t a l  quant i ty  of energy being radiated i s  independent of t he  character of t h e  
f i e l d s ,  then i t s  spec t r a l  d i s t r ibu t ion  i s  closely re la ted  with t h e  parameters 
of t he  e l e c t r i c  and magnetic f i e l d s  in which t h e  r e l a t i v i s t i c  e lectrons are 
moving. 

I f  t h e  

I n  a magnetic f i e l d ,  t he  rad ia t ion  of r e l a t i v i s t i c  e lectrons consis ts  /2qo 
of individual  harmonics which, however, are so  closely spaced t h a t  one can con- 
s ider  t h i s  radiat ion as having a continuous spectrum extending over t he  e n t i r e  
sca le  of electromagnetic waves. 
a comparatively sharp m a x i "  whose posi t ion depends both on t h e  energy of t h e  
p a r t i c l e  and on the  per iodic i ty  of  i t s  motion. 

The spec t r a l  densi ty  of t he  radiated energy has 

Actually, l e t  t h e  parameter I- character ize  t h e  per iodic i ty  of e lectron 
Then, i n  t h e  absence of r e l a t i v i s t i c  e f f ec t s  t h e  motion i n  a magnetic f i e ld .  

frequency of t he  electromagnetic waves radiated by such an electron would be of 
t he  order of 1/~.  To allow for t he  r e l a t i v i s t i c  e f f ec t s  it must be borne i n  
mind t h a t ,  first, r e l a t i v i s t i c  p a r t i c l e s  r ad ia t e  i n  the  d i rec t ion  of t h e i r  mo- 
t i o n  and, second, t he  Doppler e f f e c t  g rea t ly  shortens the  t i m e  in te rva l .  There- 
f o r e ,  t he  observed rad ia t ion  frequency of a r e l a t i v i s t i c  e lectron i s  approxi- 
mately equal t o  

Here, it was considered t h a t  v = c and t h a t  8' = m c z / J m .  
calculations,  f o r  t h e  posi t ion of t he  spec t ra l  densi ty  maxi", y ie ld  r e l a t ions  
t h a t  d i f f e r  f r o m  eq.(26) by f ac to r s  of the  order of unity. 
frequency in t e rva l  i n  which t h e  bulk of the  energy i s  radiated i s  a l so  of the  
order of v,. 

More accurate 

The width of t he  

L e t  us examine the  rad ia t ion  of r e l a t i v i s t i c  e lectrons i n  a constant mag- 
n e t i c  f i e l d .  
i.e., 2nmc/eH. 
we have 

Here T i s  of t he  order o f  t he  ro t a t ion  period of  t he  electron, 
For t he  posi t ion of t he  spec t ra l  densi ty  maximum i n  t h i s  case 

Now l e t  the  electron move i n  t h e  f i e l d  of an electromagnetic wave. 
state va r i e s  with a period corresponding t o  the  frequency of t h e  wave i t se l f  v, 
provided t h i s  quant i ty  i s  grea te r  than the  gyro frequency. Therefore, here the  
energy being radiated has a spec t ra l  densi ty  m a x i "  a t  a frequency of 

Here, i t s  

v, = G (&): 
Thus, r e l a t i v i s t i c  e lectrons i n  i n t e r s t e l l a r  space, moving i n  extended /291 

and slowly varying magnetic f i e l d s ,  emit radio waves s ince the  gyro frequency 
i s  only-30 Hz, whereas moving i n  t h e  rap id ly  varying magnetic f i e l d s  of t h e  
luminous rad ia t ion  of stars, they generate X-rays and even y-rays s ince now 
3 = Id" Hz. Because of the  f a c t  t h a t  the  energy dens i t i e s  of the  i n t e r s t e l l a r  
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magnetic f i e l d  and of t he  t o t a l  stellar rad ia t ion  are approximately t h e  same, 
r e l a t i v i s t i c  cosmic-ray electrons emit with equal success both radio waves and 
X-rays. 

W e  already mentioned t h a t  t he  bulk of t h e  energy produced by an electron i s  
accounted f o r  by t h e  spec t r a l  i n t e rva l  of width-uV,, which i s  close t o  t h i s  same 
frequency. Therefore, t he  average radiat ion in t ens i ty  i n  this frequency range i s  

W e  note t h a t  t h i s  i n t ens i ty  does not depend on the  energy of t he  par t ic le .  
Hence it follows d i r e c t l y  t h a t  the  spectrum of t o t a l  radiat ion of a system of 
r e l a t i v i s t i c  e lectrons should r e f l e c t  t h e  d i s t r ibu t ion  of e lectron energies. 
Actually, t h e  emission coeff ic ient  of un i t  volume i s  

If a medium of length 1 i s  transparent t o  t h i s  radiat ion,  then t h e  in t ens i ty  
w i l l  be  

Y--1 

(31 1 1 -A 

1, = 4n P, ( m c 2 ) Y - 1  (zv) 2 r(l. 

Thus, a t  an exponential d i s t r ibu t ion  of e lectron energies the  spectrum of non- 
thermal rad ia t ion  a l so  has an  exponential character, with the  index 

which i s  cal led t h e  spec t ra l  index. 

It i s  necessary t o  remember t h a t  eqs. (29 ) - (31) are va l id  with an accuracy 
t o  within constant f ac to r s  of t he  order of unity,  which i n  the  case of eqs.(30) 
and (31) depend a l s o  on t h e  value of t he  parameter y which i s  the  spec t ra l  
index of the  energy d i s t r ibu t ion  of relativistic electrons.  

/292 

Subst i tut ing spec i f ic  values of 7 ,  we obtain exp l i c i t  expressions f o r  pv i n  
the  case of synchrotron emission 

S H l  P v =  7 

and f o r  the  case of t he  inverse Compton e f f ec t  (X-radiation) 

(33 1 

p ,  6Tcu;' (34) 
8n e2 a where oT = - (F)  i s  the  e f fec t ive  Thomson sca t te r ing  cross section and 

UT = - i s  the  energy dens i ty  of t h e  t o t a l  stellar rad ia t ion  per  un i t  fre- 
3 

I12 
.!&I-rij 
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quency interval. 
an accuracy t o  within numerical fac tors  of the  order of unity. 

It goes without s a w g  t h a t  eqs.(33) and (34) a l so  hold with 

W e  note t h a t  t h e  quant i t ies  of energy radiated in interstellar space, both 
in the  radio range and as X-rays, are comparable; however, this means t h a t  the  
ntrmber of radiated X-ray quanta i s  less than t h e  number of radio quanta by a 
fac tor  of t h e  order of t he  r a t i o  of t h e i r  frequencies. 
reason t h a t  it i s  much more d i f f i c u l t  t o  de tec t  X-radiation of i n t e r s t e l l a r  
matter. 
times less than eq.(31), i.e., $he quantum number f lux.  Its spectral  index 
thus i s  (y + 1)/2. 

It is  precisely f o r  this 

Usually f o r  t he  in t ens i ty  of X-radiation a value i s  given t h a t  i s  hv- 

A s  shown by observations, t he  spectrum of nonthermal radiat ion of inter- 
stellar matter mostly has an exponential character, but  deviations a re  of ten 
noted. On t h e  one hand, t he  exponential dis-  
t r ibu t ion  of electron energies at  large or smll'8 may be disturbed. 
ample, owing t o  radiat ion t h e  nuuiber of high-energy electrons decreases more 
quickly than the  nunher of low-energy electrons. 
of t he  spectrum a t  high frequencies. 
sens i t ive  t o  i ts  energy, t r ans i t i on  from a l e s s  steep spectrum t o  a more ste.ep 
one takes place ra ther  abruptly, i n  a narrow frequency interval .  
this t r ans i t i on  can be regarded as a discont inui ty  a t  which the  spectral  index 
increases by 1/2. A t  low energy of the  electrons these a r e  noticeably retarded 
owing t o  losses t o  ionizat ion of i n t e r s t e l l a r  matter. This leads t o  a diminu- 
t i o n  of t h e  steepness or even t o  an abrupt drop of t h e  spectrum a t  low frequen- 
cies. 

The reasons f o r  this may di f fe r .  
For ex- 

T h i s  leads t o  a steeper slope 
Since the  radiat ion of an electron i s  

Usually /2q3 

On the  other hand, ' the spectrum may vary due t o  the  conditions of radiat ion 
Considering t h a t  rela- and transmission of  electromagnetic waves in the  medium. 

t i v i s t i c  electrons do not rad ia te  i n  a vacuum but i n  i n t e r s t e l l a r  plasma, it 
will be found t h a t ' i n  t h e  low-frequency range with 

a s teep drop should occur regardless of whether or not low-energy electrons a r e  
present there. Further- 
more, a t  low frequencies t h e  coeff ic ient  of braking absorption (inversely pro- 
port ional  t o  the  square of t h e  frequency) increases, which often leads t o  an 
even steeper slope of t h e  spectrum. 

H e r e ,  Ne i s  the  electron concentration of t h e  plasma. 

If the  concentration of r e l a t i v i s t i c  electrons or t he  dimensions of t he  
system a r e  large,  allowance must be made f o r  reabsorption, L e . ,  absorption - by 
r e l a t i v i s t i c  pa r t i c l e s  - of the  electromagnetic radiat ion generated by them. 
The coeff ic ient  of t h i s  absorption n v  can be estimated on the  bas i s  of t he  analog 
of t he  Kirchhoff l a w  j v / x v  = 2kW2/c2 , where kT now denotes the  energy of re la-  
t i v i s t i c  electrons 

Thus, resorption may a l so  lead t o  a s teep slope of 
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I 

For d i f fe ren t  applications of t he  theory of nonthermal radiat ion t o  spe- 
c i f i c  problems of t he  physics of i n t e r s t e l l a r  matter t he  reader i s  referred t o  
other papers (Ref.1 and 2). 
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RADIO OBSERVATIONS OF PLANETARY NEBmE E24 
Yu. N. Pariyskiy 

Planetary nebulae are regions of ionized hydrogen and thus should be 
sources of thermal radiat ion l i k e  t h e  numerous d i f fuse  gas emission nebulae 
already recorded i n  the  radio range. 

Observations of thermal radio radiat ion of planetary nebulae can theo- 
r e t i c a l l y  y ie ld  valuable information on t h e i r  distance,  density,  mass, and 
k ine t i c  temperature, 
determining the  absorption of l i g h t  i n  corresponding d i rec t ions  and estimating 
the  degree of inhomogeneity of the  nebulae. Furthermore, da ta  can be  obtained 
on the  u l t r a v i o l e t  radiat ion of exci t ing stars and ( o r )  on the  transparency of 
s h e l l s  i n  t h e  Lyman continuum. 
radio observations it w i l l  become possible t o  estimate the composition of 
planetary nebulae. 

A comparison with data  of op t i ca l  observations permits 

With an increase i n  accuracy of op t i ca l  and 

There i s  no doubt t h a t  a l l  these da ta  are important f o r  understanding pro- 
cesses taking place i n  planetary nebulae and f o r  determining t h e i r  posi t ion i n  
the  overal l  scheme of evolution of i n t e r s t e l l a r  matter. 
br i , e f ly  discuss  the methods of  obtaining such data. 

Therefore, we wil l  

The absorption coeff ic ient  i n  the  radio range i s  determined by free-free 
t rans i t ions ,  so  t h a t  

The solut ion of t h e  t r ans fe r  equation f o r  a homogeneous layer  yields  the  ex- 
pression 

I ,  = B, ( I - e -Tv) ,  

where 2kT 
R , = 7 .  

Therefore, f o r  -iv 9 1 (Le. ,  a t  low frequencies) t he  nebulae becomes opaque 
and T, can be determined whereas a t  high frequencies (7" 

r N I N e  d s  where s i s  the  dimension of t he  nebula along the  l i n e  of sight.  

/2qs 
1) we can determine 

S 

Know- 
;; 
i n g  s, we f ind @ and the  m a s s  of the  nebula (more exactly, t he  upper l i m i t  of 

t he  mass since m9 Ee ). 

A fu r the r  rePinement of purely radio astronomy da ta  on densi ty  and tem- 
perature  of t h e  nebula can be made a f te r  taking i n t o  account the  degree of in- 
homogeneity of t h e  nebula both along the  l i n e  of s igh t  and i n  t h e  tangent plane. 
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The ef fec t  of inhomogeneities along the  l ine of s ight  was estimated by Wade 
( R e f . i ) ,  based onconvenientnomograms. It i s  easy t o  estimate the  real in- 

homogeneities by  comparing the  "astronomic" densi ty  (m with t h e  "spectro- 
photometric" densi ty  with respect t o  the  relative densi ty  of the  l i n e s  
3727/3729 of oxygen (- Nema,) (Ref.2). It i s  essential t o  allow f o r  inhomo- 
genei t ies  i n  t h e  tangent plane in determining the  temperature o f  the  nebula 
[see elsewhere (Ref. 1, 2) l .  

Knowing s and Ne, we eas i ly  f ind  the  e f fec t ive  Strxmgren parameter U: 

Here N, i s  the  number of u l t r av io l e t  quanta emitted by the  exci t ing star. 
i s  known t h a t  t he  r a t i o  N,/N, (Nv being the  number of quanta emitted i n  the  
v i s i b l e  region) i s  an important parameter i n  t h e  theory of stellar models. W e  
note t h a t  t h i s  r a t i o  can be found by comparing radio and opt ica l  measurements. 
All these parameters can be determined i f  t he  dis tance t o  the  planetary nebulae 
i s  known. 
op t i ca l ly  t h i n  nebulae, 

It 

We w i l l  d iscuss  here three  methods of determining dis tances  f o r  

1. Swlovski-yfs method. This method i s  based on the  assumption of a s m a l l  
A s  a nebula expands i t s  br ight-  dispers ion of m a s s  of t he  planetar ies  (Ref.3).  

ness decreases rapidly,  and it i s  easy t o  demonstrate t h a t  the dis tance R i s  
determined i n  terms of the  apparent angular dimension cp and t h e  in t eg ra l  f lux Fv: 

/296 
R - F;"6q-'h. 

2. The Sobolev-Gershberg method holds f o r  a homogeneous nebula. Knowing N, 
with respect t o  3727/3729 andlNc s with respect t o  radio observations, it i s  
easy t o  f ind s and R = s CP (Ref.,!+, 5). 

3. If the f lux from the  nebula i s  known i n  a l i n e  of t he  Balmer se r i e s  ( f o r  
F(radio) with 

Actually, since 
example, Hg), then the  dis tance R i s  determined by comparing 
F ( H g ) .  F(radio) - F(Hp) (Ref.b), any deviation of t he  propor- 
t i o n a l i t y  f ac to r  can be related primarily with the  absorption of op t i ca l  radia- 
t i o n  by dust. 
we can estimate the  dis tance t o  t h e  nebula (Ref.6)- 

B y  invest igat ing the  d i s t r ibu t ion  of dust  i n  a given direct ion,  

Finally, if we take i n t o  account t h a t  a l l  e lectrons and only the  ions of 
hydrogen par t ic ipa te  i n  the  radiat ion of B a l m e r  l i n e s  and t h a t  a l l  e lectrons and 
a l l  ions are i n  free-free t rans i t ions ,  it becomes possible t o  estimate, with re- 
spect t o  t h e  r a t i o  F(radio)/F(Hg), t he  contribution t o  t h e  radio emission of 
a l l  other  elements, i. e. , the  chemical composition of t he  nebulae. 

Despite t he  f a c t  t h a t  t he  poss ib i l i t y  of obtaining important as t rophysical  
da ta  by methods of radio astronomy has been known f o r  a long time (Ref.?), radio 
observations of planetary nebulae are j u s t  now beginning. 

The very f irst  observations seemed t o  ind ica te  the  presence of an appreci- 
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able  admixture of nonthermal (magnetic decelerat ion)  radio emission i n  the  
nebulae NGC 7293 and 6445 (Ref.8). 
smaller f luxes u n t i l  radio emission was stopped completely (Ref.11). 
1961 did the  f i r s t  su f f i c i en t ly  r e l i ab le  publications appear concerning the  

However, fur ther  observations showed ever 
Only i n  

discovery of radio emission 
from t h e  nebulae NGC 7293, 
6853, 7009, 6 5 0 ,  6572, and 
I C  4l8 i n  the  range of deci- 
meter wavelengths (Ref.9,lO). 

Recently, a t  Pulkovo, 
a s e r i e s  of observations of 
t he  nebulae I C  418, NGC 7009 
and 6572 on the 6.4 cm wave 
was carried out by means of 
the  large Pulkovo radio 
telescope-'-. All th ree  /zq7 
nebulae were ac tua l ly  found 
on t h i s  wave. 

P 

We attempted t o  con- 
s t r u c t  t h e  radio emission 
spectrum of these three ob- 
j ec t s ,  comparing the  data 
of t he  centimeter and deci- 
meter range (see diagram), 
It i s  obvious t h a t  a l l  th ree  

nebulae have a purely thermal spectrum, where NGC 7009 i s  opt ica l ly  t h i n  a t  a l l  
wavelengths up t o  30 cm while I C  418 and NGC 6572 are  already "semitransparent" 
on the  10-cm wave. We can assume t h a t  on the 30-cm wave these nebulae a r e  
opt ica l ly  thick. However, estimates of the temperatures a re  extremely low,  
being 3000 - 5000'K. 
nebulae. 
geneous s t ructure  of the  nebulae i s  being completed. 

T h i s  i s  connected with the inhomogeneous s t ructure  of the 
A t  present, processing of the  data w i t h  consideration o f  the  inhomo- 

We note i n  conclusion t h a t  t he  rapid advance i n  radio astronomy observa- 
t i o n  methods (increase i n  s i ze  of antennas, greater  s e n s i t i v i t y  o f  receiving 
equipment) permits t he  hope tha t  the number of placetary nebulae recorded i n  the  
radio-frequency range w i l l  rapidly increase. Even b i t h  exis t ing equipmerh, 
dozens of nebulae can be detected which number, i n  t h e  next 2 - 3 years, can no 
doubt be increased t o  several  hundreds. Thus, one can predict  t ha t  an appreci- 
able  volume of infomation on p h n e t a r i e s  w i l l  be obtained by radio astronomy. 
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1. 

PART V. SPECTRA OF CELESTIAL BODIES I N  THE FAR 
ULTRAVIOLET REGION 

SPECTFLA OF CELESTIAL BODIES I N  THE FAR ULTRAVIOLET RM;ION /301 
G.A.Gurzadyan 

Absorption in .  3% Earth? s Atmosphere ----- 
0 

Let us designate the  region of wavglengths f r o m  3000 A t o  one angstrom the  
f a r  u l t r av io l e t .  Farther on, a t  h < 1 A, there  begins the  region of hard X-rays, 
and s t i l l  f a r the r ,  s t a r t i n g  a t  a quantum energy of 18 - ld ev and higher, 
there  l i e s  the  region of y-rays. 

So far, no spec i f ic  temQnology exists f o r  naming the  individual regicns 
i n  t h e  in t e rva l  of 3000 t o  1 A. It seems useful t.o divide this range i n t o  three  
regions with t h e  following limits and, spec i f ica l ly ,  with the  conditional desig- 
nations : 

0 

1 - 200 4, region of s o f t  X-rays, 
200 - 91.2 Ao, region of hard u l t r av io l e t ,  
912 - 3000 A, region of vacuum u l t r av io l e t .  

A l l  t h r ee  regions a re  completely inaccessible  t o  astronomic observations 
d i r e c t l y  f r o m  t h e  e a r t h f s  surface; they can be seen only from the  upper, rare- 
f i e d  layers  of t h e  atmosphere. A t  t he  same time, t h e  l imi t ing  height of t he  
layer  reached by short-wave rad ia t ion  from extraterrestrial sources, d i f f e r s  f o r  
d i f f e ren t  wavelengths, 
t h e  ea r th t s  atmosphere where rad ia t ion  a r r iv ing  from without i s  attenuated by 
e times, i s  shown schematically in Fig.1. 
(Ref.l), was p lo t ted  on the  bas i s  of data  obtained from numerous and diverse  
experiments. 

The dependence of t he  waveler&gth on the  l aye r  height in 

This curve, taken from Watanabe 

The absorption of l i g h t  waves of d i f f e ren t  lengths  i n  the  e a r t h t s  atFos- 
phere i s  caused by various molep le s  and atoms: i n  t h e  range 3000 - 2000 A, by 
ozoneo; in the  range 2000 - 800 A, by molecular oxygen; i n  the  range shor te r  than 
1000 A ,  by molecular nitrogen and atomic oxygen. oThe curve of t h i s  dependence 
has a highly complex s t ruc ture  in t h e  700 - l4OO A wavelength region where the  1302 
e f f e c t  of absorption of molecules and ions NO+, O+, G, Oz, etc.  i s  a l s o  fe l t .  

A s  follows from Fig.1, t o  record c e l e s t i a l  objects  i n  the  3000:- 2000 a 
Beyond 

To record waves 

wavelength region one must ascend t o  heights of a t  least  35 - 40 km. 
this region, t h e  bpnda ry  rapidly rises so tha t ,  i n  order t o  encompass the  
region up t o  1000 4, it i s  necessary t o  ascend t o  100 - 120 km. 
shor te r  than 1000 A, t he  instrument must be carr ied a l o f t  t o  a height of a t  
l e a s t  1hO km. 
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I n  addi t ion t o  t h i s  there  exist "windows" of r e l a t ive  transparency a t  in- 

be recorded a t  heights of 
70 - 80 km, The region of 
s o f t  X-rays i s  readi ly  re- 
corded beginning with a height 
of 100 km. However, f g r  
example the  lines 304 ADof 
ionized helium and 584 A of 
neut ra l  helium suffer notice- 
ab le  absorption even a t  a 
height of 200 km. 

dividual  wavelengths. For example, i n  favorable cases the  Lyman-alpha l i n e  can 

2. Abs_o_rp$Lon i p  t he  Inter- 
- s t e l l a r  Medium 

500 ma 73-00 z m  z m  3noa It i s  known t h a t  t h e  ab- U X 

Fig. 1 Penetration of Short-Wave Radia- i n t e r s t e l l a r  medium i n  various 
aorption of radiat ion i n  the  

ranges - photographic, v i s ib l e ,  
and infrared - i s  due only t o  
the  e f f ec t  of cosmic dust ;  

t i o n  i n t o  the  Earthcs Atmosphere. 

i n t e r s t e l l a r  hydrogen i n  a l l  i t s  s t a t e s  has no e f f e c t  on the  propagation of 
radiat ion of t h e  mentioned ranges. 

I n  contrast  t o  t h i s ,  both i n t e r s t e l l a r  dust  and i n t e r s t e l l a r  neut ra l  hydro- 
gen play an important r o l e  i n  t h e  absorption of far u l t r av io l e t  radiation. 

Absorption by i n t e r s t e l l a r  neut ra l  hydrogen i n  t h i s  range, however, exhibi ts  
a d i s t i n c t l y  se lec t ive  character. 
u l t r a v i o l e t  (912 -03000 A ) ,  absorbs almost completely the  hard u l t r av io l e t  
region (912 - 200 A ) ,  and causes p a r t i a l  absorption in  the  s o f t  X-radiation 
region (200 8).  

It has no e f f e c t  on radiat ion of t he  vacuum 

We know nothing on t h e  magnitude and character of absorption caused by 
i n t e r s t e l l a r  dust  i n  t h e  far u l t r a v i o l e t  region. 
although without su f f i c i en t  j u s t i f i ca t ion ,  t h e  l a w  of i n t e r s t e l l a r  absorption 
T - A'-' derived f o r  the  v i s i b l e  region t o  the  vacuum and hard u l t r a v i o l e t  region. 
A s  a r e su l t ,  absorption should increase monotonically with a decrease i n  wave- 
length. 
region) absorption caused by i n t e r s t e l l a r  dus t  should begin t o  decrease, and then 
disappear a l together  because i n  this case hard radiat ion can simply f i l t e r  through 
the  dust  par t ic les .  
pendence of t he  opt ica l  thickness of t he  medium T on A ,  with T being calculated 
per  1 kiloparsec and, as customary, T = 1 at  A = 3000 A. 

A t  present we can extrapolate,  

However, somewhere i n  the  region of very short  waves ( i n  the  X-ray 

In  Fig.2 the  dashed l i n e  represents t he  curve f o r  t he  de- 

I n  speaking about absorption due t o  i n t e r s t e l l a r  dust  we must bear  i n  mind 
the  p o s s i b i l i t y  of t h e  existence 0: individual bands or areas of high ( se lec t ive)  
absorption i n  t h e  region A < 3000 A, caused by the  presence of molecules of in- 
dividual  elements or molecular compounds of d i f f e ren t  elements i n  the inter- 
s t e l l a r  medium. Incidental ly ,  t h i s  matter i s  t h e  subject of a spec ia l  study. 
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I n  Fig.2, t h e  so l id  l i n e  represents  t he  curve of t h e  dependence of TX on h 
calculated per  one kiloparsec dis tance,  a t  = 1 CII-L-~. 

then we w i l l  have 

A S  r?. = To (x). 
For a concentration o f  neut ra l  

interstellar m r o g e n  atoms of 
nl = 1 ~ m - ~ ,  we have 'r0 = 2 X lo". 
Even a t  a dis tance of one parsec, 
the  op t i ca l  thickness a t  t h e  Lyman 

9722 

-. -. -- . 
-. 

The question of t h e  transparency of t he  i n t e r s t e l l a r  medium was studied 
a l so  by A l l e r  and by Strom (Ref.2, 3). I n  the  l a t t e r  case, t he  e f f ec t  of se- 
l e c t i y e  absorption caused by interstellar dust  i n  t h e  wavelength region A < 
< 60 A was also taken i n t o  account. Table 1 gives data  on TI, taken from Strom 
(Ref.3), which were obtained on t h e  assumption t h a t  t h e  t o t a l  number of neut ra l  
hydrogen atoms along t h e  l ine  of s igh t  i s  equal t o  NH = 1.5 X le1 cm-2 ( t h i s  
value, according t o  radio astronomy data ,  corresponds t o  the  dis tance from t h e  
sun t o  the  center of t h e  Galaxy). 

Evidently, t he  t r u e  p ic ture  of i n t e r s t e l l a r  absorption i n  t h e  far ultra- 
v i o l e t  region can be  conclusively obtained by conducting special  "extra-atmos- 
pheric" observations of stars. 

However, regardless of the  fu ture  possible  advance i n  this direct ion,  we 
can a s s e r t  now already t h a t  not a s ingle  c e l e s t i a l  body - s t a r s ,  galaxies,  
nebulae - will be obseved i n  the  harg u l t r av io l e t  region, i.e., i n  t h e  wave- 
length range from 912 A t o  about 100 A. The sun and p lane ts  should be an ex- 
ception. 
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TABLE 1 

I 
5 
7 

10 
15 

- .  

DEPENDENCE OF OPTICAL THICKNESS OF THE INTERSTELLAR 
MEDIUM ON A, FOR NH = 1.5 X 1021 cm-2 

0.00 20 1.72 
0.04 25 1.94 
0.09 30 3.54 
0.25 43.6 10.11 
0.74 60 21.7 

Z 

C o r o n a  Chromosphere  P h o t o s p h e r e  

3. Solar - .  Spectrum in Vacuum and Hard Ultraviolet 

region gf the spectrum X > 
> 1700 A belongs entirely to 
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of magnitude less than the intensity of corona radiation. 

These reasonings, which are of a qualitative nature only, are schematically 
shown in Fig.3. 

Thus, by studying the sun in X-rays we actually have the opportunity of 
isolating in a pure form the corona under ordinary, uneclipsed conditions; the 
chromosphere and photosphere will not interfere in this case. All observational 
data obtained in the range of hard and, particularly, of vacuum ultraviolet 
will pertain completely to the chromosphere. Finally, the long-wave half of the 
vacuum ultraviolet and the entire visible region w i l l  be solar spectrum portions 
most amenable to studies (under ordinary conditions ) of the photosphere. 
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The methodological advantage of such a determination of individual regions 
of the solar spectrum is obvious. 

It follows from these statements that extra-atmospheric observations of the 
sun by means of high-altitude rockets and artificial satellites w i l l  permit the 

Fig. 4 Fhergy Distribution 
in the SolaroSpectrum in the 
3000 - 2000 A Range. 
Solid curve - Ekperiment; 
broken curves - Theoretical 
distribution at different 

effective temperatures. 

layers of Tph = 6000'K. 

most complete, diverse, and systematic 
study of primarily the chromosphere and 
corona, since ordinary observations in 
the visible spectrum region are sufficient 
for studying the photosphere. 

The first spectrograms of the sun by 
means of high-altitude rockets were ob- 
tained as long ago as 1946 by Baum et al. 
(Ref.4). 
region to 2100 A was reached. 
work in this direction advanced at a com- 
paratively rapid rate, and within a short 
time the entireorange of the solar spec- 
trum from 3000 A to several angstroms had 
been covered. Details of these experi- 
ments with a description of the method 
of measurements, operating principles of 
the instrumentation, analysis of the ob- 
tained results, etc. are given elsewhere 
(Ref.5 - 18)':'. 

In t G s  case, the wavelength 
Later, 

Penetratiog into the solar spectrum 
region to 2100 A yielded no unexpected 
results. At this point, a drop in the 
level of the continuous spectrum takes 
place; however, this drop occurs appreci- 
ably more quickly than would be expected 
in the case of Planckian radiation at 
an effective temperature of the radiating 

-:+ Most of these papers are also contained in collections (Ref.19, 20). 
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This pa t te rn  i s  9bserved t o  2000 H and l e s s ;  t he  e f fec t ive  radiat ion tem- 
Figure 4 gives the  curve of perature a t  A - 2000 A i s  of t he  order .Of 4500’K. 

energy d i s t r ibu t ion  i n  the  3000 - 2000 A region (so l id  l i n e )  found by experi- 
ments (Ref.21) and the  Planckian curves of energy d i s t r ibu t ion  i n  the  con- 
tinuous spectrum f o r  d i f f e ren t  values of t he  e f fec t ive  temperature (broken 
l i nes ) .  
f o r  some average model of t he  s t rugture  of t he  radiat ing l aye r  on the  assumption 
t h a t  radiat ion i n  the  3000 - 2000 A region belongs mainly t o  t h e  photosphere and, 
pa r t i a l ly ,  t o  t he  t r ans i t i ona l  region from t h e  photosphere t o  t h e  chromosphere. 

Two depressions are noted i g  the  3000 - 2000 b region of t he  spectnun. 
first occurs i n  the  2800 - 2850 A region and i s  caused by a broad intensive 
doublet belgnging t o  ionized magnesium. 
and 2802.7 A )  i s  in te res t ing :  
row emission cores. 
Mgl se r i e s  l i m i t .  

a 
The diagram a l s o  shows the  theore t ica l  curve found by DeJager (Ref.22) 

The 

The s t ruc ture  of t h i s  doublet (2795.5 
The centers of each of i t s  copponents show nar- 

The second depression i s  a t  about 2500 A and i s  due to the  

With respect t o  t h e  abundance of spec t ra l  l i nes ,  t h i s  region i s  i n  no way 
i n f e r i o r  t o  the  v i s i b l e  region of the  solar spectrum. Many thousands of new 
spec t ra l  l i n e s  were detected,  some of which have already been ident i f ied.  For 
example, V.P.Kachalov and A.V.Yakovleva (Ref.15) measured and ident i f ied  on t h e i r  
spectrogramsoof the  sun more than a thousand absorption l i n e s  i n  the  
2632 - 2900 A region. 
a l s o  given i n  the  l i s t  they compiled. 

Visual estimates of the i n t e n s i t i e s  of these l i n e s  are 

The so lar  continuum extends almost t o  1600 and disappears completely a t  
1500 A. Among the  l ines ?densified i n  t h i s  port ion of t h e  spectrum, t h e  reso- 
nance l i n e  of arsenic  1890.4 A i s  o f  i n t e r e s t ;  t h i s  element had not previously 
been detected i n  the  so la r  atmosphere. 

The f irst  emission l i n e s  appear i.n t he  spectrum between 1900 and 1800 A. 
Farther,  down t o  several  angstroms, t h e  so la r  spectrum consis ts  of a f a i n t  con- 
tinuous background $th superposed emission l ines .  
the  region h 
region h > 912 1, t o  t he  continua of various elements. 

The continuous spectrum i n  
912 A i s  due mainly t o  the  Lyman continuum of hydrogen and i n  the  

0 

The most intense emission l i n e  i n  t h e  region X < 1900 A i s  the  Lyman-alpha 
l i n e  which has a chromospheric origin.  
hydrogen dgwn t o  Ln, are c lear ly  discernible.  
(near 912 A )  i s  r a the r  w e l l  defined. eone of t h e  intense l i nes ,  namely, t h e  
resonance l i n e  of ionized helium 304 A , o i s  no more than an order of magnitude 
weaker than t h e  La line. 
times weaker than t h e  304 A l i ne ,  a l so  appears. 

Other l i n e s  of t he  Lyman se r i e s  of 
The l i m i t  of t he  Lyman continuum 

The l i n e  585 A of neut ra l  helium, which i s  several  

I n  the  1800 - 84 d range, several  hundreds of emission l i n e s  w e r e  detected 
which belong t o  ions of helium, oxygen, nitrogen, carbon, s i l i con ,  su l fur ,  
aluminum, magnesium, etc .  
However, l i n e s  i n  t h e  s o f t  X-ray region and some of t he  l i n e s  i n  the  short-wave 
end of t h e  hard u l t r a v i o l e t  should belong t o  the  corona. 
of these  l i n e s  have been ident i f ied  and work i n  t h i s  d i rec t ion  i s  continuing. 

Most of these l i n e s  a re  of chromospheric origin.  

A t  present only some 

The most reliable absolute and r e l a t i v e  measurements of  so l a r  emission 



lines were perfomned by Rense (Ref.5, 20) photometrically, using a short-wave 
spectrograph and by Hinteregger (Ref .l$, 19, 20) electrophotometrically, using 
a short-have spectrometer. The advantage of the first method lies in the high 

TABLE 2 

INTECJSITIES OF SOLAR EMISSION LINES II'J THE 1200 - 1820 b INTERVAL 

I dent  i -  
f i c a t i o n  

_ _  

Si111 
1 W,) 
Ire11 
Si11 
01 
01 
01 
SiII 
CII 
CI I 
Si 1 V 
SiIV 

Wave- 
1 ength .  

A 

1306.5 
1215.7 
1215.1 
1265.0 
1302 .2 
1 :304 .9 
13oti .o 
1 :io9 .3  
1334.5 
1.735.7 
13'33.7 
1402.7 -~ 

I n t en si t y 
erg/cm' s e c  

__- I_- 
0.23 
3.43 
0.17 
0.02 
0.04 
0.04 
0.04 
0.04 
0.31 
0.33 
0.24 
0.17 _- 

- - - - .. . . 

I d e n t i -  
f i c a t i o n  

- 

Silt 
SiII 
CIV 
CIV 
CI 
CI 
I IrI I 
CI 
CI 
FeII 
Sill 
Si11 

.. 

%vel e n g t  
fi  

1526.7 
1533.4 
1554.2 
1550.8 
1560.3 
15131.4 

1 6 3 .  3 
1633.1 
1650.8 
1sos.o 
lS1G.O 

1640.4 

___- 
I n t e n s i t y  

:rg/cm' sec 

__- 

0.03 
0.UG 
0.55 
0.31 
0.04 
0.08 
0.27 
0.28 
0.20 
0.21 
f .05 
1 .65 

resolving power and that of the second method, in the high accuracy of measuring 
absolute values of the radiation fluxes. 
solute intensities of 24 emission lines in the 1206 - 1816 A region based on 
Rensefs measurements. 
assumed that th? order of magnitude is correct. 
lengths, to 84 A, Rense gives a list of identified lines with an estimate of 
their intensities (Table 3). 

Table 2 gives theovalues of the ab- 
/312 

Although the accuracy of these measurements is low, it is 
For the region of shorter wave- 

Of particular interest here are the results of Hintereggerfs unique photo- 

He gives absolute intensity values only for individual nar- 
metric measuremeQts which cover almost the entire far ultraviolet of the sun, 
from 3000 to 60 A. 
row sections of the spectrum (the continuous spectrum plus weak lines) and gives 
the intensity of an individual line only if the latter is sufficiently strong. 
These data with all additional details are given elsewhere (Ref.30). Table 4. 
contains the latest smary data (Ref.26) for the spectral region 1216 - 283 A, 
where the direct measurements of m (225 km) pertain to a height of 225 km ,013 
while $0 is the intensity (number of quanta/crri? sec) extrapolated to the boundary 
of the earthfs atmosphere; the ratio of Qo/m (225 km) obviously characterizes 
the magnitude of absorption at the given wavelength in the portion of the atmos- 
phere lying above 225 Ism. 
the measured intensity. 

This value is derived from the altitude gradient of 

In addition to these tables, it bs of interest to present the results of 
preliminary observations of Behring et al. (Ref.27) on soft X-radiation and, 
partially, on hard ultraviolet raaiation of the sun. 
more or less confidently, many eassion lines in the spectral region 370 - 171 A, 
the most noteworthy finding being that they included resonance lines of highly 

2 26 

These authors identified,- 
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ionized atoms of heavy elements. 
Table 5 ,  together with preliminary identifications. 

The wavelengths of some of these are given in 

TABLE 3 

IDENTIFIED SOLAR E?DSSION LINES WITH WAVELENGTHS SHORTER 
THAN 1216 A, OBTAINED FROM ROCKET DATA 

1315.7 
13C6.5 
1200.2 
1195.0 
1192.9 
1189.8 
1133.2 
1169.1 
11G7.7 
i158.l  
1134.4 
1&95. 1 
1040.9 
1038.2 
1P34.2 
1025.7 
1009.8 
990.0 
997.0 
959.2 
064.5 
94%. 7 
!)32.2 
916.0 
913.0 
911.4 
905.5 
902.0 
858.2 
835.2 
834.0 
701.2 
779.4 
764.5 
703.3 
681.3 
651.5 
G44.9 

io00 
75 
10 
10 
10 
5 
5 
10 
25 
5 
20 
10 
5 
40 
30 
GO 
10 
15 
30 
10 
10 
10 
10 
10 
10 

100 
5 
5 
10 
5 
5 
5 
5 

io 
20 
15 
io 
20 

H (La) 
Si I11 
N I  
C I  
C I  
C I  c I l l  
N I  
N I  
C I  
N I  
N I1  
0 1  
0 I V  
0 I V  

c I1  
N 111 
c I11 

N I  s V I ?  s V I ?  
N I1 
s I1 
He I1 
Si I I ?  
c I1 c I1 
0 I11 
0 111 
0 IV 
0 IV 
N I I I  
0 I11 c I1 c I1 
N I1  

H (Lg) 

H (L,) 

630.3 
625.1 
611.4 
609.8 

608.5 
607.6 
599.2 
597.9 
584.7 
553.7 
539.2 
538.8 
536.5 
525.8 
463.8 
435.1 
430.7 
419.4 
373. G 
3‘72.2 
344.7 
310.1 
303.8 
280.0 
260.0 
257.1 
243.3 
238.5 
237.1 
224.6 
184.7 
172.7 
171 .9 
150.0 
83.9 

- 
- 

h t i m a t e t  
:n ten  si ti 

20 
5 
5 
5 

5 
50 
5 
5 
10 
I 0  
5 
5 
5 
15 
10 
25 
I O  
g0 
15 
10 
20 
10 
30 
5 
5 

20 
10 
5 
10 
5 
5 
5 
5 
10 
30 

- 
- 

Sgcested 
Source 

-- 
o v  
0 I V  
0 I11 
0 I I I  
0 I V  

N e  I 1  
0 111 
0 I11 
He I 
0 IV 
0 E1 c 111 
He I 
0 111 
Si VI 3 
0 111 
0 I1  c IV 
0 111 c I11 
0 111 
c 111 
He 11 
0 I V  
0 I V  
H e  I 1  
I I e ’ I I  
0 IV 
He I1 
He I1 
0 V I  
0 V I  o v  
0 VI 
NeVIII?  

;“IF 

4. Interpretation of the Short-Wave Solar Spectrum /31h 
The mechanism,of formation of emission lines in the region of the solar 

spectrum h < 1800 A is the same as the mechanism of formation of the chromo- 
spheric emission lines in the visible spectrum region. Since the intensity of 
hard ultraviolet radiation in the photosphere is very low, excitation of these 
levels and, ultimately, excitation of the short-wave lines can occur only by 
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TABLE 4 

EXTRAPOLATION OF MEASURED FLUXIS  TO BOUNDARY OF ATMOSPHERE 

I d e n t i -  
f i c a t i o n  I 

Wavelength I .  

Wave- 
1 ength .  

1215.7 
1206.5 
1025.7 
977.0 
972.5 
949.7 

885-865 
835-4333 

790.0 
770.4 
629.7 
610 
584.3 
554 
500 
465.2 
368.1 
335 

I El8 

I 3.1-10" _ _ ~  
5.1-10' 
2-5-10' 
4.0- 10' 
2.8.10' 
3.5.10' 

I 2.0.. io' ( t o  t a l  ) 
4.0.10s 
3.1-1@ 
4.1- 10" 
8-5-10' 

I 3.3-10s 
2.5-10e I 4.3-10' 

3.1 * lo1$ 
5. 1 - 10' 
2.5-10' 
4.0-iOe 
4 . 7 . w  
3 .5 .w 
2.3.10' 
4.6-10s 
3.7.10' 
4.9.1CP 
1-4-10' 
8.0-1CP 
1.6.10' 
5.3-10B 
4.4-10' 
3.0-1CP 
6.0-1P 
4.8-10s 
3.8-10' 
6.2- 10' 

TABLE 5 

IDENTIFICATION OF SOLAR ENISSION LINES IN EION 370 - 170 H 

Fe XIY, 
Fe XI1 1 F e X  

FeXVI 
FeXII 

NiXY, FeX 
FeXIV 

Fe XVI 
Ni XV 

Ni X V  

370 

366 
365 
361 
360 
347 
345 
341 
335 
333 
320 
316 
315 
312 

I d e n t i -  
f i  c a t i  on 

He I 1  

Fe XV 
c u  XIX 

S X  
Ar XIV 

He 11, 
Ni XVII 
Ar XIV 

H e  I1 

H e  I1 
Ca XV 
s 1x 

- - _  - -. 

~ 

Nave- 
l e n g t h ,  A 

304 
293 
284 
274 
271 
264 
263 
256 

250 
244 
243 
234 
227 
220 

. -  

I d e n t i -  
f i c a t i o n  

Ar XI  
Ar XI 
c1 IX 

c1 IX 

. .. . 

I\'ave- 
l e n g t h . ]  

21 1 
204 
202 
195 
1 93 
1 92 
i 88 
186 
184 
I82 
180 
177 
174 
171 

- -  - 

electron collisions. However, the excitation potential of the resonance level 
of different ions has a different value. Hence it follows that these lines can- 
not be excited under identical temperature conditions; the fact that. they are 
actually observed means that they arose in different layers of the chromosphere 
where the electron temperatures are different. Since the electron temperature 
in the chromosphere increases with an increase of height from its base, we can 
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expect t h a t  resonance l i n e s  corresponding t o  higher values of t h e  exc i ta t ion  
poten t ia l  f o r  t r ans i t i on  t o  the  next l e v e l  should arise i n  higher layers  of  t h e  
chromosphere, whereas l i n e s  with a low exc i ta t ion  poten t ia l  should arise in 
lower layers  of t he  chromosFhere. 

Such an analysis ,  which i s  of course of a preliminary nature,  w a s  car r ied  
out by Z i r i n  e t  al .  (Ref.26) who showed t h a t ,  f o r  example, t h e  lines of t he  ion 
C I V  are formed i n  a region with a temperature of about 90,000°K, the  l i n e s  0 Tv 
i n  a region with an average temperature of about l+O,OOO - 60,000°~, the  l i n e s  
N I11 i n  t h e  region with a temperature of 20,000 - 30,000°K, and t h e  l i n e s  C I1 
i n  a region with a temperature of about 12,00O0K. 
t o  d i f f e ren t  heights i n  t h e  chromosphere, t he  l i n e s  C IV being generated a t  the 
grea tes t  height i n  this case. 

These temperatures correspond 

An i n t e re s t ing  fac tor  i n  this analysis  i s  t h e  conclusion t h a t  a d i s t i n c t  
boundary exists between the  chromosphere and t h e  corona. T h i s  conclusion i s  
based on t h e  fact established by Zi r in  e t  al .  t h a t  the  l i n e s  of intermediate 
ionizat ion s tages  of N e ,  M g ,  and S i  are not observed i n  t h e  so l a r  spectrum, 
whereas the  l i n e s  of a l l  ion iza t ion  states of C ,  N ,  and 0 are observed. The 
ionizat ion poten t ia l  of these  intermediate states i s  within 100 - 300 ev. 
Faring this with the  extent  af  the  ho t t e s t  pa r t  of t he  chromosphere (5000 b), 
the  authors 
proved t o  be  of t he  order of 500 hn, i.e., s o  s m a l l  t h a t  one ac tua l ly  can speak 
of a sharp t r a n s i t i o n  between chromosphere and corona. 

Com- 

estimated t h e  lknear extent  of t h e  t r ans i t i on  region. This DLz 

In  general, from an analysis both qua l i t a t ive  and, par t icu lar ly ,  quantita- 
t i v e  of t h e  results of spec t ra l  observations i n  t h e  region of s o f t  X-rays and 
hard u l t r a v i o l e t  of t he  sun ,me could expect much help i n  constructing a model 
of  t he  chromosphere and a l s o  i n  understanding the  nature  of t he  processes occur- 
ring there  which lead,  i n  par t icu lar ,  t o  t he  appearance of highly ionized atoms 
of heavy elements, t o  a high degree of  ionizat ion,  and t o  a high value of t h e  
electron temperature therein.  

A t heo re t i ca l  i n t e rp re t a t ion  of t h e  results of rocket observations of t he  
continuous radiat ion of  t h e  chromosphere in the  short-wave region of t he  spec- 
trum was attempted by DeJager and Athay (Ref.22, 23). Comparing the  empirical 
data  of others  (Ref.17, 19) ~ 5 t h  computational da ta  under the  assumption t h a t  
radiat ion of  the  continuous spectrum of the  chromosphere proceeds i n  accordance 
w i t h  a gray-body l a w ,  DeJager demonstrated an incFease i n  e f f ec t ive  temperatuTe 
toward short  waves from Tef = 500OoK a t  h - 1200 A t o  Tef  = 7000° a t  h - 900 A. 

Athay, i n  h i s  paper, discusses  the  continua of H, H e  I, and H e  I1 and a l s o  
the  resonance l i n e s  of these  and other  ions ( C  N, N V ,  and 0 IT) with emphasis 
on a search f o r  energy sources o r  physical  mechanisms leading t o  the  formation 
of  so l a r  u l t r a v i o l e t  radiation. A s  such a mechanism, Athay ind ica tes  t he  pos- 
s i b l e  r o l e  of t h e  subphotosphere convective zone; some portion of  t h e  energy 
t ransferred by convection i s  changed t o  a form i n  which it passes through the  
photosphere without subs tan t ia l  l o s ses  and which then i s  scat tered i n  t h e  chromo- 
s p h e r e  and corona as radiation. 
energy from the  deep layers  of t h e  photosphere t o  the  outer layers  of t he  sun 
as being the source of short-wave radiat ion of t h e  chromosphere and corona. 

Thus, Athay considers nonradiative t r ans fe r  of 
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G.S .Ivanov-Kholodqy-y and G.M.NikolT sk iy  (Ref .  24) and Suemoto and Moriyama 
(Ref.25) attempted t o  compare hard u l t r a v i o l e t  radiat ion with the  short-wave 
radio emission of t he  sun. The main conclusion here i s  t h a t  t h e  in t ens i ty  of 
hard u l t r a v i o l e t  rad ia t ion  i s  vastly (several  hundreds of t imes) grea te r  than 
could be expected on the  b a s i s  of radio astronomy data. To explain such a grea t  
discrepancy, i n  one case an attempt was made t o  a t t r i b u t e  this excess of energy 
i n  t h e  hard u l t r a v i o l e t  t o  t h e  e f f ec t  of faculae f i e l d s  (Ref.24), and i n  another 
case (Ref.25) a model chromosphere was proposed according t o  which the  hard 
u l t r a v i o l e t  rad ia t ion  and radio emission escape from s t r i c t l y  l imited regions 
scat tered over t he  e n t i r e  d i sk  and covering about l@ of i t s  surface. 
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This problem was taken up i n  a paper by Allen (Ref.28) where an attempt i s  
made t o  achieve sa t i s f ac to ry  agreement between observation and theory f o r  a 
homogeneous model chromosphere. 

While noting t h e  importance and the extreme need of in te rpre t ing  observa- 
t i o n a l  data  on short-wave rad ia t ion  of t he  chromosphere, it i s  a l so  necessary 
t o  note t h a t  these data  are s t i l l  far from su f f i c i en t  f o r  completely revealing 
a l l  possible regularities and for deciphering t h e  processes occurring i n  the  
chromosphere and i n  layers immediately adjacent t o  it above and below. Special  
emphasis must be  placed on making experiments t h a t  wil l  permit probing the  
chromosphere throughout i t s  e n t i r e  height. For this, observations are required 
i n  spec ia l ly  selected spec t ra l  l i n e s  generated i n  d i f f e ren t  layers of t h e  chromo- 
sphere d i f f e r ing  i n  physical conditions (electron concentration, e lectron tem- 
perature,  etc.  ). Protracted observations from satellites are needed t o  reveal 
possible  in t ens i ty  var ia t ions  of t h e  emission l i nes .  Final ly ,  t heo re t i ca l  in- 
vest igat ions are required t o  determine the  atomic parameters of highly ionized 
ions (osc i l l a to r  strength,  coef f ic ien ts  of spontaneous t r a n s i t i o n  probabi l i ty ,  
etc.  ). 

5. Solar  Radiation i n  t h e  Lyman-Alpha Line 

O f  particular i n i e r e s t  are observations of t h e  Lyman-alpha resonance l i n e  
of hydrogen (1215.67 A) .  
sphere. Owing t o  t h e  very low leye l  of t h e  continuous spectrum of t h e  photo- 
sphere in the  region around 1200 A, t h e  equivalent width of t h e  La-absorption 
l ine of photospheric or ig in  should be very large:  acgording t o  Greenstein's 
calculat ions (Ref.36), it i s  of t he  order of 10,000 A. 
t h a t  t h e  resu l t ing  La-line i n  t h e  so la r  spectrum should be present i n  emission 
and i n  a completely undistorted form. 

i n  1949-195 8 by means  of,photon counters and with t h e  use ( i n  one case)  of 
luminescent CaS0,:Mn crystals .  Later, t h e  number of such measurements markedly 
increased, with simultaneous improvement i n  t h e  measurement technique. The bes t  
results w e r e  apparently obtained by measurements that used ion iza t ion  chambers 
and short-wave monochromators. I n  the  first case the  L c l i n e  was i so la ted  from: 
1) t he  short-wave bound3q, by means of a l i th ium f luor ide  c r y s t a l  with a trans- 
mittance limit of 1050 A attached t o  the  end window of t h e  ion iza t ion  chamber; 
2 )  t h e  long-wave boundary, by se lec t ing  a spec ia l  f i l l i n g  gas for t h e  chamber 
which i n  t h i s  case was NO t h a t  i s  ionized upon absorption of l i g h t  quanta shor te r  
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This l ine is  emitted exclusively by t h e  so l a r  chrom- 

From t h i s  it follows 

The firs measurements of t he  i n t e n s i t y  of t h e  La-line of t h e  sun w e r e  made 



than 1350 i. I n  t h e  case of t h e  gra t ing  monochromator a spectrum i s  first con- 
s t ruc ted  i n  t h e  foca l  plane of t h e  charrber whose d ispers ive  element i s  a d i f -  
f r ac t ion  grating, after which a narrow sl i t  with a rad ia t ion  receiver  (a photo- 
mul t ip l ie r  with a g l a s s  window coated with a spec ia l  phosphor, usual ly  sodium 
s a l i c y l a t e )  automatically sweeps the  spectrum. 

An incomplete l ist  of t h e  experiments connected with a study of t h e  in- 
t e n s i t y  of t h e  La-line i s  given i n  Table 6. The i n t e n s i t i e s  of the  La-l ine,  as 
follows from t h e  da ta  of this t ab le ,  proved t o  be d i f f e r e n t  i n  d i f f e ren t  experi- 
ments. No doubt, t h i s  spread i s  t o  some extent  caused by e r r o r s  of measurement 
so  t h a t  t he  results i n  the  b d i v i d u a l  cases may d i f f e r  from t h e  ac tua l  values 
by a fac to r  of 2 and more. Nevertheless, this discrepancy can be considered t o  
be real and as being associated with s o l a r  ac t iv i ty :  
a c t i v i t y  the  i n t e n s i t y  of La-radiation i s  grea te r ,  while it i s  less a t  the  period 
of m i n i "  a c t iv i ty .  

A t  t he  period of maxi" 

TABLE 6 

OBSEENED INTENSITIES OF S O W  RADIATION I N  THE L r L I N E  

I n t e n s i t y ,  Vethod erg/" sec I Date I 
Sep t .  2 9 , 1 9 4 ~  

'day 5 ,  1952 
Dec. 12 1952 
Dec. 13: 1955 
Qct .  14, 1955 
o c t .  22 ,1955 
Nov. 14,1955 
J u l y  17 1956 

J u l y  25 ,1956 

Jan. 19, 1960 
h g .  23.1961 

niOv. 17 ,195n 

. J ~ I ~ ~ ,  i956 

b g .  6 ,  1957 
1460 I 

I-io 
0.4 
0. i 
0 . 5  
3.0 
5.7  
4.0 
9.2  
6.1 
6.1 
6.7 
3.43 
6 .O 
3.3 
5.1 

Photon counter  
Phosphor C a m 4 :  Mn 
Photon counter  

Photographic 
s 

I o n i z a t i o n  chamber 
D 

D D 
D 

D 
D 

S, ec tropho tometr ic  
Monochromator 

D 
D 

The estimate of t h e  f l u x  of Lyman-alpha rad ia t ion  of 0.1 erg/cm2 sec as ob- 

There- 
tained in one experiment ( i n  1952) apparently i s  erroneous. 
equal t o  9.2 erg/& sec was noted only once, i n  one experiment i n  1955. 
fore ,  f o r  t h e  l imi t ing  values of t h e  flux of La-radiation we have a value of 
0.5 - 5 erg/& sec,  i.e. , a discrepancy of one order  of magnitude. On the  
average, one can take Ea- 3 erg/cm2 sec  f o r  t h e  outer  limit of t he  ea r th r s  
atmosphere, which i s  approximately one mi l l ion  times less than t h e  t o t a l  in tens i -  
t y  of t he  photospheric radiaLion of t h e  sun. 

A raaxi" f l u x  

The remaining l i n e s  of t h e  Lyman series of hydrogen, Lg,  L,, etc.,  were 
measured less accurately by reason of t h e i r  weakness. 
ex i s t ing  da ta  on t h i s  m a t t e r ,  where the  i n t e n s i t y  of t he  La-line i s  taken as 
1000. The accuracy of these da ta  d i f f e r s ;  apparently Hintereggerrs measure- 
ments deserve greatest confidence. 

Table 7 presents the  

& 
Owing t o  the  nonuniformity and u n r e l i a b i l i t y  
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0 these  d a t a - i t  i s  1 i e i  cu t t o  say a t  present t o  what extent t h i s  spread i n  
the  Ly" decrement i s  real and whether t he  var ia t ions  of so l a r  emissivity i n  
the  La-line (depending on the  cycle of so l a r  a c t i v i t y )  are accompanied i n  general 
by a change i n  curvature of t he  Lyman decrement. 

TABLE 7 

LYMAN DE;CRE"T I N  THE SOLAR SPECTRUM 

Johnson Hinteregger Rens Hinteregger 1 (Ref .9)  I (Ref. 19) (Ref.  19) (Ref. 20) 
Line 

1000 loo0 1000 1 000 
9.1 60 9.4 

10 1.9 
- 1.4 

6 (3) 

1216 L, 
1026 Lg 16.7 
072 L, - 
9t9 L, - 1.8 

The observed Lyman dacrement, desp i te  t he  uncertainty of t he  data ,  was 
somewhat steeper than would be expected - f o r  example - i n  the  case of recom- 
binat ion of protons with electrons and t h e i r  subsequent successive downward 
t rans i t ions .  Actually, t h i s  decrement should be compared with the  theoretical .  
decrement derived with consideration of t he  e f f e c t  of atomic exc i ta t ion  under 
t h e  influence of e lectron col l is ions.  
observed decrement from the  theo re t i ca l  value can serve as an indicat ion t h a t  
t he  medium (chromosphere) i s  not completely transparent a t  the  frequencies of 
t he  hydrogen l i n e s  of t he  Lyman series and that the  observed i n t e n s i t i e s  of these 
l i n e s  are d is tor ted  by the  phenomenon of self-absorption. Evidently, a compari- 
son of the  observed and theo re t i ca l  decrements would furnish the  op t i ca l  thick- 
ness  of t he  chromosphere i n  l i n e s  of t h i s  series, However, owing t o  the  unre- 
l i a b i l i t y  of t he  measurement data  we must presently refrain from such an attempt, 

In some way or other  t he  deviat ion of t h e  

6. Prof i le  of t h e  Solar  Lyman-Alpha Line 

A special  experiment was carr ied out t o  determine the  p r o f i l e  of t he  so l a r  
L,-line (Ref.37). A spectrograph with a concave grat ing of 1200 lines/" with a 
radius of 50 cm and operating i n  the  15th order of t he  spectrum, was used. To 
correct  a s t i g m a t i s m ,  another grat ing working i n  the  first order was placed be- 
tween the  s l i t  and the  main grat ing perpendicular t o  t h e  dispersion. 

Figure 5 shows one of t he  p ro f i l e s  of t h e  Laoline of t he  sun obtained on 
July 21, 1959. The l i n e  was very broad, about 1 A. The shape of t he  p ro f i l e  
i t se l f  i s  noteworthy; t he re  i s  wide cent ra l  absorption a t  the  l i n e  center. 
i s  caused by absorption i n  t h e  so la r  atmosphere. 
i s  a deep and narrow absorption core. 
t o  do with t h e  sun and i s  due t o  absorption by the  neut ra l  hydrogen between sun 
and earth.  Using the  value of t h e  half-width of t h e  cent ra l  core, equal t o  
0,025 - 0.04 A, t he  temperature of this neutral hydrogen can be determined. It 
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This 
In addi t ion t o  t h i s  there  /320 

The appearance of t h i s  core has nothing 



i s  of the  order of 1000 - 2000°K, which agrees s a t i s f a c t o r i l y  with the  previous 
estimate of the  temperature of  t he  outermost layers  of the  earth 's  atmosphere 

"t 

Fig.5 Microphotometer Tracing 
of Solar Lyman-Alpha 

X s s i o n  Line. 

Fig.6 P ro f i l e  of Solar  

Solid curve - experiment; 
Broken curve - t heo re t i ca l  
calculat ion ( fo r  each peak 

Zyman-Alpha Line. 

separately ), 

(geocokma). The f a c t  that %he- cent ra l  
absorption core ( t e l l u r i c  core) i s  
r a the r  symmetric relative t o  t h e  line 
i tself  indicates  t h a t  t h e  neut ra l  
hydrogen (geocorona) does not move as a 
whole. 

The p r o f i l e  of t h e  La-line was 
theore t ica l ly  investigated by Morton 
and Widing (Ref.38) on the  bas i s  of  t he  
theory of Jefferies and Thomas (Ref.39) 
concerning the  formation of chromo- 
spheric  l ines with consideration of in- 
coherent scat ter ing.  The results of 
t h e i r  calculat ions agree r a the r  w e l l  
with observational data;  i n  par t icu lar ,  
they obtained a p r o f i l e  with t w o  
"a and a wide, but  shallow, depres- 
s ion at the  l i n e  center. It was estab- 
l i shed  t h a t  this broad core arises i n  
the  layers  of the  so l a r  atmosphere with 
an extremely rapid temperature rise 
reaching 9@,000°K and higher. The non- 
Solar  or ig in  of t h e  narrow absorption 
core was  proved. 
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A t  the  same time there  are ce r t a in  
divergences between the  calculated and 
observed La-profiles (Fig.6). F i r s t  
of a l l ,  t h e  theory gives an excessively 
rapid drop of t he  p r o f i l e  wings within 
t h e  two Doppler half-widths. Hoxever, 
t he  curvature of t h e  wings can be re- 
duced when assuming t h a t  the  formaticn 
of t h e  l i n e  occurs i n  a region with a 
ten'perature gradient lower than t h a t  

used as bahis  i n  the  calculat ions c i ted  above, 
e rp la in  the  in t ens i ty  d i f f e r e m e  of t he  p r o f i l e  peaks ( the  short-wave maximum 
i s  higher than t h e  long-iasre one). 

Furthemore, t h e  theory does not 

Anahgous p ro f i l e s  are exhibited by the  Mg I1 l i n e s  (2795 and 2803 1) and by 
the  H and K l i n e s  of C a  11, 

7. LoGr Photography in the  Lpmn-Alpha L i n e  

The f irst  photograph of the  so l a r  d i sk  i n  La-rays was obtained by Mercure 

The resolving power 
e t  al. (Ref.lr0) i n  1956. 
or' two prisms and one lens ,  a l l  zade of l i thium fluoride.  
of t h e  camera was about l'.5, End the  d i m e t e r  of t he  image of t he  solar disk  

For this, they used a monochronatic chamber consis t ing 
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w a s  2.8 xn. 
height above 100 km were obtained. The images, however, proved t o  be f a i n t  and 
severely fogged by scattered l i g h t ;  even the so l a r  disk was resolved poorly. 

By means of t h i s  camera several  photographs of the  sun in La a t  a 

Bet te r  success was achieved by Purcel l  e t  a l .  (Ref.0,  42) who photographed 
the  sun in the  La-line by means of a double monochromtor. Their instrument 
consisted of t w o  concave d i f f r ac t ion  gratings,  the  f irst  of which was deformed 
so a s  t o  give it a toroidal  shape. T h i s  was done t o  correct the astigmatism 
which was excessive i n  tkis case. 
of 40 cm and 600 I.ulings/mm, worked in the  first order. 
an image of t he  sun i n  La. 
f i r s t  grating separated t h i s  image which, being subjected t o  even greater dis- 
persions, w a s  doubled by the  second grating. Thanks t o  t he  m e  of double dis-  
persion in the  region near La, t h e  influence of other l i n e s  superposed t o  t he  
solar image i n  La was l a rge ly  eliminated. 

Both gratings,  with a radius of curvature /322 
The first grat ing gave 

The diaphragm j l is ta l led in the  focal  plane of the  

The described monochromator was used f o r  photographing the  sun in La only 
once, during launch of the  high-al t i tude rocket on March 13, 1959. About 60 
photographs with exposures from1/50 sec t o  7 sec were obtained; some of these 
proved t o  be excellent (with a resolution of t he  order of 1'). A comparison of  
these photographs with the  spectroheliograms of t he  sun in the  Ha and C a  I1 
l ines ,  obtained a t  ground observatories on the  same day, led  t o  in te res t ing  
conclusions. F i r s t  of a l l ,  t he  image i n  La resembles calcium spectroheliograms 
more than hydrogen ones. 
t u re  than the emission zones in the  K line. The faculae f i e l d s  surrounding the 
spots have a greater  extent and greater  in tens i ty  i n  La than the  f i e l d s  i n  the  
K l ine .  N o  limb brightening of the  so la r  disk i n  La rays i s  observed. on these 
photographs, but it i s  impossible t o  say anything as t o  limb darkening; a p  
parently the  resolving power of the  photographs w a s  insuf f ic ien t  here. 
cases, the d e t a i l s  of t he  solar disk (in part icular ,  f i laments) a r e  noticeable 
on a l l  three photographs i n  La, Ha, and K, being unsharp only i n  the  La-line. 
In some cases, photographs i n  La made it possible t o  de tec t  f a i n t e r  prominerxes 
t h a t  a r e  absent on photographs obtained in the  l i g h t  of Ha. 

However, t he  emission zones i n  La have a l a rge r  struc- 

I n  m o s t  

However, f o r  a more detai led analysis the resolving power of the instrument 
m u s t  be increased, spec i f ica l ly  t h e  pointing and guiding system. 
chromosphere a t  various a l t i t udes  it i s  especial ly  valuable t o  obtain monochro- 
matic irnages of t he  sun i n  l i n e s  excited i n  d i f f e ren t  layers  of the  chromosphere. 
For example, t he  Lg-line should be emitted lnainly in the  l o w e r  l ayers  of t he  
chrorqsphere where the  temperature i s  comparatively low while, say,the l i n e  
1032 A of the ion 0 V I  is emitted in t h e  t r ans i t i on  region f r o m  the  upper layers  
of the chromosphere t o  the  lower corona. Correspondingly, the  e f feg t  of 
limb brightening of the  so la r  disk should be observed a t  l i n e  1032 A and should 
not be observed i n  the  Lg-line. 
grams obtained f o r  t he  sun i n  t he  indicated spectrum region. 

To probe the  

/323 
To some extent this i s  confirmed by spectro- 

8. Effect of t he  Hydrogen Geocorona 

In  addi t ion t o  La-radiation f r o m  the  sun and from possible d iscre te  sources 
of the Galaxy, there  i s  a background of La-radiation of the  night sky. 
background i s  due t o  sca t te r ing  of L,radiation a r r iv ing  fron; outside, mainly 

T h i s  
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from the  sun. 
pa r t  of t he  e a r t h f s  atmosphere (geocorona) and whose d s t e n c e  was first pre- 
dicted by Chapan (Ref.43). 

Sca t te r ing  occurs by atomic hydrogen which makes up t h e  outer  

The existence of a hydrogen geocorona results in st least two e f f e c t s  
having a d i r e c t  bearing on extra-atmospheric astronomical observations: 

a )  The hydrogen geocorona causes absorption a t  t h e  Lrl ine center  belonging 
t o  extraterrestrial objects:, as a result of which a l l  p r o f i l e s  of both emission 
l ines  and absorption lines should contain narrow t e l l u r i c  abscrption cores. For 
t h e  case of t h e  so l a r  emissLon line La, t h i s  has been proved by observations 
(see ~ i g . 5 ) .  

b )  The hydrogen geocorona, causing sca t t e r ing  of so l a r  La-radiation, 
creates  a background of a more o r  less constant br ightness  which limits detec- 
t i o n  of ga l ac t i c  La-sources. T h i s  m u s t  be  emphasized i n  pa r t i cu la r  since,  a s  
w i l l  be  shown i n  Section 14, t h e  G a l =  - f o r  a l l  p rac t i ca l  purTjoses - should 
not have a L,-background and thus,  i f  it i s  desired t o  record very faint La- 
sources of cosmic or igin,  it i s  necessary t o  carry the  i n s t m e n t a t i o n  far  above 
t h e  earth.  

The first observations of L,radiation of t h e  night  sky w e r e  obtained by 
rocket soundings in 1955. L a t e r ,  these  experiments w e r e  repeated ( R e f . U ) ,  per- 
mit t ing an estimate of t he  l imi t ing  values f o r  t he  Lrradiation i n t e n s i t y  of t he  
night sky. These values w e r e  within 2.7 X lG3 - 3.6 X l C r 3  erg/& sec s ter  
a t  an a l t i t u d e  of 130 - 146 km (Ref.LS). 
(January, 1960) the  i n t e n s i t y  was equal t o  1.2 X 1Cr3 erg/& sec ster (at  an 
a l t i t u d e  of 200 km) (Ref.45). /32L 

t e n s i t y  of t he  night  sky decreases with 
a l t i t u d e ,  which i s  proved by the  f a c t  t h a t  
t he  glow i s  ac tua l ly  caused by sca t t e r ing  
of so l a r  La-radiation. 

According t o  other  measurements 

It w a s  established t h a t  t he  La-radiation in- 

Combining t h e  results of measuring 
t h e  Lcrradiation i n t e n s i t y  at various 
a l t i t u d e s ,  t he  v e r t i c a l  d i s t r ibu t ion  of 
t he  hydrogen atom concentration can be  

2 3  
c 22 

I 
% in' 103 104 {UJ derived. Such calculat ions w e r e  per- 

Concentration, ators/cn formed by Johnson and Fish (Ref.46, k 7 )  
for t h e  most probable temperature of t h e  
geocorona T = 1250°K, whose results are 
given i n  Fig.7 as a curve of t h e  hydrogen 
atom concentration versus a l t i t u d e  ( i n  
ea r th  r ad i i ) .  
rapid decrease of concentration with 
a l t i t ude .  
i n  a column of 1 a' cross  section, above 

This value i s  

W e  note t h e  comparatively 

Ta 
Fig. 7 Distr ibut ion of -4tomic 
Hydrogen Concentratfon versus 
Distance from the  Fa r th f s  
Center (Distance Ekpressed i n  

Earth Radii Re). 
The number of hydrogen atoms 

t h e  120 km l eve l ,  i s  on t h e  average 7 X ld". 
hydrogen a t  an a l t i t u d e  of 1130 lan i s  of t he  order of l o5  cme3. 
apparently retained up t o  ve l7  grea t  heights,  of t h e  ord6r of several  thousands 
o f  kilometers. 
of 6 - 7 ea r th  r ad i i ,  where ;he concentration of hydrogen atoms i s  of t h e  order  
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The concentration of neut ra l  

The geocorona disappears for a l l  p rac t i ca l  purposes a t  dis tances  



of 10 mi3 or less. 

9. Solar Radiation i n  the  Line He I1 304 H 
The helium problem i s  one of t he  unsolved problems of physic? of t he  sun. 

The sparse da ta  obtained during so la r  ecl ipses  f o r  t he  l i n e  4686 A of ionized 
helium and f o r  several  l i n e s  of neut ra l  helium ac tua l ly  y ie ld  no infomation on 
t h e  possible physical cause f o r  t he  comparatively strong emission lines of 
helium or on the  mode of d i s t r ibu t ion  of helium i n  t h e  solar chromosphere. In  
any case, the  assumption t h a t  there  i s  a maximum concentration of helium atoms 
at some height f r o m  the  base of the chromosphere has not ye t  been confirmed. /325 
There i s  a l s o  l i t t l e  known on the  correlat ion of helium emission with ac t ive  
regions of t he  sun and with phenomena of a nonstationary character occurring in 
l o c a l  regions of i t s  surface. 

Under such circumstqces,  observations of t he  emission l i n e s  303.8 A of 
ionized helium and 584.7 A of neut ra l  helium may be par t icu lar ly  valuable. We 

have i n  mind here both the  need t o  determine 
the  rad ia t ive  power of the  sun in these l i n e s  
and the  extreme des i r ab i l i t y  of obtaining 
monochromatic images of the sun therein. 

TABU 8 

INTENSITY OF THE EXISSION 
LIME h 304 He I1 BEYOND 
THE LIMITS OF THE WTHfS 

Various papers have been published on 
measuring radiat ion i n  the  l i n e  X 304 He I1 

heights, including measurements by A . V . B m s  
and V.K.Prokoffyev (Ref .31 )  who used a 
spectrometer on board a s a t e l l i t e .  A review 
of these measurements i s  given i n  Table 8. 

une 1958 0.83 15.201 Although the  data  do not d i f f e r  great ly ,  the  
opinions of various researchers diverge con- 
siderably as t o  estimating the  r e a l  magnitude 

Dec. 1960 0.50 [31] of the  in t ens i ty  of the  l i n e  h 304 He I1 
Aug. 1961 0.25 (301 beyond the  limits of the  earth 's  atmosphere. 

Estimates wdst according t o  which the  in- 
t ens i ty  reaches 1.5 erg/cn? sec, whereas ac- 
cording t o  other estimates the  l i n e  X 304 
He I1 i s  even stronger than the La-line of 

ATMOSPHERE i n  v e r t i c a l  ascents of rockets t o  various 

Date I 'so; 1 Ref. 
erg/cm se 

F: ar. 1959 0.20 
0.40 

ar. 1959 0.28 [ 9,29 I 
hydrogen. 
t o  0.04 erg/cx$ sec. 

A s  the  other extreme, we can mention an in t ens i ty  of t h i s  l i n e  equal 

Leaving aside these extremes and apparently unsubstantiated estimates, we 
can say t h a t  the  in t ens i ty  of the  l i n e  X 304 He I1 is  on t h e  average one order 
of magnitude less than the  in t ens i ty  of t he  L,-line and i s  equal t o  0.50 erg/& 

sec, which i s  i n  good agreement with the  theore t ica l ly  precalculated value 
(Ref.32, 33). 
t he  so la r  ac t iv i ty .  

Furthermore, t he  in t ens i ty  of this l i n e  changes a s  a function o f  

The in t ens i ty  of t he  l i n e  h 585 He I based on, f o r  example, Hintereggerfs 
measurements (Ref.30) i s  equal to0.055 erg/& sec, %.e., one order of f.26. 
magnitude l e s s  than the  in t ens i ty  of t he  line h 304 He 11. 
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Of nar t icu lar  i n t e r e s t  are the  monochromatic images of t he  sun i n  the  l i n e s  
of ionized and neut ra l  helium. 
obtain such images when reca l l ing  the  low i n t e n s i t i e s  of t h e  l ines X 304 H e  I1 
and A. 5S5 H e  I and the  necessi ty  of  spec ia l  p recaut ionaq  measures t o  eliminate 
scat tered l i g h t  within t h e  monochromator. Thus, it i s  not surpr is ing t h a t  so 
far there  has been only one successful attempt (Ref.34) t o  obtain a monochro- 
matic image of t he  sun i n  t n e  l i n e  X 304 H e  11. The r e s u l t s  of t h i s  experiment, 
have not ye t  been processed, but t he  already published photographs pennit some 
conclusions. F i r s t  of a l l ,  unlike t h e  La-photographs, the photographs of 1. 304 
H e  I1 d i s t i n c t l y  show t h e  e f f ec t  of l i m b  brightening of the  d isk  despi te  the  
f ac t  t h a t  t he  disk i t s e l f  has a r a the r  uniform brightness  i n  t h i s  line. Further- 
more, a close cor re la t ion  was noted between ac t ive  Ha-regions on the  sun and 
regions of increased brightnesses on the  images i n  A 301, H e  11. 

Generally speaking, it i s  not an easy task t o  

A report  (Ref.35) has been published on o b t a i n b g  monochromatic photogra hs 
of t he  sun i n  t h e  l i p e s  Fe XV h 2S4 A,oFe X V I  A 335 A, and a l s o  i n  Lg X 1025 H , 
0 VI h 1030, X 1036 A ,  and C I1 X 977 A .  
t h e s e  photographs have not yet been published. 

However, t he  r e su l t s  of processing 

10. Short-b?ave S t e l l a r  SpectroDhotometry 

S o  f a r  there  has been only one successful attempt a t  conducting spectro- 
photometric measurements of stars i n  the  far u l t r av io l e t  region. We are speak- 
ing  of the paper by Stecher and Milligan (Ref.56) published i n  1962. For t h e i r  
work, they designedespecial  spectrophotometers of an o r ig ina l  systemDoperating 
i n  the  1700 - 4000 A range I n  one instrument and i n  the  1225 - 3000 A range i n  
the  other. I n  both types of spectrographs, plane d i f f r a c t i o n  grat ings simul- 
t aneous l j  function as dispel-sive element and as objective; one parabolic and one 
plane mirror make up the  l ight-gathering system; the  l i g h t  receiver  i s  a photo- 
m u l t i p l i e r  with 5 g las s  window coated (Ln the  instrument designed f o r  work i n  
t h e  122.5 - 3000 A region)  w5th sodium sa l icy la te .  A honeycomb collimator in- 
stalled i n  f ront  of t he  inst,rument input is  used t o  limit t h e  working region /327 
or" t h e  instrument in t h e  necessary wavelength in t e rva l  of t h e  spectrum. 

The spectrographs w e r e  mounted r i g i d l y  t o  the  upper platform of t h e  rocket, 
rwhich was f i r ed  v e r t i c a l l y  t,o a height of 172 km, thus providing t h e i r  normal 
functioning for 400 sec. The rocket was given a spin, thanks t o  which t h e  l i gh t -  
receiving apertures  of the  spectrographs w e r e  able t o  scan the  sky, ge t t i ng  a 
f i x  f i r s t  on one and then on another star. 
photomultipliers w e r e  transmitted t o  the  ea r th  after amplification and conver- 
sion by means of d i r e c t  r$diotelemetry. 
m e r i t s  was low, about 100 A ,  but the  e r ro r s  on the  obtained results, with consid- 
e ra t ion  of t he  e r ro r s  i n  absolute ca l ibra t ion ,  proved t o  be less  than 30% and 
probably of the  order  of lo$, which i s  not a bad accuracy f o r  a beginning. 
cording t o  calculat ions,  t h e  instruments should y ie ld  good spectrograms of  B- 
stars up t o  4". 
ca l ibra t ion ,  i n t e rp re t a t ion  of  obtained results, e tc .  a r e  given i n  the  above- 
mentioned paper. 

The photocurrents a r r iv ing  from t h e  

The spec t ra l  resolut ion of  t he  ins t ru-  

Ac- 

The  op t ica l  system of t h e  instrument, d e t a i l s  of i t s  operation, 

Only one f i r i n g  of t he  sounding rocket took place (on November 22, 1960) 
w i t h  simultaneous carrying a l o f t  of two long-wave (1700 - 4000 A )  and two short- 
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wave spectrographs (1225 - 3000 H). 
operate; therefore,  a l l  r e su l t s  given below per ta in  t o  instruments operating i n  
the  long-wave range. 

However, the  l a t t e r  f o r  some reason did not 

Signals were obtained from about 30 s t a r s ,  but o n l y  f o r  seven stars were 
the  recordings of the  spectra of good qual i ty;  f o r  another eight stars, they 
contained some useful information. Mainly these w e r e  stars from the  constella- 
t i ons  Orion and C a n i s  Major. The names, s t e l l a r  magnitudes, and spec t ra l  
c lasses  o f  these stars a re  given below: . Canis Majoris ........... 1?&3 B1 I1 

B Canis Majoris ........... E 9 7  B1 I1 
y Velorum ................. 1".8 WC 7 
CY Leonis ................. l t36  B 8  V 
cy Carinae ................. -E72 FO I a  
y Orionis ................. l't64 B2 I V  
t Orionis ................. 2t74 09 V 

TABLE 9 

STELLAR FLUXES OF ULTRJ$VIOLET RADIATION, 
(erg/& sec A )  lo" 

C a l i b r a -  
t i o n  

Facto r 

x lo9 

5 
C a n i s  

l a j o r i  

2.2 
1.7 
I .2 
1.0 
1.3 
2.9 
6.5 
8.6 
9.3 
8.5 
8.1 
7 . 2  
6.5 
5.8 
5.3 

3.2 
3.4 
3.3 
3.1 
2.9 
2.6 - 

B 
C a n i s  

Iajor i  

2.3 
2.9 
3.2 
3.5 
3.9 
4.6 
5.5 
5.6 
5.3 
4.9 
4.3 
3.6 
2.8 
2.5 
2.4 
2.2 
2.0 
1.8 
1.7 
I .6 
1.4 
I .4 
I .4 
I .2 
0.9 - 

r 
'el o ru 

21 
7.6 
6.2 
5.2 
7.5 
7.4 
8.1 
9 .o 

11.7 
9.1 
8.5 
7.8 
7.1 
6.4 
5.8 
5.2 
4.4 
4.3 
4.2 
3.9 
3.7 
3.6 
3.8 
3.8 
3.8 
3.9 - 

a 
Leoni 

0.9 
1.1 
I .3 
I .5 
2.0 
2.5 
2.9 
3.1 
3.1 
3.0 
2.8 
2.6 
2.4 
2.2 
2.2 
2.1 
2.1 
2.1 
2.1 

a 
' a r i n  

0.5 
1 .o 
0.8 
I .9 
1.4 
1 . 4  
2.1 
1.5 
2.1 
2.3 
3.0 
3.2 
2.3 
2.7 
2.9 
2.8 
3.8 
5. i 

11.5 
13.3 
18.1 
14.4 - 

Y 
C'rio 

n i  I 

- 
2.8 
3.6 
3 8  
3.7 
4.5 
6.1 
6.5 
4.8 
5.5 
5.2 
4.8 
4.2 
3.6 
3.2 
3.0 
2.6 
2.3 
2.2 
1.9 
I .8 
1.6 
1.8 
2.1 
1.4 
0.5 - 

% 

O r i c  
n i  I 

I1 
I 1  
9.: 
8.: 
7.1 
8.5 
8.9 
9.5 
8.9 
6.6 
8.4 
7.6 
7.0 
6.2 
5.8 

I 

Table 9 gives the  absolute values of f luxes f o r  the  aforementioned seven 
s t a r s  a t  d i f f e ren t  wavelengths. The first column of the  tab le  contains the 
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wavelengths; t h e  second, t h e  f ac to r  by which one must multiply t h  i i n g  ( 
responding t o  t h e  s igna l  from the  star a t  the  t e l q e t r y  output) expressed i n  
vo l t s ,  i n  order  t o  obtain the  f lux i n  erg/cm" sec  A. 

Cwing t o  t h e  low resolving power of t h e  spectrographs, no statements are 
possible on t h e  presence o r  absence of short-wave spec t r a l  l i n e s  i n  t h e  spectra  
of t h e  invest igated stars. 

11. I n t e r w e t a t i o n  of Short-Wave S t e l l a r  Spectra /329 
A s  shown above, t h e  nurnber of ?tars f o r  which the  spectra  are known i n  t h e  

wavelength interval of 1600 - WOO A is  small at  present,  being only seven. 
Nevertheless, we can discuss  these results and draw some preliminary conclusions. 
Here we can u t i l i z e  t h e  favorable circumstance t h a t  a la rge  number of papers 
have been published on t h e  theo re t i ca l  construction of var ious model stellar 
atmospheres, #king it possLble t o  compare the  results of rocket observations 
with t h e  data  given there. Models of high-temperature stellar atmospheres 
should be of pa r t i cu la r  i n t e re s t .  A r e v i e w  of these papers, with c r i t i c a l  com- 

ments and needed explanations, i s  
given i n  Munch's survey ( R e f .  57 ). 

SP 

O f  t he  various aspects  usefu l  
as b a s i s  f o r  developing some d e l  
stellar atmosphere, main interest 
centers  on t h e  theo re t i ca l  energy 
d i s t r ibu t ion  in t h e  continuous 
spectrum of a star of a given tem- 
perature  and luminosity, with con- 
sidera.t3 cii of t h e  d i s t o r t i n g  inf lu-  
ence of t he  absorption l ines .  
Studies  of t h i s  nature  w e r e  per- 
fomed by Underhill (Ref.58) f o r  
stars of c lasses  0 - B, by Sa i to  
(Ref.59) f o r  stars of late sub- 
c lasses  of B y  by Osawa (Ref.60) f o r  
class A stars, by Canavaggia and 
Pecker (Ref.61) f o r  c l a s s  F stars, 
and so on. The latest  results on 
calculat ing (on e lec t ronic  com- 
pu te r s )  t heo re t i ca l  continuous 

re given i n  a paper by Underhill 

/330 

(Ref.62). 
radiat ion flm i n  the  contiruous spectrum Fy ( i n  erg/& sec)  versus t h e  wave- 
length A .  

These results are represented graphical ly  in FLg.8, p lo t ted  as t h e  

Fig.8 Continuous Spectra f o r  Five 
Model Atmospheres of S t a r s  of Early 

Spect ra l  Classes. 

c t r a  of hot stars of c lazses  09.5 - B 9  

L e t  us now discuss  the  results obtained by Stecher  and Milligan. For t h i s ,  
t he  da t a  of Table 9 f o r  some stars are represented graphically in Figs.9 - 12. 
The diagrams show the  theo re t i ca l  spectra  (broken l ines)  corresponding t o  typ ica l  
model stellar atmospheres. I n  each pase, t he  theo re t i ca l  spectra  w e r e  a r b i t r a r i -  
1;. normalized at t h e  point h = 2600 A. The following theo re t i ca l  spectra  were 
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taken: f o r  the  star CY Carinae, FO Ia, from the  model of Canavaggia and Pecker 
(Ref .61 ) ;  f o r  E Canis Majoris ,  B 1  111, from Underhill 's model (Ref.58); for 

CY Leonis, B8  V, from S a i t o f s  model (Ref.59); and f i n a l l y ,  f o r  fl Canis Majoris, 
A 3  V,  from Osawa t s  model (Ref.60). Other d e t a i l s  are given i n  the captions /332 
t o  t h e  diagram. 

Fig. 9 
Solid l i n e  - observed absolute flux 
from CY Carinae (FO Ia) ;  broken l i n e  - 
f l u x  corresponding t o  the  model at- 
nosphere a t  8 = 0.75 and log  g = 
= 1.80, The theo re t i ca l  curve 
( R e f . 6 1 )  was equated with the  ob, 
served curve a t  t h e  point 2600 A. 

Fig. 10 
Solid l i ne  - observed absolute flux 
of E C a n i s  Majoris (B1 11); broken 
l i n e  - flux corresponding t o  t h e  
model atmosphere a t  T, = 28,470°, 
l o g  g = 3.80. The theo re t i ca l  curve 
(Ref.58) was equated with the  ob- 

X = 2600 A. 
served curve a t  thg point 

It follows from these  diagrams t h a t  just i n  one case - f o r  t h e  star 
CY Carinae which i s  a supergiant of a la te  c l a s s  -was sa t i s fac tory  agreement ob- 
ta ined between observations and theore t ica l  continuous spectrum d i s t r ibu t ion  i n  
the  e n t i r e  spec t ra l  interval. 
classes,  t he  observed f luxes  i n  t h e  spectrum region shor te r  than A - 2400 A are 
subs tan t ia l ly  smaller than the  f luxes obtained from the  theory of stellar atmos- 
pheres. It should be emphasized t h a t  t h e  extent of this deviat ion appreciably 
exceeds the  possible  e r ro r s  of measurement, On the  average, f o r  stars A IV - 05 
the observed f lux  was smaller than the  theo re t i ca l ly  expected value by about one 
order of magnitude. 
individual models, although - for example - Mych (Ref.57) mentioned a case 
where two authors (e.g., McDonald and Underhigl), using e s sen t i a l ly  the  same 
methods, obtained completely d i f f e ren t  results f o r  atmospheres with almost t he  
same parameters. 

For the  other  s t a r s ,  which a re  objects  of e p l y  

Apparently t h i s  difference exceeds the  difference between 

This f a c t ,  unless due t o  a random and unforeseen experimental oversight, 1223. 
i s  exceptionally important s ince it poses e n t i r e l y  new problems. 
t h a t  t h i s  flux d e f i c i t  e i t h e r  has a d i r e c t  bearing on the  propert ies  of the star 
which a r e  f o r  some reazon manifested in t h i s  wavelength interval or t h a t  it i s  
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caused bp some inters te l lar  absorbing agent. 

‘The authors of the  expsriments themselves (Ref.56) do not bel ieve i n  t h e  
poss ib i l i t y  of the ro le  of interstellar absorption and are incl ined t o  see the  

Fig. 11 
Solid l i n e  - observed absolute f lux 
of  CY Leonis (BE? V ) ;  broken l i n e  - 
flux corresponding t o  the  model at- 
mosyhere (Ref.59) a t  T, = 15,500’ and 
log g = 3.90 equated t o o t h e  observed 
f l u x  a t  the  point 2600 A. The long- 
wave end blends with the  s p e c t r m  of  

p Leonis. 

‘” I 

Ff 4.12 
Curve with open c i r c l e s  - obserred 
absolute flux from e C a n i s  Kajoris 
( E l  IT); curve with crosses - ab- 
so lu te  f l u x  from 13 Canis Majoris 

(El 11). 

source of the observed flux d e f i c i t  i n  t h e  atmosphere of t h e  s tar  i t s e l l .  
example, the  blanketing e f f ec t  caused by NO and CO m Q l e c u l e s  i s  indicated as a 
Dossible source of absorption of t h e  flux near 2000 A. 
Fossible role of quasi-molecules which represent d i f f e ren t  combinations of ions 
and atoms of hydrogen and helium such as H;, H:, H e H + ,  HeH++, e tc .  Thus, wider 
cer ta in  conditions, as demor.strated by S.P,Yerkovich (Ref.&), absorpLion by the 
quasi-molecule H2 near 2000 A i s  16‘ times grea te r  than for t he  negative hydrogen 
ion. It i s  suggested tha t ,  in t he  atmospheres of hot stars, quasi-molecules are 
ab le  t o  form in such quan t i t i e s  and with such e f f ec t ive  absorption cross sec- 
t ions  (Ref.65) t h a t  t h i s  might furn ish  an explanation f o r  t he  f lwc d e f l c i t .  

As an 

A l s o  mentioned i s  the  

Xeinel (Ref.66) attempted t o  explain the  observed energy d i s t r ibu t ion  in 
the  spectra of stars of class B,  for example of E C a n i s  Ma.joris, kr a molecular. 
recombination mechanism caused by hydrogen and helium molecules. I n  par t icu lar ,  
the  author indicated tha t ,  even a t  an ins igni f icant  quant i ty  of H2 i n  the  atmos- 
phere of a hot star, an exchange react ion of t h e  type 

H 2  (.X ”g, - f -  /I (2”) - f  H,(a”;) $- H (19s) 

mazr play a rrajor r o l e  a t  high temperatures. I n  this case, the  difference in 



react ion energies i s  compensated by the  thermal e n e r a  of the  reaction partners 
and by exci ta t ion of high vibrat ional  l eve l s  of t he  ground state of Ha. 
t he  excited l eve l  a3Cd, t he  hydrogen molecule - by successive t r ans i t i ons  - de- 
scends, f o r  example, t o  t he  lowest t r i p l e t  s t a t e  b C,. Since this l e v e l  i s  un- 
s table ,  t r ans i t i on  t o  it i s  accompanied by emission of a continuum and by 

From 

3 +  

& 
d i rec t  dissociat ion of t he  temporarily 
formed molecule. 

Furthermore, Meinel found the  theo- 
r e t i c a l  energy d is t r ibu t ion  i n  t h e  con- 
tinuous emission spectrum of Ha, which 
proved t o  be i n  good agreement with 
previous experimen$s. The presence of a 
"pI near 2 5 O O A  and a strong dip a t  
2000 A i s  charac te r i s t ic  i n  this d i s t r i -  
bution (F'ig.13). Comparing this curve 
with Figs.10 and 12 we see t h a t  the  
s imi la r i ty  of both d is t r ibu t ions ,  ob- 
served and theoret ical ,  i s  ra ther  close - a t  l e a s t  qual i ta t ively.  Meinel sug- 
gested that the  emission zone of Ha i n  
t he  atmosphere of a star of c lass  B is  
below t h e  emission zone of H and d i r ec t ly  

Fig.13 Theoretical Curves of adjacent t o  the photosphere. 
the  Continuous W s s i o n  Spec- 
trum of Hz a t  Different Exci- In contrast  t o  these explanations, 

t a t i on  Energies. Hoyle and Wickraransinghe (Ref.67) are 
inclined t o  a t t r i b u t e  t h e  cause of t he  
f l u x  d e f i c i t  i n  the  spectra of hot stars 

t o  i n t e r s t e l l a r  absorption caused, however, by graphite par t ic les .  They demon- 
s t ra ted  tha t  the  e f fec t ive  absorption cross section of l i g h t  quanta &(A) f o r  
graphite pa r t i c l e s  and i n  par t icu lar  f o r  composite pa r t i c l e s  of graphite and 
ice,  increases with a decrease i n  wavelength and, already a t  2000 A, reaches a 
noticeable value. 
t he  r a t i o  Q(lOOO)/Q(.!+OOO) may reach ten. 

For example, a t  a suf f ic ien t ly  mall s i ze  of such pa r t i c l e s ,  

Thus, there  a re  more than enough theore t ica l  schemes and mechanisms for 
We m u s t  not explaining the  observational f a c t  of t he  flux d e f i c i t  of hot stars, 

forget  t h a t  t h i s  f a c t  has been established only with respect t o  very few s t a r s  
and, moreover, on the  bas i s  of only one se r i e s  of observations. 
before we make any conclusive select ion among the  possible var iants  f o r  explain- 
ing the  above f ac t ,  new experiments must be scheduled t o  obtain spectrograms f o r  
a large number of stars and in the  region of shorter  wavelengths. T h i s  i s  even 
more necessary because of t he  f a c t  tha t ,  primarily, we have no ju s t i f i ca t ion  f o r  
assuming tha t ,  i n  t he  experiments by Stecher and Milligan, some fac tors  leading 
t o  such paradoxical r e su l t s  were not overlooked. Secondly, i f  t h e  indicated flm 
d e f i c i t  i s  actual ly  real and spreads even f a r the r  t o  t he  shorter  wave end in- 
cluding the  region of t h e  Lyman continuum, then many previously established f a c t s  
and theore t ica l  conclusions w i l l  prove erroneous, including those referr ing t o  
i n t e r s t e l l a r  zones of ionized hydrogen, glow of diffuse and planetarg nebulae, 
determination of star temperatures responsible f o r  the  glow of nebulae, etc.  

Therefore, 



12. Electrophotometric Observations i n  t h e  
Vacuum Ultraviolet  Region 

Various attempts have been made t o  measure t h e  in t ens i ty  of t he  u l t r a v i o l e t  
radiat ion of stars and nebulae i n  individual spectrum regions by means of photon 
counters, ionizat ion chambers, or photomultipliers carr ied on board high-al t i tude 
rockets i n t o  the outer  layers of t h e  earth’s atmosphere (Ref.68, 69, 70). 

During one of t h e  launchings i n  h957 (Ref.69), a pa r t  of t he  sky was scanned 
i n  the  spec t ra l  interval 1225 - 1350 A by m e a n s  of an ionizat ion chamber. 
t h i s  case, several extended objects  w e r e  noted which emitted r a the r  powerful 
fluxes i n  the  indicated wavelength interval. 
an object  of almost c i r cu la r  shape and extension up t o  10’ from t h e  star, was 
espec ia l ly  well-defined. 
g i n i s )  t he  radiant  energy of  the  nebula in  the  region 1225 - 1350 A was found 
t o  be  about 
Spica on wavelengths shor te r  than the  Lyman series l i m i t  (A < 912 A )  should a l s o  
be  about loa7 erg/sec, i f  one assumes that Spica rad ia tes  as a black body with 
a temperature of 32,000°K. Thus, we can assume, even i f  this m e a n s  s t re tch ing  

1225 - 1350 A i s  no o ther  than the  energy of t h e  star radiated i n  the  region 
< 912 and transformed in the  nebula t o  La-radiation. 

In 

The so-called nebula i n  CY V i r g i n i s ,  

On attempting t o  relate this nebula withoSpica (a, V i r -  

erg/sec. Cn the  other  hand, t he  t o t a l  rad ian t  engrgy from 

a point,  t h a t  t he  rad ia t ion  of t h e  nebula around Spica i n  t h e  region /336 

However, we must then devise a mecha$.sm (which has been done by several 
authors)  t o  explain the  very l a rge  (> 10 A )  Doppler shift; of t he  maxi” of La- 
emission toward long waves, Furthermore, it i s  necessary t o  f ind an explanation 
t o  t h e  f a c t  t h a t  no nebula i n  v i s i b l e  rays (Ha, N1, etc.  ) has been observed 
around Spica. However, t h e  commotion about t h e  nebula o f  Spica quieted down as 
soon as it was found, during one of t he  repeat$ experiments i n  1960 (Ref.69), 
t h a t  t he  radiat ion sources i n  t h e  1225 - 1350 A region of t h e  spectrum are only 
stars and t h a t  there  i s  no nebula i n  Spica. 

I n  1960 the re  w e r e  two launchings of high-al t i tude sounding rockets with 
spec ia l  photometers f g r  measiring stellsr brightnesses  i n  two vacuum u l t r a v i o l e t  
regions: 1350 - 1550 A and 1290 - 1350 A (Ref.69, 70). The photometers con- 
sisted of a series of 6” and 4” parabolic mirrors and of ionizat ion chambers as 
radiat ion sources. 
case (e f fec t ive  wavelength 1!+27 A )  by m e a n s  of l-mm th ick  BaF2 c rys t a l  and $L 

mixture of NO and C 0 2  gases; i n  t h e  second case (e f fec t ive  wavelength 1314 A )  by 
m e a n s  of a 1-rmn t h i ck  SrF2 c r y s t a l  and a mixture of dimethylhydrazine and 
methane gases. The photometers operated on the  free scanning principle ,  and t h e  
results w e r e  transmitted t o  the  ground (without preliminary recording) over 
radiotelemetry channels. 

The working Bpectral regions w e r e  separated: i n  the  f irst  

A preliminary processing of t h e  obtained da ta  (Ref.69) confirmed t h e  con- 
clusion of  the  previous experiment that stars of Zarly classes are the  only 
c e l e s t i a l  objects  encountered i n  t h e  1290 - 1350 A and 1350 - 1550 A spec t ra l  
regions. It was a l so  establ ished t h a t  these  stars radiate as point sources i n  
the  indicated ranges and t h a t  there  are no extended objects  surrounding them. 

Chubb and Byram compiled a l is t  of stars of early classes ,  pr imari ly  of 



c lass  B y  detected during these experiments. 
paper (Ref.70) and contain about 50 objects detected byemeans of a 14.27-A photo- 
meter and about 30 objects detected by means of a 1314-A photometer. The faint-  
e s t  star was 5".3 i n  the  first case and 3 6 6  i n  the  second. 

These l ists  are given in thg i r  

For these s t a r s ,  
t he  absolute values of t he  
radiat ion fluxes in t h e  cor- 
responding regions of the  
spectrum and the  r a t i o  of 
theseofluxes t o  the flux a t  
5560 A a r e  given. 
conclusion t o  be drawn f r o m  
these new re su l t s  i s  as before, 
viz., the  measured fluxes of 
stars of ear ly  c lasses  a re  
appreciably - by one order of 
magnitude - less than expected 
from model atmospheres of  stars 

The basic  

+ Dwarfs and subgiants  
o G i a n t s  and b r i g h t  s t a r s  

I f f -  S u p e r g i a n t s  of ear ly  classes. T h i s  fo l -  
O t h e r s  l o w s  graphically from Figs.14 

P 

and 15, where the  spectral  
classes a re  l a i d  off  on the 
abscissa and the values of t he  
r a t io s  F1427 /FssGo and 

Fig.14 Rat io  of v l t r av io l e t  Luminosity F1314/Fs560 , on the  ordinate. 
of Stars ato11+27 A t o  Visible Luminosity The synbols i n  these diagrams 

a t  5560 A versus Spectral  Class. represent ob servat ional  data. 
The symbols represent the  observations Also plot ted are the  curves 
of individual s ta rs .  The so l id  l i n e s  of the  theore t ica l  dependence 
denote theore t ica l  re la t ions  for t he  of these values ( r e l a t ive  
same quant i t ies  derived from t h e  theory 
of stellar atmospheres and the  black- 

a3 " ~ ~ " " " " ' -  
08 09 BO 81 62 83 84 85 66 87 88 69 A0 Ai A2 

Spectral class 

f luxes)  corresponding t o  Under- 
h i l l r s  model atmospheres 
(Ref.114) and t o  idea l  black- 
body radiation. No matter /338 
how paradoxical, the  observa- 

t ion  points in both cases f i t  more closely the  curves f o r  an idea l  black body. 
The deviation f r o m  the  Underhill model i s  appreciably smaller f o r  stars of late 
classes  and increases on passing toward s t a r s  of ear ly  classes. 

body hy-pothesis. 

Thus, although one cannot yet  consider t o  have suf f ic ien t  data  f o r  defi-  
n i t e  conclusions a s  t o  t he  character and behavior of t he  continuous spectra of 
stars i n  the  far u l t r av io l e t ,  we have t o  admit t h a t  two e s sen t i a l ly  d i f f e ren t  
methods of observation - spectrophotometric and electrophotometric - lead t o  t h e  
same bas ic  conclusion, namely t h a t  stars of ear ly  c lasses  show an appreciable 
f lux  d e f i c i t  i n  the  f a r  u l t r av io l e t  i n  comparison with that predicted by theory. 

I f  t h i s  conclusion i s  substantiated by fur ther  observations, it wil l  play 
a colossal ly  important ro l e  i n  forming our concepts on the  s t ruc ture  of s t e l l a r  
atmospheres, physical processes occurring there ,  composition and propert ies  
of i n t e r s t e l l a r  matter, etc. 

This automatically shows the  importance of extra-atmospherfc observations, 
primarily of the  continuous spectra of stars of d i f fe ren t  c lasses  and luminosi- 
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t i e s .  
t i on  l i n e s  inherent t o  the  star i t s e l f  i n  the  ,far u l t r av io l e t  region, although 

of i n t e r e s t  and necessary, 
w i l l  hardly y ie ld  any funda- 
mentally new results, with the  
possible exception of reso- 
nance lines, Furthermore, 
continuous spectra la rge ly  
depend on the  nature of the  
c e l e s t i a l  bodies themselves 
and on conditions and pro- 
cesses within these bodies; 
therefore ,  special. p r i o r i t y  

It can almost cer ta in ly  be asser ted t h a t  a study of the  spec t ra l  absorp- 

+ Dmarfs and subgiants 
20- o C z a n t r  and bright s t a r s  should be  given t h e i r  study. 

IO - 

'5,016hit1b9 i o  S; s'z s'3 EA ~'5 E'S 'B; i a  S'R AD AI 

2 Sup erg i an t I 
O t h e r s  

This i s  not so f o r  ab- 
sorption l i n e s  having an 
i n t e r s t e l l a r  origin. I n  f a c t ,  
p rac t i ca l ly  a l l  interstellar 
molecular hydrogen, oxygen, 

Fig.15 Ratio of g l t r av io l e t  Luminosity nitrogen, carbon, and other  
of Stars a t  $314 A t o  Visible Luminosity elements are in the ground 

at  5560 A versus Spectral  Class. state, T h i s  i s  t rue  a l so  f o r  
The symbols represent cabsemations of those elements about whose 
individual stars. The so l id  lines de- existence i n  interstellar 
note theore t ica l  re la t ions  f o r  t h e  same space p rac t i ca l ly  nothing is  
quant i t ies  derived from the  theory of known. We are primarily 
stellar atmospheres and the  black-body thinking here of helium. A s  

S p e c t r a l  c l a s s  

hypothesis. a ru le ,  the  resonance lines 
of these elements are in a 
range inaccessible t o  observa- 

t ions  from the  earth 's  surface, i n  t he  far u l t rav io le t .  Consequently, observa- 
t i ons  of resonance l i n e s  of i n t e r s t e l l a r  atoms and molecules in the  spectra of 
d i s t a n t  stars (spec i f ica l ly  i n  the  spectra of hot stars) wil1,yield extremely 
important i n f o m t i o n  on the  chemical composition and physical s t a t e  of  inter- 
s t e l l a r  matter. 

O f  t he  absorption lines of interstellar or igin,  t h e  hydrogen lines of t h e  
Lyrnan series will most l i k e l y  be t h e  strongest. 
l i n e s  of t h i s  s e r i e s  w i l l  ob,viously depend both on the  dis tance of t h e  star, on 
the  ga lac t ic  plane, and a l so  on the  spec t ra l  c l a s s  of the  star. 
t h e  equivalent width w i l l  be of t he  order of  several  angstroms and f o r  t he  La- 
l i ne ,  of t h e  order of tens  of angstroms. Considering a l so  thaL these lines will 
have broad wings ( l i n e  broad,sning caused by the  e f f e c t  of radiat ion damping), we 
should expect an overlap of t he  wings of t he  hydrogen lines of t he  Lyman series. 
This e f f ec t  wil l  be especial ly  pronounced a t  t h e  end of the  series. 
r e su l t ,  an excessive eneTgg d e f i c i t  i n  t h e  continuous spectrum of hot stars may 
arise i n  the  1216 - 912 A wa-relength interval. 
t h a t  the cutoff of the  continuous spectrum at  912 A w i l l  not be sharp, as ex- 
pected, but more o r  l e s s  smooth. 

The equivalent widths of the  

In any case, 

A s  a /3k9 
moother words,  it i s  possible 
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13. Short-Wave Spectrum of Gaseous Nebulae 

Observations of gaseous nebulae, planetarg and diffuse,  in the  vacuum 
ultraviolet region (3000 - 912 A )  should be of par t icu lar  i n t e r p t .  The no l e s s  
peculiar spectrum region, namely the  hard u l t r av io l e t  ( h  < 912 A ) ,  will unfor tu -  
nately always be inaccessible t o  observation because of the i n t e r s t e l l a r  absorp- 
t ion.  
of t h e  short-wave region are generally emitted by highly ionized a t o m  concen- 
t r a t ed  in the  central ,  ho t tes t ,  regions of t he  nebula, Therefore, interpreta- 
t i o n  of t h e  short-wave spectrogram of a given nebula could yield qui te  valuable 
information on the  s t ruc ture  and physical conditions in i ts  cent ra l  portions. 
Furthermore, short-wave emission lines of highly ionized elements will -ish 
highly useful  data  on the energy d is t r ibu t ion  in the  f a r  short-wave spectrum 
region of the core which i s  not amenable t o  d i r ec t  observation, 

Such in t e re s t  i s  due i n  par t icu lar  t o  the  f a c t  t ha t  the emission lines 

So f a r ,  no special  extra-atmospheric experiments t o  obtain spectra or 
d i rec t  photographs of gaseous nebulae i n  the  vacuum u l t r av io l e t  regions have 
been scheduled. Therefore, we will l i m i t  ourselves t o  a short  review of the  
ant ic ipated s t m c t u r e  of the  spectrum o f  gaseous nebulae i n  t h i s  wavelength 
region. 

Generally speaking, i f  the  chemical composition and temperature of t h e  core 
i s  known it i s  easy t o  compile a l i s t  of expected emission l i n e s  i n  t'ce mc;uuum 

l og€  
5 

c. targ 

u l t r av io l e t  region. To obtain 
some c r i t e r ion  of  the  possi- 
b i l i t y  of observing a given 
emission l ine we a l so  require 
C a t a  on the  atomic parameters 
of various ions and transitions, 
of which the  r e l a t ive  l i n e  
in t ens i t i e s  cannot be precalm- 
laked. Unfortunately, t o  date  
this requirement cannot be m e t  
f o r  most ions and atomic 
t ransi t ions.  Hence quantum 
mechanical calculations are 
necessary f o r  determining 
atomic parameters corresponding 
t o  short-m,ve t ransi t ions.  

Figure 16 gives a sche- 
matic view of  t he  expected 
spectrum of a planetary nebula 
i n  the vacuum u l t r av io l e t  
region, wi th  an indication of 

Fig.16 w e c  
Nebula i n  the  Vacuum Ultraviolet .  

-~ 
wavelengths and r e l a t ive  i n t e n s i t i e s  of emission l ines .  T h i s  spectrum was calm- 
la ted  by D a b  (Ref.71) f o r  a model nebula of t he  type NGC 7027 a t  T. = lO,OOO%. 
However, t h i s  diagram represents a f a r  f r o m  complete s e t  of expected emission 
l i n e s  i n  t h e  vacuum u l t r av io l e t ,  and on ly  l i n e s  f o r  which the  atomic parameters 
a re  known are entered. 
lines of the Lyman ser ies ,  La, Lg, etc.,  has on ly  a symbolic character since i n  
reality they can be detected barely or not a t  al l .  

Furthermore, the  p lo t t ing  in this diagrap-of t h e  hydrogen 

A s  shown below, the inter-  
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stellar m e d i u m  is opaque i n  t h e  b- l ine  so t h a t  the  nebulae can be observed 
i n  t h i s  l i n e  only i n  the  presence of appreciable Doppler s h i f t s  caused by high 
rad ia l  veloci t ies .  A s  f o r  the other  hydrogen l i n e s  of the  Lyman series, Lg, L , ,  
e tc . ,  as i s  known from the  theory of t he  glow of gaseous nebulae, t he  quanta of 
t h e s e  l i n e s  -under  ordinary conditions - are generally unable t o  escape from 
t h e  nebula and, spec i f ica l ly ,  are unable t o  reach the  observer. 

/3bz 

Among the  l i n e s  shown i n  Fig.16, grpa tes t  i n t e r e s t  centers  on the  forbidden 
l i n e  of doubly ionized carbon near 1900 A. I n  f ac t ,  carbon i n  any s tage of 
ionizat ion does not give a s ingle  forbidden l i n e  which would appear i n  the  
v i s i b l e  range of wavelengths, 

L e t  u s  now pass t o  l i n e s  whose i n t e n s i t i e s  cannot y e t  be  calculated because 
Here, of t he  lack of da t a  but  which can be excited under conditions of nebulae. 

emphasis w i l l  be placed on the  forbidden lines of highly ionized atoms, s ince 
they are excited i n  the  cent ra l ,  ho t t e s t ,  regions of-nebulae (Ref.72). The 
l i n e s  ly ing  i n  the  hard u l t r a v i o l e t  region (A < 912 A )  will not be included 
here s ince they cannot be  observed owing t o  i n t e r s t e l l a r  absorption. The da ta  
on t h e  atomic energy l eve l s  are taken from Moore's catalog (Ref.73). 

Nitrogen. Singly ionized nitrogen should give a doublet near t he  u l t r a -  
v io le t  boundary, 3071 [N I11 and 3063 [N 111, i n  's - =P t rans i t ions .  
doublet i s  similar t o  the  v i o l e t  doublet of  s ingly ionized oxygen 3726 [ O  I11 
and 3729 CO 111. 

This 

- cm 

OIF 

Doubly ionized nitrogen can give numerous close lines withina1711+ - 1751 A 
and 2276 - 2289 A. The l i n e s  
of t r i p l y  ionized nitrogen 
1188 [ N  I V ]  and 1485 [ N  I V l  
and a l s o  1573 - 1578 [N Nl can 
be  observed i n  the  cent ra l  parts 
of nebulae. L i n e s  of quadruply 
ionized nitrogen 124.3 [N V] and 
1239 [ N  V I ,  whose energy l e v e l  
s t ruc tu re  i s  similar t o  the  
s t ruc ture  of 0 V,  should b e  ob- 
served close t o  the  La hydrogen 
line. 

ov 

Fig.17 Diagram of & e r a  S ta t e s  C IV, 
0 IT, and 0 'J. 

o q g e n  2332 [ O  I111 and 2323 [ O  111](lS - "P) t r a  
t he  outer  portions of gaseous nebulae. 

Oyygen. The l ine of 
s ingly ionized oxggen 2471 
[ O  111 a r i s i n g  upon 'P - *S 
t r ans i t i ons  should be observed 
i n  t h e  near vacuum u l t r a v i o l e t  
in t h e  outer  portions of 
nebulae. O+ should give no 
o ther  short-wave lines. 

/343 

Lines of doubly ionized 
s i t i o n s  should be  observed i n  

217 



A lden ies belonging t o  0 IV and 0 V are located in t h e  vacuum and - -  
hard u l t r a v i o l e t  (Fig.17). 
2D - 4P t rans i t ions  may be of some in t e re s t .  
[ O  IV] ) can arise upon 4P - "Po t rans i t ions ,  but  a l l  of these presumably are 
f a in t .  
(1415 - 14.24 A )  belonging t o  quadruply ionized oxygen. 

The group of lines (1800 [0 IV]) a r i s i n g  upcn 
Another group of l i n e s  (1400-1412 

Irmnedzately adjacent t o  t h i s  group there  i s  a series of forbidden l i n e s  

It i s  curiops t h a t  i n  the  t r a n s i t i o n  "P: - ' S o  of quadruply ionized oxygen 
the  l i n e  1215.7 A, which i s  very close t o  t h e  La-line of hydrogen (1212.67 A ) ,  
i s  radiated. 8 level 
of quadruply ionized oxggen under the  e f f e c t  of La-radiation of hydrogen i s  not 
precluded. 

Thus, t he  poss ib i l i t y  of  an anomalous exci ta t ion of t h e  

N e o n .  F i  re 18 shows the  diagrams of energy l eve l s  N e  111, Ne N, and 
On ' S  - P t rans i t ions ,  t he  doublet 1794 [Ne 1111 and 1815 [ N e  1111 i s  

& 5? N e  V. 

Nem 
NeV 

Fig.18 Diagram of Fnergy S ta t e s  of N e  111, Ne IV, and N e  V. 

radiated whose i n t e n s i t y  r a t i o  depends on the  electron concentration of  t he  
medium. The i n t e n s i t y  r a t i o  of t h e  lines 1815 [ N e  1111 and 3344 [ N e  1111 (which 
i s  d i s t i n c t l y  observed i n  t h e  v i s i b l e  spectrum region) depends on t h e  electron 
temperature T, of t h e  cent ra l  portions of t h e  nebula and has the  following form: 

Triply ionized neon with "P - 4S and "D - 4S t r ans i t i ons  i s  a l so  ab le  t o  
It i s  produce two short-wave doublets, namely 1608 [ N e  IV] and 244l [ N e  IV]. 

i n t e re s t ing  t h a t  the  r a t i o  of t he  l ine  i n t e n s i t i e s  2440 [ N e  IV] and 244.2 [ N e  IVl 
permits determining the  electron concentration i n  t h e  cen t r a l  regions of nebulae. 

Quadruply ionized neon should give one short-wave l i n e  2976 [ N e  V I  upon 
' S  - 'D t r ans i t i on  and a pa i r  of l i n e s  1573 [Ne VI and 1575 [ N e  V] i n  ' S  - 3P 
t rans i t ions .  The l i n e  2976 [ N e  V] should be weaker than the  l i n e  1575 [ N e  VI 
by a f ac to r  of three.  
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The r a t i o  of l i n e  i n t e n s i t i e s  3&26 + 7346 [Ne V] and 1575 [Ne V] i s  highly 
sens i t i ve  t o  the  e lec t ron  temperature and has t h e  form L342. 

T h i s  r e l a t ion  can be used f o r  determining t h e  e lec t ron  tempersture i n  t h e  
cen t r a l  regions of nebulae. 

Carbon. A group of forbidden lines of singly ionized carbon near 2328 h 
can be observed i n  the  outer portions of nebulae. 
doubly ionized carbon should emit very closely spaced l i n e s  19ll [ C  1111 and 
l9Oe [ C  1111 (see Fig.17). Triply ionized carbon can give only two l i n e s  i n  the  
vacuum u l t r av io l e t  region, 1551 [ C  IV] and 1548 [C IV], on 2P - S t r ans i t i ons  
(see F‘ig.17). 

On 3P - ’ S  t r ans i t i ons  

2 

Sulfur. A l l  forbidden l i n e s  up t o  doubly ionized sulfur inclusive are 
located i n  the v i s i b l e  and infrared r e g b p s  of t he  spectrum. 
sulfur  can give emission l i n e s  near I_QC A on “P - ’PO t ransi t ions.  

Triply icnized 

TABLE LO 

MPECTED FORBIDDEN LINES OF PLANETARY NEBULAE IN THE VACUUM 
ULTRAVIOLET, OF UNKNOWN THEDRETICAL INTENSITIES 

I I I 

1215.7 
1239 
1 243 

1400-1412 
1410 

1415-1424 
1485 
1488 
1548 
1551 
1 573 

1573-1578 
1575 
1608 

1744-1 734 

o v  
N V 
N V  
0 IV s IV o v  
N IV 
N 1V c IV 
c IV 
Ne V 
N I V  
Ne V 
Ne IV 
N 111 

1794 
1800 
1815 
1 908 
1911 

2276-2289 
2323 
2328 
2332 
2440 
2442 
2471 
2976 
3063 
307 i 

Ne 111 
0 IV 
Ne 111 
c I11 c I11 
N 111 
0 111 c I1 
0 111 
Ne iV 
Ne IV 
0 I1 
Ne V 
N 11 
N IS 

The short-wave l i n e s  of other elements, such as f luorine,  i ron,  etc., owing 
t o  t h e i r  l o w  abundance i n  nebulae, cannot be of particular in t e re s t .  
of the aforementioned emission l i n e s ,  which can be observed i n  short-wave spectra 
of planetary nebulae and for which r e l a t i v e  i n t e n s i t i e s  cannot be calculated at 
present, i s  given i n  Table 10. 
Fig.16, which gives a view over those short-wave emission l i n e s  f o r  which calcu- 
l a t ed  r e l a t i v e  i n t e n s i t i e s  a r e  known. 

A review 

This t a b l e  can be considered a supplement t o  

It i s  espec ia l ly  importa7t t o  d iscuss  i n  more d e t a i l  t he  continuous spectrum 
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of gaseous nebulae i n  the  vacuum ul t rav io le t  region. In  fac t ,  the  "I in- 
tens i ty  of two-photon radiation i s  far f r o m  t h e  v i s ib le  wavelength range (at. 
l4OO A )  and rapidly drops toward long waves (F'ig.l9), For example, a t  ,!+OoO.A 
t he  in tens i ty  of two-photon radiation amounts t o  about 5$, whereas a t  6000 A 

it i s  abgut 1% of the  maxi"  in tens i ty  
a t  l 4 O O  A. Incidentally, a t  one time 
t h i s  caused appreciable d i f f i c u l t i e s  i n  
interpret ing t h e  continuous spectra of 
planetary nebulae,. The occurrence of a 
maximum near l4OO A on the short-wave 

I -  spectrogram of some nebula, which can 
be obtained under extra-atmospheric 
conditions, Will be convincing proof 
of the nebulae conditions. F'urther- 
more, the occurrence of a ra ther  sharp 
discontinuity i n  the  dis t r ibut ion gf 

G 
z -  

Fig.19 Spectrum of Two-Photon the continuous spectrum near 1216 A 

cording t o  t h e  theory of two-photon 
radiation, its in tens i ty  i n  the  region 

The continuous spectrum in the region h < 

Radiation of Hydrogen. already serves the purpose since, ac- 

h < 1216 A should be equal t o  zero. 
< 1216 A, i f  detected a t  a l l ,  w i l l  be due mainly t o  two-photon radiation of 
neutral  and ionized helium. 

14. Possibi l i ty  of ObservinE Gaseous Nebulae i n  t h e  
Lm-Alpha  Line 

The in t e r s t e l l a r  medium i n  our Galaxy i s  pract ical ly  opaque in the  La-line. 
Actually, according t o  observational data on monochromatic radio emission on the  
21-cm wavelength, t h e  average concentration of  neutral  i n t e r s t e l l a r  hydrogen i s  
of t h e  order of 1 m-=. Taking, f o r  the  coefficient of select ive absorption i n  
the La-line calculated per one neutral  hydrogen atom, the value sa = lo-'' cn?, 
which corresponds t o  a temperature of i n t e r s t e l l a r  hydrogen of loo%, it will 
be found tha t  a t  a distance of one parsec f r o m  the  sun the opt ical  thickness of 
the i n t e r s t e l l a r  medium to (without consideration of the  dust component) a t  the 
frequency of Lrradiation will be of the  order of 10,000! 

Let us examine first the  problem having t o  do with absorbed L-quanta i n  
the Galaxy (Ref.74). 

Under conditions of the  i n t e r s t e l l a r  medium, L,-quanta cannot be trans- 
formed in to  quanta of other discrete  frequencies. However, owing t o  the large 
opt ical  thickness to of t h i s  medium at  the  frequency of  the La-line center (of 
t h e  order of lo" - lo7 a t  a distance o f  the  nebulae of 100 - 1000 parsec from 
ear th) ,  the probabili ty of fractionation of La-quanta (two-photon radiation) 
increases appreciably. 
t ion,  the most  effect ive one i s  apparently the cycle Is -.L 2s - Is, which w a s  
discussed i n  d e t a i l  elsewhere (Ref.75, 76). 
of L a q u a n t u m  in to  two quanta i n  this mechanism i s  v i r tua l ly  independent of 
t h e  environmental conditions and i s  eqLal t o  p = 0.44 X per scattering 
event. 
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O f  a l l  the  existing mechanisms of b-quanta  fractiona- 

The probabili ty of fractionation 

Hence, i f  the quantum, on the average, undergoes 2 X 10' scat ter ing and 



absorption events it will pe:rish, having been transformed i n t o  two qitanta of 
a r b i t r a r y  frequencies. 

TABLE 11 

r .parscc  

I O  
lo0 
500 

loo0 

1, 

3.10s 
3.101 

i .5-107 
3.107 

N 

3.8-1P 
3.1-10' 
2 . f . l P  
4.4.10" 

400 130 
4700 1400 

Boo0 7000 
46000 15000 

In  t h i s  respect w h a t  are the  r e a l  conditions prevail ing in the  Galaxy'? The 
answer i s  given i n  Table 11 which contains, in r e l a t ion  t o  t he  dis tance r of the  
nebula f r o m  ear th ,  t he  t o t a l  number of sca t te r ing  events N suffered by a Lc 
quantum on t raversing t h e  dis tance r, t h e  t o t a l  path L, and t h e  time T f o r  the  
La-quantum t o  t raverse  t h i s  p t h  as a r e s u l t  of multiple scattering. Calcula- 
t i ons  were carried out f o r  nl = 1 cm-3 with consideration of t h e  e f f e c t  of t h e  
radiat ion frequency red is t r ibu t ion  by means of the  following re la t ions  
(Ref.78, 76): 

L = Tc. 

It fcllows from t h e  da ta  of this t ab le  tha t ,  first,  f o r  a l l  p rac t i ca l  
purposes no> a single nebula can be observed i n  d i r e c t  La-rays (t, % 1). 
i f  the nebula is  at a distanc,e of the  order of several  hundred parsecs, then at 
bes t  only the  d i f fuse  component of Lrradiation (N < lo8) will reach the  ob- 
server. 
quantum t o  reach the  observer i s  several tens of thousands of years, which 
i s  commensurable with t h e  l i f e t ime  of t he  nebulae themselves, although t h e  r i s k  
of La-quanta f ract ionat ion i s  not so acute here. Furthermore, i n  t h i s  case the  
path covered by the  quantum i s  subs tan t ia l ly  lengthened, being of t h e  order of 
several  thousand parsecs. 
in  t h e  investigated volume of t h e  G a l a x y  i s  su f f i c i en t  f o r  complete absorption 
of L,-quanta by dust. 

Second, 

However, already a t  r- lo00 parsec t h e  tirne T necessary f o r  t h e  La- 
/3b9 

Thus, even a negl igible  quant i ty  of interstellar dust  

Finally,  i n t e r s t e l l a r  dust  may a l so  cause sca t te r ing  of La-qUanta. How- 
ever, it i s  known tha t ,  f o r  sr?all par t ic les ,  t h e  absorption coef f ic ien t  consid- 
erably exceeds the sca t te r ing  coeff ic ient  (Ref.77). O n l y  in one case, when the  
dust  medium consis ts  exclusively of fe r romgnet ic  p a r t i c l e s  (i.e., pa r t i c l e s  
with a very high d i e l e c t r i c  constant)  can d i f fus ion  of Lc ,guanta  from the  medium 
occur without absorption of t he  quanta. However, apparently the  Galaxy does not 
contain more or less extensive dust  regions consisting of ferromagnetic par t ic les .  
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Nevertheless, it i s  not impossible that the  Galaxy contains individual 
hydrogen clouds with a diameter of several  t en  parsecs tha t  a r e  “not contami- 
nated” by dust. 
i n  s p l i t t i n g  of such quanta in to  two, causing the  cloud t o  become a source of 
continuous radiat ion whose t o t a l  energy should be equal t o  t he  energy of t he  
i n i t i a l  flux of La-quanta. The r e su l t  would be a s o r t  of br ight  nebula, but 
without emission l i nes ,  whose glow i s  not d i r ec t ly  connected with the  presence 
of an excit ing star. 

I n  such clouds, diffusion of La-quanta may actual ly  terminate 

Thus, any prolonged s tay  of Laquanta i n  the  i n t e r s t e l l a r  medium of the  
Galaxy should inevi tably cause t h e i r  annihilation. This leads us t o  the  import- 
an t  conclusion: 
be v i r t u a l l y  absent f r o m  the  Galaxy. 

The d i f fuse  component of La-radiation (La-backgrowd ) should 

However, although the poss ib i l i t y  of observing the  d i f fuse  component of 
La-radiation f r o m  some nebula i s  v i r t u a l l y  precluded (when r 7 500 parsec), 
there  exists the probabi l i ty  of observing nebulae i n  d i r ec t  La-rays. 
possible i f  the  r ad ia l  veloci ty  of these objects i s  suf f ic ien t ly  large. 

/350 
This i s  

The half-width of the  La-line emitted by a nebula i s  determined by the 
Doppler e f fec t  associated with thermal ag i ta t ion  of absorbing apd radiat ing 
atoms i n  nebulae a t  T, = 10,OOO°K, and i s  of the  order of 0.05 A. 
width of t h e  absorption l i n e  caused by i n t e r s t e l l a r  neut ra l  hydrogen i s  deter- 
mined by t h e  natural  damping e f f ec t  and by the t o t a l  nuniber of hydrogen atoms 
i n  a column of un i t  cross section and of a height equal t o  t h e  distance of the  
nebula f r o m  earth. 

The half- 

A t  re= 100 pc and nl = 1 cv-”, the  half-width of t h e  absorption l i n e  a t  
A = 1216 A i s  equal t o  about 1 A - exceeding by many times the  half-width of the  
L,-emission l i n e  - and the  opt ica l  thickness a t  the  center of the  &-l ine i s  of 
t he  order of lo6. Therefore, t he  La-line emitted by a nebula w i l l  be completely 
ab sorbed by interstellar hydrogen. 

Nevertheless, a t  su f f i c i en t ly  la rge  rad ia l  ve loc i t ies  of nebulae, a s aa l l e r  
portion of  t he  La-energy radiated by these w i l l  reach the  observer. 
l a t i o n  performed for one particular case showed that, at  a r ad ia l  veloci ty  of 
t h e  nebula of t he  order of 50 km/sec and a distance of r = 100 pc, about 1% of 
the  La-energy radiated by the  nebula reaches the  observer. 

The calcu- 

Even such a seemingly negl igible  quant i ty  of La-energy is  suf f ic ien t  f o r  
t he  nebula t o  become v i s ib l e  ( i n  t h e  L,line) on photographs because of the  f a c t  
t h a t ,  first,  the  brightness of the  nebula w i l l  here be only 3.5 s t e l l a r  magni- 
tudes ( ra ther  than 5 )  f a i n t e r  than t h e  brightness of a nebula i n  photographic 
rays, considering t h a t  the  bulk (75%) of the La-energy radiated by the  cent ra l  
s t a r  i s  changed t o  La-energy. Secondly, the  La-background, as shown above, i s  
v i r t u a l l y  absent f r o m  the  Galaxy, which great ly  reduces the  l imit ing brightness 
of c e l e s t i a l  objects t h a t  can s t i l l  be observed on photographs i n  La-rays (with- 
out consideration of the  e f f ec t  of t he  hydrogen geocorona). 

More than 35% of the  t o t a l  number of planetary nebulae fo r  which the  1351 
r ad ia l  ve loc i t ies  are known, have a veloci ty  greater  than 50 km/sec. 
more, a considerable percentage of t h e  planetary nebulae a r e  high above the  
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plane of the  ga l ac t i c  equator, i.e., outside t h e  layer of i n t e r s t e l l a r  neu t r a l  
hydrogen. 
l i g h t  of the  La-line does not seem completely hopeless. 

Thus, t h e  poss ib i l i t y  of observing some planetary nebulae in the  

A s  f o r  the  c l a s s i ca l  d i f fuse  nebulae, Orion, M20, M 8 ,  and others,  they 
should be  completely inv i s ib l e  i n  t h e  La-line.  

The gas she l l s  ejected during outbursts of novae and supernovae (Crab 
nebula, N Persci  lqOl, N Aquilae 1918, N Herculis 1934, e tc . )  should be  c l ea r ly  
observed i n  the  La-line: the  Doppler s h i f t  caused 'by t h e i r  expansion i n  t h i s  
case will be almost twice as grea t  as i n  the  case of planetary nebulae. 

The other hydrogen l ines  of t h e  Lymann series (Lg, L,, e tc . )  can be ob- 
served f o r  nebulae tlpk are v i r t u a l l y  t ransparent  a t  t he  l i n e  frequencies of 
t h i s  series, i.e. , f o r  which T, 5 For most planetary and d i f fuse  
nebulae, t h i s  requirement i s  apparently m e t  so t h a t  t h e i r  Lyman series i s  re- 
presented as the  s ingle  l i n e  La. 

I n  concluding t h i s  Section, we should make the  following comment which i s  
of bas ic  significance: 
t i ons  of t he  emission l i n e  behave d i f fe ren t ly .  
cen t ra l  pa r t s  of t h e  l i n e  (Doppler core)  i s  incoherent, whereas i n  the  Lorentzian 
wings it i s  coherent (we owe t h i s  observation t o  V.V.Ivanov). Furthermore, the  
above calculat ions w e r e  performed on t h e  assumption of completely incoherent 
sca t te r ing  and, moreover, are based on eq. (3) which, even f o r  t h i s  case, i s  not 
e n t i r e l y  correct. Therefore, t he  da t a  i n  Table 11 should be regarded as ra ther  
rough estimates of the  order of magnitude of t he  parameters of interest here. 

Depending on the  nature of scat ter ing,  d i f f e ren t  por- 
For example, s ca t t e r ing  i n  the  

15. Observations - of e-Lyman-Alpha L i n e  

Both d i r e c t  photographs and measurements of fluxes i n  the  Lyman-alpha l i n e  
f o r  individual galaxies my yie ld  highly important information on t h e i r  struc- 
ture and composition. The r e s u l t s  might d i f f e r  subs tan t ia l ly  depending on the  
type and s t ruc ture  of t he  g a l q .  

The lifetime of a Laquantum i n  a given ga-laxy, as we saw above, i s  deter-  
mined by two fac tors :  t he  f i n i t e  probabi l i ty  of s p l i t t i n g  of t he  La-quantwn i n t o  
two quanta and the  absorpticn of t he  &-quantum by an i n t e r s t e l l a r  dust  par t ic le .  
The probabi l i ty  of escape of L,-quanta beyond the  limits of a given g a l a q  de- 
Fends i n  the  first case on the  concentration of interstellar hydrogen and i n  t h e  
second case on the  densi ty  of t he  i n t e r s t e l l a r  dust  matter. 
both cases t h i s  probabi l i ty  decreases with an increase of the  linear dimensions 
of t he  galaxy. 

Furthermore, i n  

L e t  us analyze t h i s  question i n  somewhat grea te r  d e t a i l .  L e t  t he  examined 
galaxy be completely inv i s ib l e  i n  La-rays. This means t h a t  e i t h e r  there  are no 
socrces of La-radiation i n  it (hot stars), o r  the  ac tua l  conditions i n  t h e  in te r -  
stellar space of this galaqy are such t h a t  t he  L,-quanta per ish long before es- 
caping beyond t h i s  galaxy. B u t  i f  t h e  galaxy belongs t o  the  s p i r a l  type 
(especial ly  t o  l a te  s p i r a l s )  r i c h  i n  hot giants ,  then the  first objection i s  no 
longer valid.  Furthermore, s p i r a l  galaxies  should be t h e  most powerful genera- 
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t o r s  of La-radiation. A t  the  same time, they a re  r ich  in i n t e r s t e l l a r  hydrogen 
and interstellar dust, which leads t o  the annihilation of Laquanta long before 
they reach the outer limits of t h e  galaxg. 

lO00 3.107 4.4 15000 3-10' 0.41 1400 3.10' 0.04 
5000 1.5.1P 23 770001.5*10' 2.2 73001.5.10' 0.2 

1OOOO 3 - / P  47 157000 3.10' 4.4 147 3.10' 0.41 
ZOO00 6-10' 96 320 4-y 4.6 1 5 4  6-10' 0.42 

Table 12 gives data on the  t o t a l  opt ical  thickness tu i n  the  La-line,  t he  
t o t a l  number of scat ter ing events of Laquanta N, and the overall  path L which 
the  La-quantumtraversesbefore leaving a galaxy of dimension D, depending upon 
the  concentration of neutral  hydrogen atoms therein. 
out by means of eqs.(l)  - (4). 
we usually take sa = lul* cnlz . 

Calculations were carried 
For the coefficient of absorption of La-quanta, 

130 
700 

1370 
1400 

/353 TABLE 12 

OPTICAL THICKNESS ( t u ) ,  TOTAL NUMBER OF SCATTERING 

La-QUANTUM ( L )  NECESSARY FOR ESCAPE OF QUANTA 
EXTEXTS ( N ) ,  AND TOTAL PATH 'TRAVERSED BY THE 

FROM A GALAXY OF DIMEKSION D 

A s  mentioned i n  the preceding Section, a f t e r  approximately 2 X 10' scatter-  
ing events the La-quantum w i l l  perish, having been s p l i t  i n t o  two quanta tha t  
subsequently w i l l  not be absorbed by hydrogen. 
tha t  given in Table 12 shows tha t ,  even i n  the  absence of i n t e r s t e l l a r  dust i n  a 
galaxy such as  our G a l a x y  (nl - 1 ~ m ' ~  ), the  Laquanta cannot survive u n t i l  
escape beyond i t s  limits. I n  a galaxy where nl  - 0.1 ~ m ' ~  and smaller, the  
probabili ty of fractionation of Laquanta i s  s l igh t ;  however, the probabili ty 
of escape of the  quanta from the  galaxy w i l l  depend on the  concentration of 
i n t e r s t e l l a r  dust. If this concentration i s  the  same a s  i n  our Galaxy, then the  
La-quantum, having travers,ed a path of the order of 10,000 pc under multiple 
absorption and scattering, wil l  no doubt be absorbed by i n t e r s t e l l a r  dust 
par t ic les .  
beyond the  limits of the  gal- become real. 

A comparison of t h i s  value w i t h  

O n l y  when nl < 0.1 does the poss ib i l i ty  of escape of Laquanta 

We note tha t  the indeterminancy of the data given in Table 12  has the  same 
character as i n  the case of Table 11 (see the statements a t  the end of the pre- 
ceding Section). 

However, there might exist a case i n  which the  galaxy i s  low in i n t e r s t e l l a r  
dust while hydrogen i s  present in such a q a n t i t y  tha t  the  condition N > lo8 wi l l  
be sat isf ied.  Apparently, such conditions a re  present in e l l i p t i c a l  galaxies 
where diffuse (absorbing) nebulae are absent while a negligible quantity of 
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i n t e r s t e l l a r  hydrogen i s  de f in i t e ly  present. In  t h i s  case, a l l  Laquanta 
will b e  s p l i t  i n to  two quanta while they s t i l l  a r e  within the  galaxy. The con- 
tinuous spectrum of twcyquantum radiat ion has an abrupt boundary on the  short-  
wave end, a t  h = 1216 A. Thanks t o  this, the  continuous spectrum of two-photon 
or igin,  being superposed t o  the  general continuous spectrum of stellar or igin of 
t h e  galaxy i t s e l f ,  should exhibit  some discont inui ty  a t  h = 1216 1. Evidently, 
t he  magnitude of this jump will depend primarily on t h e  energy of the  &-sources 
i n  the  given galaxy. 
high-temperature subdwarfs may const i tute  the probable source of La-radiation. 
Owing t o  t h e i r  low absolute luminosity ( M -  + 1 - 4)  the t o t a l  contribution of 
hot subdwarfs t o  the  brightness and observed color of the  galaxy wil l  be negli- 
gible,  but i n  re turn 75% of t h e  energy radiated by them beyond t h e  l i m i t  of the 
Lyman se r i e s  w i l l  be converted, under the  conditions of a given galaxy, a t  f irst  
t o  Lyman-alpha and then t o  two-quantum radiation. 

/35b 

Since there  a r e  no hot giants in e l l i p t i c a l  galaxies, 

Apparently t h e  suggestion of t h e  existence of hot subdwarfs with a composi- 
t i o n  of e l l i p t i c a l  galaxies i s  not far f r o m  t h e  t ru th ;  t h i s  i s  substantiated by 
the  f a c t  t h a t  emission l i n e s  of hydrogen'and of ionized oxygen a re  observed i n  
the  spectra of some e l l i p t i c a l  galaxies. 

Thus, observations of e l l i p t i c a l  galaxies i n  the  La-line permit solving 
the  following problems : 

1. Verification of t he  poss ib i l i t y  of the  existence of hot subdwarfs of 
ear ly  c lass  (0, B )  but  of a l o w  luminosity i n  the  composition of e l l i p t i c a l  
galaxies. 

an 

2. Estimates on the  upper l i m i t  of concentration of i n t e r s t e l l a r  hydrogen 
In  par t icu lar ,  i f  a given e l l i p t i c a l  gal- i s  detected i n  i n  these galaxies. 

the  La-line, t h i s  means de f in i t e ly  t h a t  nH < 0.01 cm-3 there. 
hand, no such gala&y can be demonstrated i n  the  L,-line but a Piscontinuity, 
although insignif icant ,  i s  present i n  i t s  spectrum at  A - 1216 A ,  t h i s  means 
tha t  n l  > 0.1 ~ m ' ~ .  Other cases mean tha t  there  a r e  simply no sources of La- 
radiation, i .e. ,  hot subdwarfs, i n  t he  given galaxy (o r  e l s e  t h a t  the concentra- 
t i on  of i n t e r s t e l l a r  dust  i n  it i s  high, which i s  unlikely). 

I f ,  on the  other 

I n  pr inciple ,  t he  method of photographing e l l i p t i c a l  galaxies i n  the  La- 
l i n e  w i l l  permit determining the  concentration of i n t e r s t e l l a r  hydrogen i n  
these galaxies, even a s  low as 

@ 
cm?. 

L e t  us now return t o  the  case where some galaxy w i l l  be detected on photo- 
graphs i n  the  La-line. 

F i r s t ,  l e t  us  r e c a l l  t ha t ,  on such a photograph, it i s  qui te  useless t o  
search f o r  s t ruc tu ra l  features;  the  image of t he  galaxy in the  &-line should have 
the  form of a disk of  more o r  l e s s  *uniform brightness. 
this image w i l l  obviously be defined from the  condition t h a t  the  opt ica l  thick- 
ness i n  t h e  La- l ine  i n  the  l i n e  of s igh t  be of  the  order of unity. 

The outer boundary of 

It i s  customary t o  assume tha t  the boundaries of a given galaxy i n  opt ica l  
rays have t h e i r  l i m i t  where the  stars end. Judging from radio astronomy ob- 
servations, i n t e r s t e l l a r  hydrogen i n  a given galaxy may extend even far ther .  
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Therefore, with respect t o  s i z e  the  monochromatic image of a given galaxy in  the  
La-line i s  qui te  discernible  and, i n  some cases, might even appreciably exceed 
the  "optical" s i ze  of t h i s  galaxy, Thus, it i s  possible t o  determine t h e  r e a l  
(physical) s i ze  of a given galaxy when it can be detected i n  the  La-line. 

The poss ib i l i t y  of existence of differences of t h e  externaz form of galax- 
i e s  in La-rays from t h e i r  form in v i s ib l e  rays i s  a l so  not precluded. 

If a galaxy i s  detected i n  the  L,line a t  dimensions considerably exceed- 
ing the  '' >t ica l"  dimensions of t he  given galaxy, a new problem ar i ses ,  namely, 
whether t i n t e r s t e l l a r  hydrogen a t  t he  outer limits of t he  galaxy i s  in a 
s t a t i c  s t a t e  or whether escape or removal by suction of t he  gaseous matter from 
i ts  outer boundaries i s  taking place. 
i n t e r s t e l l a r  hydrogen i s  determined by its k ine t i c  temperature and acceleration 
of t he  gravi ta t ional  f i e l d  a t  the outer limits of t he  g a l a q .  In  any case, t he  
l i g h t  pressure on atoms of i n t e r s t e l l a r  neut ra l  hydrogen caused by La-radiation 
should exceed the  gravi ta t ional  force of t he  galaxy. 
of both poss ib i l i t i e s  i s  obvious. 

In the  f irst  case, the  d is t r ibu t ion  of 

The cosmogonic significance 

Thus, observations of galaxies of d i f f e ren t  types i n  the  La-line will make 
it possible t o  solve a number of in te res t ing  problems re la t ing  t o  t h e i r  struc- 
tu re ,  composition of s t e l l a r  population, densi ty  of i n t e r s t e l l a r  hydrogen 
and i n t e r s t e l l a r  dust ,  determination of t r u e  dimensions, poss ib i l i t y  of escape 
of i n t e r s t e l l a r  matter f r o m  a given galaxy, etc. 
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16. Detection of S t a r  Associations 

A s  i s  known, 0 associations a re  usually detected by analysis of t he  dis-  
t r i bu t ion  of hot giants  among the  enormous number of s t a r s  of l a t e  classes. The 
method of photographing the  sky i n  cer ta in  regions of t he  f a r  u l t r av io l e t  permit 
recording only the  0 association, so t o  speak, f i l t e r i n g  out and separating it 
f r o m  the  s t a r  f i e l d  surrounding it. 

The continuous zpectrum of  s t a r s  of the  sun type and l a t e r ,  a s  demonstrated 
above, ends a t  1600 A, and i n  the  region h < 912 A t he  i n t e r s t e l l a r  medium 2s  
completely opaque. 
images of medium-temperature and cool s t a r s  should be extremely f a i n t  on photo- 
graphs. 
should appear very bright.  
wavelength region w i l l  y ie ld  a simple and r e l i ab le  method of detecting c lus te rs  
of hot s t a r s  and 0 associations both i n  our Galaxy and in other galaxies, 
par t icu lar ,  t h i s  will furnish information on the  s p i r a l  s t ructure  of regions of 
our Galaxy remote f romthe  sun and also some idea as t o  t h e  number and dis t r ibu-  
t i o n  of 0 associations. 

Therefore, i n  t he  spectrum region f r o m  912 t o  1500 A the 

Conversely, hot stars of classes 0 - B i n  the  above wavelength range 
Therefore, photographing the  sky in the 912 - 1500 H 

In  

1'7. X-Radiation of the  Sun 

The first extra-atm2spheric experiments on measuring the f l u x  of X-radiation 
of t he  sun in the  2 - 8 A wavelength range by means of rocket-borne instrumenta- 
t i o n  were s ta r ted  i n  1948-1949, f irst  by Behring and l a t e r  by Friedman and 



coworkers. The radiat ion in t ens i ty  i n  t h e  indicated wavelength in t e rva l  proved 
t o  be of t h e  order of lo-* erg/c$ sec. Later, such measurements were re- /357 
peated a t  many occasions, and it soon became obvious t h a t  the  l e v e l  of X-radia- 
t i o n  of t h e  sun w a s  not constant and fluctuated r a the r  extensively depending on 
so lar  a c t i v i t y  o r  conditions on the  sun. Table 13 presents a review of our ob0 
servations iRef.79 - 84, 45, 51) pertaining t o  the  wavelength range? of 2 - 8 A 
and 8 - 2Q A. I n  addition, one o r  two measurements in the  4.4 - 60 A and 
4.4 - 100 A ranges w e r e  performed i n  1953. A s  these data  ind ica te ,  the  X-radia- 
t i o n  f lwc  during one cycle of so l a r  a c t i v i t y  var ies  by 2 - 3 orders of magni- 
tude, whereas the  general short-wave radiat ion of the  sun (vacuum and hard 
u l t r a v i o l e t )  stays a t  a r e l a t ive ly  constant leve l ;  
ana lys i s  of individual observations and a comparison of t h e  obtained results 
with t h e  s t ruc ture  of t he  sun show t h a t  var ia t ions  and, i n  general, any anoma- 
l i e s  i n  X-radiation have a d i r e c t  bearing on l o c a l  ac t ive  formations i n  the  
so la r  atmosphere. 
o r ig ina te  from the  "quiet" corona and t h a t  t he  emissivity of individual  ac t ive  

Furthermore, a de ta i led  

One gains the  impression t h a t  X-radiation does not completely 
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regions i s  comparable to ,  and sometimes subs tan t ia l ly  exceeds, 
quiet" corona. 11 

160 min a f t e r  f l a r e  
of  degree 1 

Q i e t  sun,  minimum 

End o f  f l a r e  of deg. 1 
W e t  sun,  minimum 

F l a r e  of  degree 2 r  

- 

Launching 

Sept.  29 ,1949  

\fay 1 ,1952  
May 5 ,1952  
Nov. 15,1953 
Nov. 23 ,1953  
Dec. 1 ,1953  
Oct. 18,1953 
J u l y  20 1956 
Aug. 14:1959 

I Aug. 31,1959 

TABLE 13 

t h a t  of t h e  

In the  experiments presented in Table 13, the  rad ia t ion  receivers  used /358 
w e r e  photon counters with end windows of beryllium and a l u "  f o i l  and a l s o  
of organic films (mylar, c rypta l )  which acted as f i l t e rs  and separated the  indi-  
vidual regions of t h e  X-ray spectrum. 
the  t o t a l  energy emitted by the  sun i n  the  X-ray range f romthe  measurement da ta  
i n  individual spec t r a l  regions, a l a w  of energy d i s t r ibu t ion  and radiat ion tem- 
perature must be established. 

It i s  thus obvious tha t ,  t o  determine 

Such an attempt was made by Byram (Ref.83) who s t ipu la ted  a Planckian dis-  
tr ibutio;  and estimated the  t o t a l  flux on t h e  bas i s  of measurements i n  t h e  
44 - 60 A in te rva l .  
i n  the  X-ray range (1 - 100 A )  was about 0.13 erg/c$ sec a t  T, = 10" OK (during 
mini" so la r  a c t i v i t y  in  1953) and 0.35 erg/c$ sec  a t  Te = 2 X 10" % . A t  t he  
period of naxirmun so l a r  a c t i v i t y  t h e  t o t a l  flux reached 1 erg/& sec, which 

The valpe obtained f o r  the t o t a l  f l u x  of so l a r  radiat ion 
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corresponds t o  a coronal temperature of moreethan 2 X lo6 OK. 

wave region of t he  spec tpm (shorter  than 8 A) the  var ia t ions were much greater. 
Radiation i n  the  2 - 8 A in t e rva l  disappears almost completely near minimum 
so lar  ac t iv i ty .  

I n  the  shortest  

Available dgta ind ica te  t h a t  t h e  sources of high-temperature radiat ion 
(shorter  than 8 A )  a re  individual l oca l  regions on t h e  surface of  t he  sun, with 
a t o t a l  area l e s s  than 1% of t h e  disk,  ra ther  than the corona i t s e l f .  

Of i n t e r e s t  a l so  a r e  the  r e su l t s  of long observations of so la r  X-radiation 
by instruments on board of s a t e l l i t e s  and spacecraft. 
carried out by S.L.Mandeltshtam and h i s  associates  during August-December 1960 
(Ref.86) and by A.Ye.Yefremov et  al. during the  same period (Ref.87). 

Such observations were 

I n  the  second case, an open-end photomultiplier was used a s  radiat ion re- 
ceiver, equipped with a special ly  selected photocathode which, in combination 
with various filters, separated out d i f fe ren t  wavelength ranges. 

The basic  r e su l t s  of these measurements were a s  follows: 

1. The X-radiation f lux  i n  the  region 2 - 10 A during the  en t i r e  course /359 
of measurements remained constant and equal t o  2.4 X erg/cm" sec. During 
a b r i e f  increase i n  so la r  a c t i v i t y  the flux i n  t h i s  region increased by one 
order of magnitude. 

and equal t o  6.2 X lo" counts/cm2 sec except f o r  individual, very short  in te rva ls  
when it increased i n  one case by about a fac tor  of 1.5, and in another case more 
than t r ip led .  

racy t o  within *8%) and equal t o  1.5 X lo7  counts/cg sec. 

2. The radiat ion flux i n  the  8 - 21 region, on the  average, was constant 

3. The radiat ion flux i n  the  44 - 110 A region was constant (with an accu- 

4. I n  the  1.4 - 3 a region the instruments recorded only the  radiation 
background of nonsolar origin. 

Obsepations by means of a special  X-ray spectrometer operating i n  the  
10 - 400 A range and in s t a l l ed  on an orbi t ing solar  observatory were conducted 
i n  March 1962 by Behring e t  a l .  (Ref.88). 
ident i f ica t ion  of emission lines i n  the  s o f t  X-ray region and the  beginning of 
t he  hard u l t rav io le t ,  the  list of which was given in Table 5, were the  r e su l t  
of these observations. 
t h i s  launch (about 3500 so lar  spectra i n  the  10 - 400 A in t e rva l )  has not yet  
been processed; we can expect t ha t  the  f i n a l  work-up will  yield highly in te res t -  
ing information on the  in t ens i t i e s  of these l i nes ,  t h e i r  var ia t ions in connec- 
t ion  with so la r  ac t iv i ty ,  etc.  

Specifically,  the recording and 

However, t he  enormous amount 05 data  obtained during 

The very f-irst observations already show the  poss ib i l i t y  of the  existence 
of a t  l e a s t  two components of solar X-radiation: quiet  radiat ion (background ) 
and radiat ion associated with the  appearance of a solar flare; i n  t h e  second 
case it i s  more proper t o  speak of an "X-ray flare".  
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Special  experiments w e r e  carr ied out t o  de tec t  an X-ray flare (Ref.51). In 
this case it w a s  established t h a t  t h e  powerful X-radiation appears simultaneous- 
l y  with the  eruption of a v i s i b l e  f lare  and may las t  from several  minutes t o  
half  an hour. A n  energy of t he  order of lo" erg  can be released -during one 
X-ray flare, which i s  a t  least  two orders of magnitude grea te r  than the  energy 
diss ipated i n  giant  e jec t ions  of so la r  gas. 
f i c i e n t  for establ ishing the  character of t he  dependence of t he  power of an /360 
X-ray eruption on the  degree of a v i s i b l e  flare, it can be s ta ted  t h a t  the higher 
t he  degree of t he  v i s i b l e  flare, t h e  grea te r  the  power of t he  X-ray eruption. 
Table 14 compares two measurements of so l a r  X-radiation (Ref.85), of which one 
per ta ins  t o  the **quiet" corona (background) and the  second t o  t h e  in s t an t  of 
appearance of a f lare  of degree 2+. A s  t he  data  of t h i s  t a b l e  indicate ,  t he  
r e l a t i v e  increase i n  the  f l u x  a t  the  in s t an t  of appearance of a v i s i b l e  f lare 
d i f f e r s  f o r  a l l  wavelengths and increases markedly toward short  waves. 
example, t h i s  increase i n  the  20e- 100 A region amounts t o  almost one order of 
magnitude, whereas i n  t h e  2 - 8 A region it i s  already two orders of magnitude. 
From t h i s  there  follows s t i l l  another property o f  X-ray eruptions; these are 
characterized not only by the  power of t h e  energy released but  a l so  by a broaden- 
ing  of t he  spec t ra l  rad ia t ion  region on t h e  short  wavelength end. 

Although the  da ta  are s t i l l  insuf- 

For 

0.6 4.0 
0.002 0.09 
0 . 0 5 5  0.03 

O.oooO23 - 

TABLE 14 

FLUX OF X-RAYS DURING AND AFTEFL APPEARANCE OF A FLA€U?i 
(erg/& sec)  

If t h e  increase i n  X-radiatio9, i n  pa r t i cu la r  broadening of i t s  spectrum 
on t h e  short  wave end up t o  1 - 2 A i s  due t o  thermal exci ta t ion,  then the ef- 
f ec t ive  temperature i n  coronal condensations should reach lo7  O K  and even more. 
It i s  suspected tha t ,  i n  very rare cases, t he  coronal condensations are able  t o  
emit hard X-rays with a wavelength shor te r  than one angstrom. 
might wel l  be t h a t  t h e  e f fec t ive  temperature i n  these reaches 108'K. Apparent- 
l y  something l i k e  this took place during t h e  X-ray eruption of August 31, 1959 
which was recorded by Chubb e t  al. (Ref.91). In  such cases we have t o  do with 
possible  and very b r i e f  thermonuclear react ions which may occur i n  coronal 
condensations, 

Therefore, it 
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Observations during so la r  ecl ipses  can y i e ld  valuable information on t h e  
d i s t r ibu t ion  of X-radiation sources over t h e  so la r  disk. 
carr ied out, f o r  example, during the  t o t a l  sclar ec l ipse  of October 12, 1958 by 
Chubb e t  al. (Ref.89). 
and a t  various phases during the  ecl ipse,  including t o t a l i t y .  

Such observations w e r e  

For this, four launchings w e r e  made before t h e  ec l ipse  
A comparison of 
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t h e  r e su l t s  obtained i n  these launchings permits t he  following conclusions: 
During the  t o t a l  phase of t he  optical. ecl ipse,  X-radiation does not completely 
disappear - t he  residual  f l u x  amounts t o  10 - 13% of the  t o t a l  flux of t h e  un- 
eclipsed disk. In other  words, an  annular ec l ipse  took place with respect t o  
X-radiation. This, evidently, i s  possible  only i f  t h e  corona cons t i tu tes  the  
radiat ion source. It i s  cha rac t e r i s t i c  t h a t  the  residual flux of &-radiation 
o r i g h a t i n g  i n  t h e  chromosphere amounted t o  only 0.05% at  t h e  t o t a l  phase of t h e  
eclipse.  
from the  viewpoint of brightness d i s t r ibu t ion ;  t h e  radiat ion flux i n  t h e  disk 
half  where there  were more than ac t ive  formations (faculae, sunspots) was a l so  
more intense. 

Furthermore, asymmetry of t h e  "X-ray" d isk  of t he  sun was  established 

During another so la r  ec l ipse  (February 15, 1961) the  residual  i n t ens i ty  was  
measured a t  the  monent of t o t a l i t y  i n  t h e  2 - 10 A region (Ref.14) and w a s  
found t o  be equal t o  8 X lC5 erg,"? sec. 
measurements f o r  the  t o t a l  rad ia t ion  f l u x  i n  t h e  indicated spec t ra l  region before 
the  eclipse,  it i s  impossible t o  determine the  r e l a t ive  magnitude of t he  residual  
intensi ty .  

However, because of t he  absence of 

18. Solar Ph&-XX-Ra;yS 

Measurements of X-rays by means of electrophotometric radiat ion receivers  
whose angular aper ture  appreciably exceeds the apparent s i z e  of t h e  sun, are 
ab le  t o  give an idea only on the  integrated f l u x  over t he  e n t i r e  so l a r  disk. ,Be 
A s  shown above, some da ta  on the  d i s t r ibu t ion  of t he  X-radiation sources over 
the  so la r  disk can be  obtained from conparisons of t h e  onset of X-ray and v i s i b l e  
eruptions and from observations during so la r  eclipses.  
X-ray photographs of the  sun can be  of invaluable help. 

Under such conditions, 

The f irst  photograrh of the  sun i n  the  s o f t  X-ray region (20 - 60 A )  was 
obtained on April  19, 1960 by Friedman and h i s  t e a m  (Ref.89). 
camera obscura i n  a v e r t i c a l  ascent of  a rocket t o  an a l t i t u d e  o f  195 km. The 
pinhole diameter of the  camera obscura was C.13 m, length 160 mm, and angular 
resolut ion of about 0.1 so la r  diameter. In f ront  of t h e  gperture, a f i l t e r  
(cel lulose n i t r a t e  coated with an alq-iLnum layer  of 2500 A thickness) w a s  at- 
tached which t ransrLt ted t h e  20 - 60 A region. 
282 sec. 

They used a 

The ef fec t ive  exposure was 

T h i s  X-ray photograph of t he  sun was not too successful: The image of 
d i sc re t e  X-radiation sources was b lc r red  over an a r c  of about 170°, due t o  pre- 
cession of t he  rocket ak,out the  earth-sun axis. 
photograph permitted in t e re s t ing  conclusions. 

Nevertheless, even such a 

A comparison of t he  X-ray photograph with a spectroheliogram i n  ionized 
calcium l i n e s  shows t h a t  br ight  f l occu l i  cons t i tu te  l oca l  regions of in tense  
X-radiation. Furthermore, as established by photometric measurements, t h e  
b r igh te s t  f l occu l i  i n  X-rays were a t  least 70 times more intense than the  un- 
disturbed regions of t h e  so l a r  disk. 

Despite t he  b lur r ing  of t he  photograph, it was  possible t o  es tab l i sh  t h a t  
t he  in t ens i ty  of t he  X-radiation background near t he  center was approximately 
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half that on the limbs, i.e., the phenomenon of limb brightening proceeds ana- 
logously to that observed in radio emission of the sun at wavelengths of 10 and 
21 cm. 
abruptly, which points toward (see next Seciion) a line rather than a continuous 
type of X-radiation spectrum in the h 7 10 A region. 

The increase in brightness toward the limb does not take place too 

I 

20. 

70 

in ionized calcium lines. At the same the, 
these regions produce 75% of the T-radiation 
of the entire sun in the 20 - 60 A region. 
Furthermore, a strict correlation was estab- 
lished between distribution of the X-radiation 

decimeter range. Finally, the curve of limb 
- -~ sources and the radiofrequency sources in the 

1 
~ - ,  AI . 

. L _  -. 

Fig. 20 Distribution of On June 21, 1961 Friedman's group 
X-Radiation Intensity 
over Solar Disk. 

(Ref.92) was able to obtain a second series 
of X-ray photogrgphs, this 5ime in differet;lt 
ranges (12 - 25 A, 23 - 40 A, and 44 - 90 A) 
and with different resolving powers. Pre- 

liminary analysis of these photographs generally confirms the conclusion made on 
the basis of the first photograph. 

19. Formation- of Solar X-Radiation 

Generation of X-radiation in celestial objects, generally speaking, can be 
the consequence of the following processes: 

1. Bremsstrahlung of nonrelativistic, but sufficiently fast neutrons in the 
field of a proton or atomic nuclei; this is otherwise called "free-free" transi- 
tion of electrons. 
continuous. 

The spectrum of X-radiation occurring in this case is /364 

2. Recombination of electrons with highly ionized atoms ("free-bound" 
transitions); the spectrum of the X-radiation is continuous also in this case. 

3. Excitation of highly ionized atoms by electron collisions and by succes- 
sive downward transitions ("bound-bound" transitions >. Here, radiation in X-ray 
lines occurs. 

4. Bremsstrahlung of relativistic electrons in magnetic fields of the 
medium. 
sion spectrum is continuous. 

This is otherwise called X-radiation of synchrotron origin. The emis- 

5. Radiation in the presence of nuclear transformations. 
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6. T h e m 1  (Planckian ) radiation at high temperatures. 

As shown in investigations (Ref.93 - 103), under the conditions of the 
solar atmosphere the principal role is played by the first mechanism, i.e., the 
generation of continuous X-radiation, and by the third mechanism, the genera- 
tion of monochromatic (line) X-radiation. 
be effective in planetary and diffuse nebulae and also in the gas shells of 
novae and supernovae. 

In principle, these mechanisms should 

The fourth or synchrotron mechanism may be involved in radio galaxies, in 
nebulae, and in the remants of supernovae qlosions whose radiation is of the 
synchrotron type. 

The fifth mechanism, nuclear transformations, apparently is not amenable 
to direct detection, In special cases, nuclear reactions may occur in strictly 
localized regions or in formations in the solar atmosphere. 
X-radiation - as a secondary result of these reactions - can be detected. This 
mecha~sm may become effective under conditions of interstellar and intergalactic 
space, as a secondary product of collisions and transformations of cosmic rela- 
tivistic particles. 

In that case, 

As regards the last, sixth (thermal) mechanism of X-ray radiation, it can 
be stated that it is essentially composed of the first three mechanisms, except 
that thermodynamic equilibrium conditions are assumed for the radiating medium. 
By virtue of this, it becomes possible to use Planck’s formulas for calculating 
the intensity of X-radiation at a given temperature of the medium. 
proach is convenient in determining the emissivity of, for instance, atmospheres 
of neutron, hyperon, and - in general - superdense (baryon) configurations of 
stars in the X-ray range. 

This ap- /365 

Some of these mechanisms have not been developed at all (especially for the 
X-ray range), or have been developed insufficiently. 
X-radiation, based on the action of the first three mechanisms, has been de- 
veloped most fully. 

The theory of solar 

Main credit in this respect mst be given to Elwert. 

For a quantitative evolution of the theory of solar X-radiation at least 
the following data are required: 

a) Distribution of electron concentration in the solar atmosphere (upper 

b) Electron temperature of the corona and limits of its possible varia- 

c) Absolute chemical composition of the solar atmosphere. 
d) Effective ionization and photorecombination cross sections for highly 

chromosphere and corona ). 

tions (during a quiet sun and during eruptions). 

ionized atoms. 

At present, these data are more or less reliably known. 

Let us now examine the continuous spectrum of X-radiation of the undis- 
turbed corona. 
electron in the field of a proton) and recombinations of electrons with ions. 
In both cases it is necessary that the energy of the electrons be sufficiently 
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high (although not relativistic), of the order of 18 - lb ev, which corre- 
sponds to an electron temperature of the medium of the onler of 10" O K .  

The effective cross section dq for the emission of a photon in the energy 
rarige dhv during deceleration of a nonrelativistic electron in the field of a 
proton (free-free transitions) in the Sommerfeld approximation and for short 
waves is given in the following form (Ref.lOO): 

where Q = r% = 5 x 7 X 15-"' c d ;  ro is the classical electron radius; /366 
(Y = 1/137 is the Sommerfeld fine structure constant; f3 = v/c. 

The energy radiated by unit volume of the corona in the continuous spectrum 
per unit time is equal to 

Ef (v) = n,n+ 5 hv d q  uf (u)  dv, (6 1 
where f(v) is the Maxwell distribution function of electron velocities. 
stituting eq.(5) into eq.(6) and integrating, we find 

Sub- 

E, (v) = nCn+7. IO-'' (7) lp 'I2 e -hvlkT,- gdv erg/cm 2 s e c ,  ( 7 )  

where 2 is the Gaunt factor (of the order of unity). 
Equation (7) is none other than the spectrum of continuous X-radiation at 

the given electron temperature of the corona, in view of the fact that, because 
of the total transparency of the corona at frequencies of continuous X-radiation, 
the spectral distribution of the escaping radiation is not distorted by absorp- 
tion in the corona. 
radiation of the solar corona due to free-free transitions of electrons at two 
values of the electron temperature, 1.5 x 10" O K  and 1 X 10" O K .  

electron concentrations were used here. 
the uncertainty factor Q which takes into account fluctuations in the electron 
concentration. 

In Fig.21, the broken lines show the spectrum of continuous 

Mean values of 
The magnitude of the flux is divided by 

The radiation emitted by unit volume of the corona per second, in recom- 
binat'ons of electrons with protons, is again determined by means of eq.(6) 

by the effective recombination cross section dq, (Ref,93). 
must be added to Ef(v). 
assumptions, are given in Fig.21 as a smooth solid line. 

exc k pt that the effective cross section for bremsstrahlung dq must be substituted 
The resultant E ? ( v )  

Curves of the function E,(v), plotted under the same 

It is known that the energy of each photon edtted as a result of recombina- 
tion is composed of the kinetic energy of the electron and of the ionization 
energy. Therefore, additional recombination radiation arises in the region of 
wavelengths shorter than the ionization limit. Thus, discontinuities might /367 
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occur in the continuous spectrum. 
nunher of ions (He 111, FeoVI, VII, C XIV, etc.) are in the interval of wave- 
lengths of about 20 - 230 A. 
with consideration of free-free transitions of hydrogen and helium and free- 
bound transitions for other most important elements present in the solar atmos- 
phere, are represented by the upper curves in Fig.21. 

It was found that the ionization limits of a 

The curves of the total continuous radiation flux, 

Fig.21 

The curves give the intensity at the distance of the 
earth, divided by the uncertainty factor Q. The broken 
lines denote free-free transitions; the thin lines 
den,&e free-free transitions for H and He and free-bound 
transitions for H; the heavy lines denote total intensity, 
with consideration of the radiation of individual elements. 

Spectrum of Continuous Radiation of the Solar 
Corona for Temperatures 18% and 1.5 x 10" O K .  

As follows fromthese curves, the theoretical maxi" ofothe continuous 
spectrum of X-radiation of the sun is located in the 50 - 70 A region. 
comparison, the spectrum of X-radiation of the sun found by the described method 
for T, - lo6 O K  is given in Fig.22 along with the spectrum of black-body radia- 
tion at the same temperature. 
mechanisms of radiation, both spectra are rather similar so that, in first ap- 
proximation, the spectral distribution of the solar corona radiation in the 
X-ray range can be represented by Planck's law. 

For 

Despite the substantial difference in the /368 

Let us now examine the line spectrum of the undisturbed corona. The X-ray 
emission line rises upon spontaneous transition of an ion from an upper excited 
level to a lower excited or normal level. 
take place as a consequence of electron recombination to higher levels. 
under coronal conditions (high electron temperature), excitations caused by 
collisions of electrons with ions are more effective. Numerous investigations 
are in existence on calculating the effective cross sections in such collisions. 

Excitation at discrete levels may 
However, 
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E l w e r t  (Ref.103), having c r i t i c a l l y  checked a l l  pertaining data ,  carr ied out 
de ta i led  calculat ions t o  determine the  i n t e n s i t i e s  of t h e  most important X-ray 
l ines i n  t h e  spectrum of the  so la r  corona. The bas ic  r e s u l t  of these inve$ti-  

gations i s  as follows: I n  the  X > 10 A 
region the  X-ray spectrum of t h e  sun i s  
primari3,y a l i n e  spectrum, and i n  the  
X < 10 A region a continuous spectrum. 

f i c i e n t  Knowing of t he  the  so la r  volume corona emission i n  X-rays coef- (both /36q 
i n  the  continuous spectrum and i n  l i n e s )  it 

d i s t r ibu t ion  of X-radiation over t he  so l a r  
disk.  
s p a t i a l  s t ruc ture  of t h e  corona. 
calculat ions w e r e  performed by EzLwert 

1" 

7g[n-' r-3 \ 

IO 

\ 

\ i s  possible t o  f ind  the  r e l a t i v e  i n t e n s i t y  
\ 

\ 

Here, we must prescribe a model 
Such 

I ,  

IO zu 50 7aa ma SQQ iamd 
Fig. 22 

Solid l i n e  - t heo re t i ca l  (Ref.103) f o r  a "flattened" corona (Wald- 
d i s t r ibu t ion  of coronal meyerts model). I n  a formal respect,  t h i s  
X-radiation; broken l i n e  - problem i s  solved j u s t  a s  i n  the  determina- 
black-body rad ia t ion  a t  t i o n  of radio brightness d i s t r ibu t ion  over 

t h e  so la r  d i sk  i n  t h e  1 0  - 21 cm wave range. T = 10" O K .  

A s  could be expected, l i m b  brightening 
of t he  so l a r  disk occurs i n  X-rays, with the  in t ens i ty  a t  t he  linbs being ap- 
proximately double t h a t  a t  t he  center  of t h e  disk. 
as shown i n  t h e  preceding Section, i s  confirmed by observational data  (see 

This t heo re t i ca l  conclusion, 

Fig.20). 

Having the  br ightness  d i s t r ibu t ion  over the  so l a r  disk,  it i s  f i n a l l y  pos- 
s i b l e  t o  f ind  the  t o t a l  res idual  i n t e n s i t y  of X-radiation during the  t o t a l  phase 
of t h e  so la r  ec l ipse  as a function of t h e  r a t i o  7\ of t h e  apparent r a d i i  of moon 
and sun. This residual  in tens i ty ,  f o r  example a t  TI = 1.06, amounts t o  about 
lo$, whereas a t  TI = 1.00, it i s  about 23% of t he  t o t a l  i n t ens i ty  of t he  so la r  
disk. 

20. X-Mdiation of  Galactic Origin 

The first proof of the  existence of X-radiation of nonsolar, Le. ,  galact ic ,  
o r ig in  was  obtained by Giacconi and h i s  associates  (Ref.104) during the  night 
launch of a high-al t i tude rocket on June 18, 1962. 
experiment was intended f o r  studying t h e  X-ray fluorescence of t he  lunar  surface 
caused by X-radiation of t h e  sun and f o r  invest igat ing the  night sky t o  e l i c i t  
o ther  possible sources. Instead, they discovered X-radiation of ga l ac t i c  or igin,  
thus repeating what had occured more than 30 years previously when Jansky, while 
studying radio waves of atmospheric or igin,  discovered radiofrequency radiat ions 

S t r i c t l y  speaking, t h e i r  

of ga l ac t i c  origin.  /370 
TQe range of s e n s i t i v i t y  of X-ray detectors  i n  this experiment was within 

2 - 8 A; t he  s e n s i t i v i t y  itself was of the  order of 0.1 photon/cm2 sec. 
de tec tors  operated on the  pr inc ip le  of free scanning of t h e  region of t h e  sky 
accessible  t o  observation. 

The 

A s  a r e s u l t ,  one extended source of X-radiation was 
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recorded near the center of the  Galaxy, i n  Scorpius, ,with t h e  rather  approxi- 
Eate coordinates (Y - 16h40" and 6 - -40". The angular s i ze  of t h i s  source was 
eqLal t o  about loo, and the  measured value of t he  f lux  was 5.0 photon/cm2 sec. 
The author suggests t h a t  the  radiat ion or iginates  i n  a source which i n  no case 
i s  a member of the  so la r  systen. 

Furthermore, a high in t ens i ty  of t he  X-radiation background was recorded 
approximately in a d i rec t ion  where there  a re  two pecul iar  objects: Cassiopeiae A 
and Cygni A. The authors c a l l  a t ten t ion  t o  t h e  f a c t  t h a t  the  region near t he  
center of the  Gal- where the  main maxi" of X-radiation i s  located and the  
region of Cassiopeiae A uld Cygni A where a secondary source of X-radiation i s  
observed, a r e  simultaneously regions of strong R F  radiation. 
synchrotron nature of t h e  detected X-radiation. The f l u x  from the  general iso-  
t rop ic  background, recorded during this experiment, was equal t o  1.7 quanta/cm2 
sec (-1C8 erg/& sec). 

This r eca l l s  a 

This was followed by the  work of Fisher and Meyerott (Ref.105) devoted t o  
the  same problem, namely the  search fo r  X-radiation sources of cosmic origin.  
Their report  generalized the  r e su l t s  of observations in two rocket launchings, 
on September 30, 1962 and on March 15, 1963. The sens i t i v i ty  of t h e i r  X-radia- 
t i o n  detectors  was within 1 - 20 Kev (1 - 20 i). The bas ic  r e su l t s  of these 
observations a re  as follows: 1) X-radiation sources a re  not very ra re  i n  the 
sky ( i n  the  1 - 20 Kev region); 2 )  X-radiation sources do not show a tendency 
t o  be related with s t a r s ;  3 )  the  Crab Nebula i s  not especial ly  intense i n  the  
sky i n  X-rays; 4)  Cassiopeiae A and Cygni A can be included i n  the  category 
of sources of X-ray emission secondary i n  intensi ty .  

/371 

O f  par t icu lar  i n t e r e s t  a r e  the  r e s u l t s  of observations of  X-radiation of 
During the  launch of a cosmic or igin obtained by Friedman's group (Ref.106).  

high-alt i tude rocket on April 29, 1963, it was possible t o  c lear ly  dis t inguish 
a t  l e a s t  two X-ray sources, the  Crab Nebula and a source i n  Scogpius. The ok- 
servations wgre carried out i n  three spec t ra l  regions: 1 - 1.5 A, 1.5 - 2.5 A, 
and 2.5 - 8 A. The sens i t i v i ty  of t he  detectors  in this case was by one order 
of magnitude higher than i n  Fisher's case (Ref.105). 

The proposed center of  t he  source i n  Scorpius was found by interpolat ion of 
the  measurement r e su l t s  obtained with d i f f e ren t  intersect ions of t he  radiat ion 
detectors.  The coordinates of the  center of this source a r e  a s  follows: CY = 
= 16h15", 6 = -15O, i .e.,  subs tan t ia l ly  d i f f e ren t  from the  estimate given else- 
where (Ref.104). 
Scorpius i s  a s t a r  or a s t a r l i k e  object. 
e i t he r  with a v is ib lg  object o r  with a radio source. 
flux i n  the  1.5 - 8 A region, on the  assumption t h a t  the  radiat ion of the source 
proceeds according t o  t he  black-Qody law a t  a temperature of 2 X lo' O K ,  

equal t o  1.4 X l (TB erg/& sec A. 

t o  1 - 2:, with the  posit ion of  the  Crab Nebula. 
2.5 - 8 A region i s  approximately 1/7 t h a t  of the source i n  Scarpius. 
l u t e  radiat ion flux i n  the  1.5 -e€! A region, under the  same assumptions, was 
equal t o  2.0 x lCr9  erg/& sec A. 

The Friedman group (Ref.106) assumes t h a t  the  source in 
However, it could not be ident i f ied  

The absolute radiat ion 

was 

The location of t he  other source of X-radiation coincides, with an accuracy 

The abso- 
Its in t ens i ty  i n  the  
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The l i m i t  of detect ing d i sc re t e  cosnic X-ray sources i s  determined by the  
background of t he  radiat ion detectors.  
Cygni A and Cassiopeiae A w e r e  not detected i n  X-rays although each of these 
objects  was intersected three times. It was a l so  established t h a t  the  back- 
ground of X-radiation, when t h e  detectors  were pointed skyward, is greater  (ap- 
proximately by 25%) than when they are directed earthward. 

Within t h e  limits of t h e i r  sens i t iv i ty ,  

According t o  the  authors ( R e f . l 0 6 ) ,  t h e  i n t e n s i t y  of X-radiation of t h e  
Crab Nebula i n  t h e  1.5 - 8 A spec t ra l  region i s  su f f i c i en t ly  high t o  have 
been caused by r e l a t i v i s t i c  e lectrons during t h e i r  re tardat ion in t h e  magnetic 
f i e l d s  of t he  nebula. In t h e i r  opinion, t h e  X-ray sources i n  Scorpius and t h e  
Crab Nebula are neutron stars. 
Section. 

DE 

We wil l  go i n t o  t h i s  more thoroughly i n  the  next 

In concluding t h i s  Section, l e t  us mention cer ta in  invest igat ions of a 
general character i n  which attempts w e r e  mad.e t o  estimate the  expected X-radia- 
t i o n  f luxes from various objects.  

The X-radiation f l u x  from br ight  s t a r s  i n  the  20 - 100 d r e g o n ,  according 

The t o t a l  X-radiation caused by a l l  stars i n  the  Gal-, on t h e  as- 
t o  calculat ions by G.M.Nikolcskiy, may be - on the  average - 
(Ref.107). 
sumption t h a t  a l l  stars on the  average rad ia te  l i k e  t h e  sun, according t o  the  
calculat ions by Clark, i s  of t h e  order  of 10-l" t o  lo-'' erg/& sec i n  the  
8 - 20 A region (Ref.l@), o r  5 X lo-* t o  5 X 16" q;antum/c& sec. 
t o  another author (Ref.l07), t h i s  f l u x  i n  the  A < 8 A region may be  of t h e  order 
of 0.1 quantum/cm2 see. 

quantum/cm2 sec 

According 

Gold and Burbidge ( R e f . 1 0 9 )  s tudied the  possible nature of X-radiation from 
t h e  center of t he  Galaxy. 
e lectrons i n  a proton f i e l d  i s  t h e  explanation f o r  t he  flux i n  t h e  d i rec t ion  of 
t he  G a l a x y  center,  provided t h a t  t he  t o t a l  energy densi ty  of these electrons i s  
not less than 1% of the  energy densi ty  of a l l  thermal e lectrons a t  the  center of 
t h e  Gal*. Furthermore, i f  the  G a l a x y  center emits a f l u x  of elementary 
p a r t i c l e s  (e lectrons and protons) of high energy, one should simultaneously ob- 
serve monochromatic X-radiation caused by t r ans i t i ons  i n  ionized K-shells. 
it i s  suggested t h a t  de ta i led  observations of X-radiation will yield some in- 
formation both on pa r t i c l e s  ejected from the  center of the  G a l a q y  and on the  
relative content of elements emitt ing t h e  K-series of X-rays. It w a s  shown, 
f ina l ly ,  t h a t  t h e  observed i n t e n s i t y  of t he  i so t ropic  background of X-radiation 
i s  incompatible with t h e  model of a "hot universe" studied by Hoyle within t h e  
scope of t h e  s t a t i c  cosmological theory (Ref.110). 

They showed t h a t  bremsstrahlung of nonre l a t iv i s t i c  

Thus, 

21. NLutron-zars  -~ as X-Ray Source /373 
It i s  believed tha t ,  along with w h i t e  dwarfs, neutron stars may be one of 

t h e  f i n a l  phases of stellar evolution. 
order as the  mass of w h i t e  dwarfs, s l i g h t l y  more than the  so l a r  mass. 
t h e  densi ty  of matter i n  these stars i s  extremely great ,  being of t h e  order of 
Id gm/cx$ , w h i l e  t h e  dimensions are extremely small, of t h e  order of tens  of 
kilometers. A t  such dens i t i e s  of matter and a t  a sufficiently high temperature, 
t he  atomic nuclei  begin t o  absorb electrons and thus change i n t o  neutrons, which 

The mass of neutron stars i s  of t h e  same 
However, 
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furthermore are i n  a degenerate state. 
of nuclei .  

T h i s  process i s  known as neutronization 

The first theo re t i ca l  invest igat ions of neutron configurations of stars 
w e r e  performed as early as i n  t h e  1930s by L.D.Landau ( R e f . 1 1 1 )  and by Oppen- 
heimer and associates  (Ref.112, 113). I n  recent years, interest i n  neutron and, 
in general, superdense (baryon) configurations has been renewed, as evidenced 
by the  publication of numerous papers, e.g., by Cameron, by Hamada and Salpeter, 
by V.A.Ambartsumpn and G.S.Saakyan (Ref.114, 115, 116), and by other authors. 
T h i s  resul ted i n  a more or less d e f i n i t e  concept on the  s t ruc ture  and develop- 
ment of neutron stars, on t h e i r  bas ic  physical  parameters, and on processes oc- 
curring within these bodies. 
t yp ica l  neutron star are assumed t o  be: mass 1 .30 ,  radius  R - 10 km, densi ty  of 
matter p - 1.5 x Id" gm/cm3 , surface temperature 18 - lo7 O K ,  accelerat ion due 
t o  grav i ty  a t  the  surface of t he  star g = 2 X id" cm/sec2. 

A t  present, t he  most probable parameters of a 

L e s s  c lear  i s  the  mechanism of the  or ig in  of neutron stars. The notion 
erxists t h a t  a neutron star i s  formed as a result of t he  collapse of t he  outer 
layers of the  star i n  a supernova explosion. 
plosion, as shown by calculat ions,  a t  su f f i c i en t ly  high temperatures may com- 
press  the  stellar matter t o  nuclear densi t ies .  
t u r e  of such a star cannot be higher than lo9  O K .  

(Ref.l17), it w i l l  cool rapidly as a r e s u l t  of processes associated with the  
l i be ra t ion  and e jec t ion  of a neutrino which entrains  an appreciable portion 
of  t he  energy reserve of t he  star. 

The shock wave a r i s i n g  i n  the  ex- 

However, t h e  in t e rna l  tempera- 
Otherwise, as shown by Chiu 

/374. 

A t  t he  same time, t h e  concept exists t h a t  a neutron star can be formed from 
a red giant  whose reserves of nuclear energy 
have been exhausted. In t h i s  case, it 
would be necessary t h a t  the  mass of  the  
red g ian t  be grea te r  than 1.40 ( l i m i t  of 
t he  mass of white dwarfs) but  less than 
1 . 7 0  (limit of t he  mass of a neutron s t a r ) .  
Contraction of a star can continue u n t i l  
i t s  temperature reaches the  l i m i t  a t  which 
the  neutrino process begins. 

r, t-n- 
,'c &4 z,J -----_____- ._ 

7i 

T i e a v y  nuclei and 6 

S u  r f ac e 

Bound- free 

Electron scattering 

trans i t i o ns 

Nondegenerate part icl e s  

-- - 

Degenerate neutrons 

What i s  the  s t ruc ture  of t he  outer 
Fig.23 Schematic Repre- layers  of a neutron s t a r?  A t  present, it 
sentation of t h e  Atmosphere i s  d i f f i c u l t  t o  give a confident answer t o  

Hamada and Salpeter  (Ref.115) propose tha t  
t he  neutron "stuffing" or core of such a 

star i s  surrounded by a t h i n  layer of ordinary, nondegenerate nuclei  and de- 
generate electrons,  with the  densi ty  of t h e  matter of t h i s  layer being of t he  
order of t h e  densi ty  of white dwarfs. 
layer consisting of nondegenerate electrons and nuclei  of heavy atoms. 
opacity of t h i s  layer i n  t h e  op t i ca l  region i s  due mainly t o  e lectron sca t te r ing  
and bound-free t rans i t ions .  The described s t ruc ture  of the outer  layers  of a 
neutron star i s  depicted schematically i n  Fig.23 (Ref.118). Proceeding from 
t h i s  model atmosphere of a neutron star and using the  conditions of s t a t i c  equi- 
l ibrium a t  the  in te r faces  of t he  individual layers, Morton (Ref.118) derived 
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This layer  i s  adjoined by an atmospheric 
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simple r e l a t ions  between the  e f fec t ive  temperature T, , surface temperature TO, 
densi ty  P b ,  and temperature of the  t r ans i t i ona l  layer  Tb. In addition, he de- 
rived another quant i ty  T,, representing the  temperature of the  intermediate 
layer  where electron sca t te r ing  predominates over Kramerts absorption (bound- 
f r e e  t rans i t ions) .  The t r ans i t i ona l  layer  where both these mechanisms play an 
iden t i ca l  ro l e  corresponds t o  a temperature of 1.19 X lo8 O K .  /375 

~ 

hmax, A 
- 

1.8 
2 .4  
3.1 
4 . 3  
6.8 

14 
38 

TABLE 15 

PHYSICAL CHARACTERISTICS OF THE ATMOSPHERE O F  A NEUTRON STAR 
- .  

gm/ c m 3  

4 . 3 ~  10' 
1.5..:10a 
5 . 4 ~  105 
1.4 105 
4.8.: I O 4  
1 . 7 ~ 1 0 ~  
4.3..: 103 

Tc ,  'I< 

1 . 6 x  IO7 

9 . 4 ~ 1 0 ~  
6 . 7 ~ 1 0 ~  
4 . 3 ~  I O 6  
2.0x106 
7 . 7 ~ 1 0 ~  

1 . 2 ~ 1 0 7  

x F ~  ( h  = 5 A), 
erg/cmZaec A 

2.3x1Pl 
1 . 3 x 1 P 1  
6.0X 1 P  
1 . 6 ~ 1 0 "  
1.4 x IOzB 
8 . 6 ~ 1 0 %  
6.6 x IOu  

The wavelength A,,, corresponding t o  maximum radiat ion and t h e  emissivity 
of un i t  surface of a neutron star nFx a re  calculated by means of Planckts 
formula f o r  a given ef fec t ive  temperature T,. 
a r e  given i n  Table 15, where nFx per ta ins  t o  the  wavelength 5 A. 
t ha t ,  with the  exception of the  coolest configurations (T, < 2 X lo6 O K ) ,  t he  
precalculated luminosity i n  X-rays i s  su f f i c i en t ly  high t o  explain the observed 
flux f romthe  source i n  Scorpius ss  emanating from a neutron star a t  a dis tance 
from 1200 t o  100 parsecs. 

The results of ihese calculations 
It tu rns  out 

After analyzing the  cooling process of a neutron star, Morton estimated i t s  
Th i s  proved t o  be very small, of t he  order of several  thousand years. l ifetime. 

The suggestion of t he  existence of neutron stars as probable X-radiation 
sources i s ,  generally speaking, ra ther  a t t r ac t ive .  The bes t  ve r i f i ca t ion  of 
t h i s  assumption would l i e  i n  obtaining, by observation, proof of t he  s t e l l a r  
dimensions of such sources. For this, one would have t o  work with X-ray source 
detectors  of su f f i c i en t ly  high angular resolution. Such de tec tors  (X-ray t e l e -  
scopes) a r e  not ye t  i n  existence. 
vault  w i l l  have t o  be investigated.  

I n  addition, l a rge r  areas  of the  c e l e s t i a l  

However, i n  individual cases when the  X-radiation source i s  located i n  /376 
the  b e l t  of t h e  e c l i p t i c ,  success can be achieved by using the  method of lunar. 
ecl ipse of the  source. 
cu l ta t ion  by the  moon was expected on July 5, 1964%. 
wide-angle X-ray detector  on a rocket and launching it near the  time of occulta- 

* The next  occultation is  expected in 1972. 

This per ta ins  spec i f ica l ly  t o  the  Crab Nebula whose oc- 
By i n s t a l l i n g  a n  ordinary 
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t i o n  of t he  source, it i s  possible t o  t r ace  the  changes in X-radiation in t ens i ty  
as a function of t he  phase of t h e  eclipse.  If the  X-radiation in t ens i ty  di-  
minishes slowly, i n  proportion t o  t h e  pa r t  of t he  Crab Nebula covered by the 
moon, this w i l l  be an indication t h a t  X-radiation emanates i n  no case from a 
point or discre te  object and, in a l l  probabiLity, i s  generated by the  nebula it- 
self. 
t he  source a t  some phase of occultation w i l l  it be possible t o  assert t h a t  a 
neutron s t a r  i s  a source of X-radiation. 

O n l y  i n  t h e  case of a rapid, p rac t ica l ly  instantaneous disappearance of 

Such an experiment was successfully performed by Friedman and coworkers on 
July 5, 1964 (Ref.l19), They found t h a t  the  source of X-radiation in the  Crab 
Nebula has ra ther  la rge  dimensions - about 1 minute of arc ,  i.e., 1/5 t h e  s i ze  
of the  en t i r e  nebula. Therefore, a t  l e a s t  f o r  t he  Crab Nebula, t he  observed 
X-radiation cannot be reconciliated with the  suggested existence of  a neutron 
s t a r  i n  it, 
of t he  Crab Nebula becomes even more probable (see next Section). 

A t  t he  same time the  proposed synchrotron or igin of t h e  X-radiation 

The method of  lunar occultation of an X-ray source i s  of only l imited and 
infrequent usefulness f o r  the  detect ion of neutron sources. It i s  a l so  impos- 
s i b l e  t o  hope f o r  detection of neutron stars by ordinary opt ica l  observations: 
Despite t he  f a c t  that the  radiat ion in t ens i ty  of neutron stars i n  the  v i s ib l e  
spectrum region i s  several  orders of magnitude greater  than the  radiat ion in- 

owing t o  t he  extremely small dimensions of  the  s t a r ,  i s  very l o w  being of the 
order of +l7” a t  T, = lo7 OK and of +l9” a t  T, = lo6 O K .  

t ens i ty  of ordinary s t a r s  i n  the  same region, t h e i r  absolute luminosity, /377 

Under such conditions, it i s  more promising t o  use the  method of comparing 
the  spectra of X-ray sources obtained from observations with theore t ica l  spectra 
derived f o r  various mechanisms of X-ray generation. In par t icular ,  in the  case 
of neutron stars, a s  shown above, t he  X-radiation spectrum, in first  approxima- 
t ion ,  should have the  form of a Planckian d i s t r ibu t ion  a t  a given ef fec t ive  
temperature of t he  surface layers  of t he  neutron s t a r .  
spectrum of some d iscre te  X-ray source obtained from observations i s  s imilar  t o  
a Planckian d is t r ibu t ion ,  with a charac te r i s t ic  maxi” i n  the  X-ray range, it 
i s  cer ta in  tha t  one has t o  do with a neutron s t a r  in t h i s  case. 

For instance, i f  the  

22. Poss ib i l i t y  of X-Radiation of Cosmic Radio Sources 
0 

The generation of X-rays i n  t h e  1 - 100 A range i n  the  case of  bremsstrah- 
lung by r e l a t i v i s t i c  electrons i n  magnetic f i e l d s  of t h e  medium i s  caused by 
electrons with energies of t he  o d e s  of E o -  id4 - ld3 ev a t  a magnetic f i e l d  
s t rength of H -  lCT5 gauss. However, t he  l i fe t ime of such electrons determined 
from the  r e l a t ion  (Ref. 120) 

i s  short ,  being only several  years. 

L e t  us now a s m e  t h a t  there  are such forces  of synchrotron radiat ion i n  
which the  energy spectrum of  r e l a t i v i s t i c  electrons,  responsible f o r  t he  appear- 
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ance of synchrotron radiat ion i n  the  op t i ca l  range, i s  not cut off i n  t h e  in- 
vestigated object a t  a given ins tan t ,  a t  l e a s t  t o  an energy of ld3 t o  Id" ev, 
meaning t h a t  there  i s  a continuous formation or in jec t ion  of t he  mentioned 
types of r e l a t i v i s t i c  electrons. 
spectrum and power of t he  X-radiation being generated ( ca l l i ng  it radiat ion 
of "synchrotron origin" ) (Ref .121)* 

Based on this assumption, l e t  us determine the  
/378 

A s  the  volume emission coefficient e v  i n  X-rays of synchrotron or igin,  we 
can use the  following expression (Ref.126): 

where K and y a r e  parameters of t he  energy spectrum of r e l a t i v i s t i c  electrons: 
N(E) = KE-', while the  numerical values of t he  function C(y) a r e  tabulated else- 
where (Ref. 126 ). 

Let T~ be the  t o t a l  op t ica l  thickness of t he  examined object ( f o r  example, 
a radio g a l w )  a t  a frequency v of the  X-ray range. Assuming t ha t  t he  matter 
(atoms of i n t e r s t e l l a r  hydrogen and helium and a l so  dust pa r t i c l e s ) ,  absorbing 
X-rays and r e l a t i v i s t i c  electrons,  i s  d is t r ibu ted  uniformly over the  en t i r e  ob- 
j ec t ,  we can wri te  the  in t ens i ty  of the  X-radiation, issuing from the  object 1" 
i n  t he  form 

=V 2 
% 

I ,  = - ( I  -e- ) erg/cni sec, 

where cyv i s  the volume absorption coeff ic ient  a t  a frequency v of the  X-ray 
range: T~ = av2s with 2s being the  l i n e a r  dimension of the  object. 
energy E,,, radiated by the  object of volume V i n  a l l  di rect ions i n  one second, 
we have 

For the  t o t a l  

E.  = 4ns21, = 4 x v  5 T V  ( 1  - e-zv) erdsec .  (10) 

Denoting by R the distance of the studied object f r o m  the  earth,  the  ob- 
served flux of X-rays Fv i n  the  frequency in t e rva l  Av, subs t i tu t ing  a l so  t h e  
value e V  f r o m  eq.(8), will read 

If the object  i s  completely transparent t o  X-rays (Tv = 0), t he  spectrum 
of  pure emission will become 

For d i sc re t e  sources of cosmic RF radiat ion (radio galaxies and remnants of 
supernovae), we usually have y = 3 .  Equation (12) w i l l  then yield /379 



Changing from the  energy flux t o  the  number of X-ray quanta N V  per 1 cm2 
per 1 sec, we w i l l  obtain 

F V Av 
hv 

N, = 2 = 9.5. 1 0 - 6 ~  KH2 = 

It follows from eqs.( l3)  and (1.4) tha t ,  in the  absence of absorption within the  
object emitting the  X-rays, the  observed racl.iat,ion *%tensity i s  inverssiy p r D - .  

portional t o  the  frequency, and the  observed 
quantity of X-ray photons per un i t  wavelength 
in t e rva l  i s  constant and independent of the  wave- 
length (Fig.24). 

A charac te r i s t ic  fea ture  of objects such as 
our own Galaxy ( f r o m  the  viewpoint of s t ruc ture  
of the  i n t e r s t e l l a r  medium), a s  shown i n  Section 2, 
i s  i t s  v i r t u a l  trampazency i n  the region of 
short  X-rays (1 - 100 A). 
wavelength, the opt ica l  thickness rapidly iQ- 
creases reaching a value of 100 a t  h - 1.00 A (see 
Table 1). 

With an increase i n  

Fig. 24 Theoretical The pat tern shown in Fig.24 markedly changes 
Spectrum of X-Radia- as soon a s  absorption i n  the  object i t s e l f  and 
t i on  of Synchrotron during t r ave l  of t he  X-rays through our Galaxy i s  

Origin. taken i n t o  consideration. 

A s  a typ ica l  example, l e t  us determine the 
expected quantity of X-ray quarta arr iving a t  t he  ea r th  i n  1 sec per 1 c$ f r o m  
the  well-known i r r egu la r  galaxy M.82. Since we have no data  as t o  the  2 is t r ibu-  
t i o n  and quantity of absorbing matter in this galaqy, l e t  us use the same 
values of T~ a s  those i n  our Galaq .  No l e s s  d i f f i c u l t  i s  the  determination of 
t h e  e f fec t ive  volume where generation of the X-rays takes place, Let us take 
f o r  t h i s  a volume smaller by one order of magnitude, in which - i n  accordance 
with the  data by Lynds and Sandage (Ref.123), the  remnants of the matter ejected 
f r o m  t h e  center of t h i s  galaxy a r e  dis t r ibuted.  
Furthermore, a t  a modulus of distance m - N = 27.5 (Ref.123) we f ind R = 
Finally,  subs t i tu t ing  the  value of KH2 = 1.7 X 

eq. (11) w i l l  yield 

/380 

This will yield V = lo6" cm". 

(Ref.124), the use of 
cm. 

-rv 

(15 1 I -e  2 N,= 10.2 Ak quanta/cm sec. 
rr 

The th i rd  c o l ~  of Table 16 shows the where Ah i s  expressed i n  angstroms. 
values of N V  calculated by this formula f o r  Ah = 1 A. 
t he  observed spectrum of  X-radiation fo r  M82 (without consideration o f  in te r -  
s t e l l a r  absorption b- our Galaxy). 

Actually, eq.(15) gives 

Similar calculations were a l so  performed f o r  the  Crab Nebula (see Table 16). 
I n  this case, absorption of X-rays i n  our Galaxy was taken i n t o  account w h i l e  /381 
absorption within the  nebula itself was neglected. 
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TABLE 16 

CALCULATED NUMBER OF X-RAY QUANTA N (quanta/& sec 8) 
ARRIVING FROM M82 AND FFLOM THE CRAB NEBULA 

0 
0.15 
1.72 
3.54 

21.7 
53 
I io 
230 

A, A 

I 
5 
10 
20 
30 
60 
60 
io0 
i 20 

.~ - 
10.2 
5.0 
4.85 
2.80 
0.47 
0.19 
0.093 
0.045 

M82 

+v I N” 

0 I 10.2 

Crah Sehula  
. -- 

71 1 N v  
- 

I 
0 
0 
0.017 
O . i l 5  
0.236 
1.45 
3.13 
6.33 

16.7 

1.93 I 1.93 
I .93 
I .90 
I .53 
0.453 
0.084 
0.004 - 

hydrogen atoms i n  t h e  d i rec t ion  of t h i s  nebula i s  estimated as NH = lo”” cm-” 
(Ref.125). 
comparison with thcse given i n  t h e  second column of Table 16. 

Accordingly, t h e  values of T~ should be  reduced by a fac tor  of 15 i n  

assuming V = 5 X 

X 1021 cm and KH2 = 1.a X 

Furthermore, 
cm 3 , R = 3.7 X 

Fig.25 Theoretical  Spectra of 
X-Radiation of Synchrotron 
Origin Arriving a t  the  Observer? s 
Position from t h e  Crab Nebula 

and M82. 

(Ref.125), we obtain for t he  observed 
spectrum of X-radiation of t h e  Crab 
Nebula 

(16 ) N v  = 1.93e-‘vAh quanta/cm2sec. 

Figure 25 gives curves f o r  t he  
theo re t i ca l  X-ray spectra  of t h e  MB2 
galaxy and the  Crab Nebula. 
broken l i n e  depicts  t h e  X-ray spectrum 
of M82, with consideration of absorp- 
t i o n  i n  our G a l a q y  ( N H  = 0.25 X 

X 10“’ em-” ) . A slower drop i n  t h e  

1 - 60 A range, with an increase i n  
wavelength i s  noted i n  the  case of the  
Crab Nebula. Apparently, both the  
M82 galaxy and the  Crab Nebula wil l  be 
easier t o  de tec t  i n  short-wave than i n  
long-wave X-rays. This follows, i n  
pa r t i cu la r ,  from t h e  da t a  cf Table 17 
which gives the  t o t a l  number of X-ray 
quanta reaching the  observer from M82 
and from t h e  Crab Nebula a t  individual 
wavelength in te rva ls .  

The 

number p f  X-ray quanta i n  the  /382 

Thus, t h e  expected emissivity of M82 and of the  Crab Nebula in X-rays of 
synchrotron o r ig in  i s  quite l o w  (in comparison with t h e  sun, being only several  
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t ens  of quanta per  second per  cd), 
sens i t i v i ty  of t he  bes t  modern X-ray detectors.  

Nevertheless, t h i s  i s  within the  limits of 

-- 
wavelength -!! _ ~ m t J m 2 ' e c  
I n t e r v a l .  

A 1 I N:i::, 
1-10 20 

10-20 l2 I 20 
-30 20-40 

40-100 E 1 20 
- 

content o f  r e l a t i v i s t i c  electrons with 
an energy of -Id' ev, t he  X-ray 
fluxes reaching the  observer may undergo 
very appreciable var ia t ions  ( the concen- 
t r a t i o n  of r e l a t i v i s t i c  electrons,  with 
an energy of -id4 ev based on calcula- 
t ions ,  i s  about 6 X lCi3 cme3 i n  the  
case of t he  M82 galaxy and 4 X lC13 cm? 

1383 

The other mechanism of X-ray genera- 
t i o n  - bremsstrahlung of nonre la t iv i s t ic  (but f a s t )  e lectrons i n  a proton f i e ld .  
- i s  m o s t  e f fec t ive  a t  electron energies of lb - lo2 ev. 
shown above, exist i n  the  solar atmosphere (owing t o  Lhe high temperature of 
t he  corona) so t h a t  this mechanism i s  bas ic  f o r  t he  generation of solar  X-rays. 
The poss ib i l i t y  of ac t ion  of t h i s  mechanism f o r  galaxies and nebulae depends 
primarily on t h e i r  content of electrons with energies of lb - lo2 ev. 
estimate the order of magnitude of t h i s  concentration: 

Such electrons,  as 

Let us 

Designating by q(-&) the  coeff ic ient  of probabi l i ty  (e f fec t ive  cross sec- 

t i o n )  tha t  an X-ray quantum of frequency v i s  emitted i n  the  in te rva l  Av when a 
fast electron with a r e l a t ive  veloci ty  v/c t r ave l s  past  t he  nucleus of an atom, 
the  radiat ion power (number of quanta) i n  1 cm3 per 1 sec can be expressed by 

F ,  = nPneq (5) 
where np i s  the  concentration of thermal protons (atomic nuc le i )  i n  t he  medium 
and ne is  the  concentration of fast electrons (with an energy of lb - lo2 ev). 
A t  a volume V of t h e  galaxy (o r  nebula) and a distance R from earth,  the ob- 
served radiat ion power, without consideration of absorption, w i l l  be 
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where €3 = v/c. 
concentration of f a s t  electrons would have the improbably lgrge value of ne = 
c- 10" 
and i n  the  Ah = 10 A interval.  
order of Id1 c~n-~ .  
Nebula. 

Using eqs.(l8) and (19) f o r  the  gal= M82 with np c- 1 ~ m - ~ ,  the  

in orderoto record even 4 - 5 q2anta a t  h - 100 A per sec per cr8 /3src 
For h - 1 A, n, i s  even la rger  being of the  

Approximately the sane figures are obtained f o r  the Crab \ 

Thus, it i s  unlikely t h a t  the mechanism of retardation of fast electrons 
i n  the  proton f i e l d  plays a noticeable ro le  in  the  generation of X-rays in 
radio galaxies, ordinary galaxies, and remants  of supernovae. In  individual 
cases, this mechanism may play some ro le  in dense planetary and diffuse nebulae. 
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